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|_| PREFACE 


It is intended that this book provide the student with a clear and 
thorough presentation of the theory and application of the principles of 
mechanics of materials. To achieve this objective, over the years this 
work has been shaped by the comments and suggestions of hundreds of 
reviewers in the teaching profession, as well as many of the author’s 
students. The eighth edition has been significantly enhanced from the 
previous edition, and it is hoped that both the instructor and student will 
benefit greatly from these improvements. 


New to This Edition 


e Updated Content. Some portions of the text have been rewritten 
in order to enhance clarity and be more succinct. In this regard, some 
new examples have been added and others have been modified to 
provide more emphasis on the application of important concepts. 
Also, the artwork has been improved throughout the book to support 
these changes. 

e New Photos. The relevance of knowing the subject matter is 
reflected by the real-world applications depicted in over 44 new or 
updated photos placed throughout the book. These photos generally 
are used to explain how the relevant principles apply to real-world 
situations and how materials behave under load. 

e Fundamental Problems. These problem sets are located just 
after each group of example problems. They offer students simple 
applications of the concepts covered in each section and, therefore, 
provide them with the chance to develop their problem-solving skills 
before attempting to solve any of the standard problems that follow. 
The fundamental problems may be considered as extended examples, 
since the key equations and answers are all listed in the back of the 
book. Additionally, when assigned, these problems offer students an 
excellent means of preparing for exams, and they can be used at a later 
time as a review when studying for the Fundamentals of Engineering 
Exam. 

e Conceptual Problems. Throughout the text, usually at the end of 
each chapter, there is a set of problems that involve conceptual 
situations related to the application of the principles contained in the 
chapter. These analysis and design problems are intended to engage 
the students in thinking through a real-life situation as depicted in a 
photo. They can be assigned after the students have developed some 
expertise in the subject matter and they work well either for individual 
or team projects. 

e New Problems. There are approximately 35%, or about 550, new 
problems added to this edition, which involve applications to many 
different fields of engineering. Also, this new edition now has 
approximately 134 more problems than in the previous edition. 
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e Problems with Hints. With the additional homework problems in 
this new edition, every problem indicated with a bullet (¢) before the 
problem number includes a suggestion, key equation, or additional 
numerical result that is given along with the answer in the back of the 
book. These problems further encourage students to solve problems on 
their own by providing them with additional checks to the solution. 


Contents 


The subject matter is organized into 14 chapters. Chapter 1 begins with 
a review of the important concepts of statics, followed by a formal 
definition of both normal and shear stress, and a discussion of normal 
stress in axially loaded members and average shear stress caused by 
direct shear. 

In Chapter 2 normal and shear strain are defined, and in Chapter 3 a 
discussion of some of the important mechanical properties of materials 
is given. Separate treatments of axial load, torsion, and bending are 
presented in Chapters 4, 5, and 6, respectively. In each of these chapters, 
both linear-elastic and plastic behavior of the material are considered. 
Also, topics related to stress concentrations and residual stress are 
included. Transverse shear is discussed in Chapter 7, along with a 
discussion of thin-walled tubes, shear flow, and the shear center. Chapter 8 
includes a discussion of thin-walled pressure vessels and provides a partial 
review of the material covered in the previous chapters, such that the state 
of stress results from combined loadings. In Chapter 9 the concepts for 
transforming multiaxial states of stress are presented. In a similar manner, 
Chapter 10 discusses the methods for strain transformation, including the 
application of various theories of failure. Chapter 11 provides a means for 
a further summary and review of previous material by covering design 
applications of beams and shafts. In Chapter 12 various methods for 
computing deflections of beams and shafts are covered. Also included is a 
discussion for finding the reactions on these members if they are statically 
indeterminate. Chapter 13 provides a discussion of column buckling, and 
lastly, in Chapter 14 the problem of impact and the application of various 
energy methods for computing deflections are considered. 

Sections of the book that contain more advanced material are 
indicated by a star (*). Time permitting, some of these topics may be 
included in the course. Furthermore, this material provides a suitable 
reference for basic principles when it is covered in other courses, and it 
can be used as a basis for assigning special projects. 


Alternative Method of Coverage. Some instructors prefer to 
cover stress and strain transformations first, before discussing specific 
applications of axial load, torsion, bending, and shear. One possible 
method for doing this would be first to cover stress and _ its 
transformation, Chapter 1 and Chapter 9, followed by strain and its 
transformation, Chapter 2 and the first part of Chapter 10. The 
discussion and example problems in these later chapters have been 


styled so that this is possible. Also, the problem sets have been 
subdivided so that this material can be covered without prior knowledge 
of the intervening chapters. Chapters 3 through 8 can then be covered 
with no loss in continuity. 


Hallmark Elements 


Organization and Approach. The contents of each chapter are 
organized into well-defined sections that contain an explanation of 
specific topics, illustrative example problems, and a set of homework 
problems. The topics within each section are placed into subgroups 
defined by titles. The purpose of this is to present a structured method 
for introducing each new definition or concept and to make the book 
convenient for later reference and review. 


Chapter Contents. Each chapter begins with a full-page 
illustration that indicates a broad-range application of the material 
within the chapter. The “Chapter Objectives” are then provided to give a 
general overview of the material that will be covered. 


Procedures for Analysis. Found after many of the sections of the 
book, this unique feature provides the student with a logical and orderly 
method to follow when applying the theory. The example problems are 
solved using this outlined method in order to clarify its numerical 
application. It is to be understood, however, that once the relevant 
principles have been mastered and enough confidence and judgment 
have been obtained, the student can then develop his or her own 
procedures for solving problems. 


Photographs. Many photographs are used throughout the book to 
enhance conceptual understanding and explain how the principles of 
mechanics of materials apply to real-world situations. 


Important Points. This feature provides a review or summary of 
the most important concepts in a section and highlights the most 
significant points that should be realized when applying the theory to 
solve problems. 


Example Problems. All the example problems are presented in a 
concise manner and in a style that is easy to understand. 


Homework Problems. Numerous problems in the book depict 
realistic situations encountered in engineering practice. It is hoped that 
this realism will both stimulate the student’s interest in the subject and 
provide a means for developing the skill to reduce any such problem 
from its physical description to a model or a symbolic representation to 
which principles may be applied. Throughout the book there is an 
approximate balance of problems using either SI or FPS units. 
Furthermore, in any set, an attempt has been made to arrange the 
problems in order of increasing difficulty. The answers to all but every 
fourth problem are listed in the back of the book. To alert the user to a 
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problem without a reported answer, an asterisk(*) is placed before the 
problem number. Answers are reported to three significant figures, 
even though the data for material properties may be known with less 
accuracy. Although this might appear to be a poor practice, it is done 
simply to be consistent and to allow the student a better chance to 
validate his or her solution. A solid square (™) is used to identify 
problems that require a numerical analysis or a computer application. 


Appendices. The appendices of the book provide a source for 
review and a listing of tabular data. Appendix A provides information 
on the centroid and the moment of inertia of an area. Appendices B and 
C list tabular data for structural shapes, and the deflection and slopes of 
various types of beams and shafts. 


Accuracy Checking. The Eighth Edition has undergone our 
rigorous Triple Accuracy Checking review. In addition to the author’s 
review of all art pieces and pages, the text was checked by the following 
individuals: 


© Scott Hendricks, Virginia Polytechnic University 

¢ Karim Nohra, University of South Florida 

¢ Kurt Norlin, Laurel Tech Integrated Publishing Services 
¢ Kai Beng Yap, Engineering Consultant 
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Resources for Instructors 


¢ Instructor's Solutions Manual. An instructor’s solutions manual 
was prepared by the author. The manual includes homework assignment 
lists and was also checked as part of the accuracy checking program. 


¢ Presentation Resources. All art from the text is available in 
PowerPoint slide and JPEG format. These files are available for 
download from the Instructor Resource Center at http://www. 
pearsonhighered. com. If you are in need of a login and password for this 
site, please contact your local Pearson Prentice Hall representative. 


* Video Solutions. Developed by Professor Edward Berger, 
University of Virginia, video solutions located on the Companion 
Website offer step-by-step solution walkthroughs of representative 
homework problems from each section of the text. Make efficient use of 
class time and office hours by showing students the complete and 
concise problem solving approaches that they can access anytime and 
view at their own pace. The videos are designed to be a flexible resource 
to be used however each instructor and student prefers. A valuable 
tutorial resource, the videos are also helpful for student self-evaluation 
as students can pause the videos to check their understanding and 
work alongside the video. Access the videos at http://www. 
pearsonhighered.com/hibbeler and follow the links for the Mechanics of 
Materials text. 


Resources for Students 


* Companion Website—The Companion Website, located at 
http://www.pearsonhighered.com/hibbeler includes opportunities for 
practice and review including: 


© Video Solutions—Complete, step-by-step solution walkthroughs 
of representative homework problems from each section. Videos 
offer: 


¢ Fully Worked Solutions—Showing every step of representative 
homework problems, to help students make vital connections 
between concepts. 


° Self-Paced Instruction—Students can navigate each problem 
and select, play, rewind, fast-forward, stop, and jump-to-sections 
within each problem’s solution. 


© 24/7 Access—Help whenever students need it with over 20 
hours of helpful review. 


An access code for the Mechanics of Materials, Eighth Edition website 
was included with this text. To redeem the code and gain access to 
the site, go to http://www.pearsonhighered.com/hibbeler and follow the 
directions on the access code card. Access can also be purchased directly 
from the site. 
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MECHANICS 
OF MATERIALS 


The bolts used for the connections of this steel framework are subjected to stress. In this 
chapter we will discuss how engineers design these connections and their fasteners. 


Stress 


CHAPTER OBJECTIVES 


In this chapter we will review some of the important principles of 
statics and show how they are used to determine the internal resultant 
loadings in a body. Afterwards the concepts of normal and shear 
stress will be introduced, and specific applications of the analysis and 
design of members subjected to an axial load or direct shear will be 
discussed. 


1.1. Introduction 


Mechanics of materials is a branch of mechanics that studies the internal 
effects of stress and strain in a solid body that is subjected to an external 
loading. Stress is associated with the strength of the material from which 
the body is made, while strain is a measure of the deformation of the 
body. In addition to this, mechanics of materials includes the study of 
the body’s stability when a body such as a column is subjected to 
compressive loading. A thorough understanding of the fundamentals of 
this subject is of vital importance because many of the formulas and rules 
of design cited in engineering codes are based upon the principles of this 
subject. 
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Fig. 1-1 


Historical Development. The origin of mechanics of materials 
dates back to the beginning of the seventeenth century, when Galileo 
performed experiments to study the effects of loads on rods and beams 
made of various materials. However, at the beginning of the eighteenth 
century, experimental methods for testing materials were vastly 
improved, and at that time many experimental and theoretical studies 
in this subject were undertaken primarily in France, by such notables as 
Saint-Venant, Poisson, Lamé, and Navier. 

Over the years, after many of the fundamental problems of mechanics 
of materials had been solved, it became necessary to use advanced 
mathematical and computer techniques to solve more complex problems. 
As a result, this subject expanded into other areas of mechanics, such as the 
theory of elasticity and the theory of plasticity. Research in these fields 
is ongoing, in order to meet the demands for solving more advanced 
problems in engineering. 


1.2 Equilibrium of a Deformable Body 


Since statics has an important role in both the development and application 
of mechanics of materials, it is very important to have a good grasp of its 
fundamentals. For this reason we will review some of the main principles 
of statics that will be used throughout the text. 


External Loads. A body is subjected to only two types of external 
loads; namely, surface forces or body forces, Fig. 1-1. 


Surface Forces. Surface forces are caused by the direct contact of one 
body with the surface of another. In all cases these forces are distributed 
over the area of contact between the bodies. If this area is small in 
comparison with the total surface area of the body, then the surface force 
can be idealized as a single concentrated force, which is applied to a point 
on the body. For example, the force of the ground on the wheels of a 
bicycle can be considered as a concentrated force. If the surface loading is 
applied along a narrow strip of area, the loading can be idealized as a 
linear distributed load, w(s). Here the loading is measured as having an 
intensity of force/length along the strip and is represented graphically by a 
series of arrows along the line s. The resultant force Fr of w(s) is 
equivalent to the area under the distributed loading curve, and this 
resultant acts through the centroid C or geometric center of this area. The 
loading along the length of a beam is a typical example of where this 
idealization is often applied. 
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Body Forces. A body force is developed when one body exerts a force on 
another body without direct physical contact between the bodies. Examples 
include the effects caused by the earth’s gravitation or its electromagnetic 
field. Although body forces affect each of the particles composing the body, 
these forces are normally represented by a single concentrated force acting 
on the body. In the case of gravitation, this force is called the weight of the 
body and acts through the body’s center of gravity. 


Support Reactions. The surface forces that develop at the supports 
or points of contact between bodies are called reactions. For two- 
dimensional problems, i.e., bodies subjected to coplanar force systems, 
the supports most commonly encountered are shown in Table 1-1. Note 
carefully the symbol used to represent each support and the type of 
reactions it exerts on its contacting member. As a general rule, if the 
support prevents translation in a given direction, then a force must be 
developed on the member in that direction. Likewise, if rotation is 
prevented, a couple moment must be exerted on the member. For example, 
the roller support only prevents translation perpendicular or normal to 
the surface. Hence, the roller exerts a normal force F on the member at 
its point of contact. Since the member can freely rotate about the roller, 
a couple moment cannot be developed on the member. 


Many machine elements are pin connected 
in order to enable free rotation at their 
connections. These supports exert a force on 
a member, but no moment. 


TABLE 1-1 
Type of connection Reaction Type of connection Reaction 
: y | ff i 
Cable One unknown: F External pin Two unknowns: F,, Fy 


Roller One unknown: F Internal pin 


Two unknowns: F,, F, 


S=> i 


Smooth support One unknown: F Fixed support 


M F, 
F, 4 


Three unknowns: F,, F,, M 
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In order to design the horizontal members 
of this building frame, it is first necessary to 
find the internal loadings at various points 
along their length. 


Equations of Equilibrium. Equilibrium of a body requires both 
a balance of forces, to prevent the body from translating or having 
accelerated motion along a straight or curved path, and a balance of 
moments, to prevent the body from rotating. These conditions can be 
expressed mathematically by two vector equations 


ZF =0 


1-1 
=Mo =0 ( ) 


Here, = F represents the sum of all the forces acting on the body, and 
= Mo is the sum of the moments of all the forces about any point O 
either on or off the body. If an x, y, z coordinate system is established 
with the origin at point O, the force and moment vectors can be resolved 
into components along each coordinate axis and the above two 
equations can be written in scalar form as six equations, namely, 


(1-2) 


Often in engineering practice the loading on a body can be represented 
as a system of coplanar forces. If this is the case, and the forces lie in the 
x-y plane, then the conditions for equilibrium of the body can be 
specified with only three scalar equilibrium equations; that is, 


=F, =0 
ye) (1-3) 
=Mo = 0 


Here all the moments are summed about point O and so they will be 
directed along the z axis. 

Successful application of the equations of equilibrium requires 
complete specification of all the known and unknown forces that act on 
the body, and so the best way to account for all these forces is to draw 
the body’s free-body diagram. 
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F; 


m NG 


section 


F, F, F, 
(a) (b) 
Fig. 1-2 


Internal Resultant Loadings. In mechanics of materials, statics 
is primarily used to determine the resultant loadings that act within a 
body. For example, consider the body shown in Fig. 1—2a, which is held in 
equilibrium by the four external forces.* In order to obtain the internal 
loadings acting on a specific region within the body, it is necessary to pass 
an imaginary section or “cut” through the region where the internal 
loadings are to be determined. The two parts of the body are then 
separated, and a free-body diagram of one of the parts is drawn, Fig. 1-25. 
Notice that there is actually a distribution of internal force acting on the 
“exposed” area of the section. These forces represent the effects of the 
material of the top part of the body acting on the adjacent material of 
the bottom part. 

Although the exact distribution of this internal loading may be unknown, 
we can use the equations of equilibrium to relate the external forces on the 
bottom part of the body to the distribution’s resultant force and moment, 
Fp and Mg., at any specific point O on the sectioned area, Fig. 1—2c. It 
will be shown in later portions of the text that point O is most often 
chosen at the centroid of the sectioned area, and so we will always choose 
this location for O, unless otherwise stated. Also, if a member is long and 
slender, as in the case of a rod or beam, the section to be considered is 
generally taken perpendicular to the longitudinal axis of the member. 
This section is referred to as the cross section. 


*The body’s weight is not shown, since it is assumed to be quite small, and therefore 
negligible compared with the other loads. 


Mr 


O 


F, 


(c) 
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F, 


(d) 
Fig. 1-2 (cont.) 


Three Dimensions. Later in this text we will show how to relate the 
resultant loadings, Fr and Mg,, to the distribution of force on the 
sectioned area, and thereby develop equations that can be used for 
analysis and design. To do this, however, the components of Fz and Mr, 
acting both normal and perpendicular to the sectioned area must be 
considered, Fig. 1-2d. Four different types of resultant loadings can then 
be defined as follows: 


Normal force, N. This force acts perpendicular to the area. It is 
developed whenever the external loads tend to push or pull on the two 
segments of the body. 


Shear force, V. The shear force lies in the plane of the area and it is 
developed when the external loads tend to cause the two segments of 
the body to slide over one another. 


Torsional moment or torque, T. This effect is developed when the 
external loads tend to twist one segment of the body with respect to 
the other about an axis perpendicular to the area. 


Bending moment, M. The bending moment is caused by the 
external loads that tend to bend the body about an axis lying within the 
plane of the area. 


In this text, note that graphical representation of a moment or torque is 
shown in three dimensions as a vector with an associated curl. By the right- 
hand rule, the thumb gives the arrowhead sense of this vector and the 
fingers or curl indicate the tendency for rotation (twisting or bending). 


F, section F; 


F, 
F, 
(a) 


Fig. 1-3 
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Y Shear 
Force 
Vv 


Mo Bending 
Moment 
>—x 
N 
Normal 
Force 


Oc 


F, 


(b) 


Coplanar Loadings. If the body is subjected to a coplanar system of 
forces, Fig. 1-3a, then only normal-force, shear-force, and bending- moment 
components will exist at the section, Fig. 1-3b. If we use the x, y, z 
coordinate axes, as shown on the left segment, then N can be obtained by 
applying =F, = 0, and V can be obtained from =F, = 0. Finally, the 
bending moment Mo can be determined by summing moments about 
point O (the z axis), 2Mo = 0, in order to eliminate the moments 


caused by the unknowns N and V. 


Important Points 


Mechanics of materials is a study of the relationship between the 
external loads applied to a body and the stress and strain caused 
by the internal loads within the body. 


External forces can be applied to a body as distributed or 
concentrated surface loadings, or as body forces that act 
throughout the volume of the body. 

Linear distributed loadings produce a resultant force having a 
magnitude equal to the area under the load diagram, and having a 
location that passes through the centroid of this area. 

A support produces a force in a particular direction on its 
attached member if it prevents translation of the member in that 
direction, and it produces a couple moment on the member if it 
prevents rotation. 

The equations of equilibrium =F = 0 and 2M = 0 must be 
satisfied in order to prevent a body from translating with 
accelerated motion and from rotating. 

When applying the equations of equilibrium, it is important to 
first draw the free-body diagram for the body in order to account 
for all the terms in the equations. 

The method of sections is used to determine the internal 
resultant loadings acting on the surface of the sectioned body. In 
general, these resultants consist of a normal force, shear force, 
torsional moment, and bending moment. 
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Procedure for Analysis 


The resultant internal loadings at a point located on the section of a 
body can be obtained using the method of sections. This requires 
the following steps. 


Support Reactions. 


e First decide which segment of the body is to be considered. If the 
segment has a support or connection to another body, then before 
the body is sectioned, it will be necessary to determine the 
reactions acting on the chosen segment. To do this draw the free- 
body diagram of the entire body and then apply the necessary 
equations of equilibrium to obtain these reactions. 


Free-Body Diagram. 


© Keep all external distributed loadings, couple moments, torques, 
and forces in their exact locations, before passing an imaginary 
section through the body at the point where the resultant internal 
loadings are to be determined. 


Draw a free-body diagram of one of the “cut” segments and 
indicate the unknown resultants N, V, M, and T at the section. 
These resultants are normally placed at the point representing 
the geometric center or centroid of the sectioned area. 


If the member is subjected to a coplanar system of forces, only N, 
V, and M act at the centroid. 


Establish the x, y, z coordinate axes with origin at the centroid 
and show the resultant internal loadings acting along the axes. 


Equations of Equilibrium. 


© Moments should be summed at the section, about each of the 
coordinate axes where the resultants act. Doing this eliminates 
the unknown forces N and V and allows a direct solution for M 
(and T). 
If the solution of the equilibrium equations yields a negative 
value for a resultant, the assumed directional sense of the 
resultant is opposite to that shown on the free-body diagram. 


The following examples illustrate this procedure numerically and also 
provide a review of some of the important principles of statics. 
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EXAMPLE |1.1 


Determine the resultant internal loadings acting on the cross section 
at C of the cantilevered beam shown in Fig. 1—4a. 


270 N/m 


Fig. 1-4 


SOLUTION 


Support Reactions. The support reactions at A do not have to be 
determined if segment CB is considered. 


Free-Body Diagram. The free-body diagram of segment CB is shown 
in Fig. 1-45. It is important to keep the distributed loading on the 
segment until after the section is made. Only then should this loading 
be replaced by a single resultant force. Notice that the intensity of the 
distributed loading at C is found by proportion, i.e., from Fig. 14a, 
w/6m = (270 N/m)/9m, w = 180N/m. The magnitude of the 
resultant of the distributed load is equal to the area under the 
loading curve (triangle) and acts through the centroid of this area. 
Thus, F = +(180 N/m)(6 m) = 540N, which acts +(6 m) = 2m from 
C as shown in Fig. 1—4b. 


Equations of Equilibrium. Applying the equations of equilibrium 
we have 


4S 3F,=0; -Nc =0 
Nc =0 Ans. 
+TIF, = 0; Vc — 540N = 0 
Vo = 540N Ans. 
(+2Mc = 0; —Mc — 540 N(2m) = 0 
Mc = —1080N+-m Ans. 
NOTE: ‘The negative sign indicates that Mc acts in the opposite 
direction to that shown on the free-body diagram. Try solving this 


problem using segment AC, by first obtaining the support reactions at 
A, which are given in Fig. 1—4¢c. 
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EXAMPLE |1.2 


Determine the resultant internal loadings acting on the cross section at 
C of the machine shaft shown in Fig. 1-Sa. The shaft is supported by 
journal bearings at A and B, which only exert vertical forces on the shaft. 


ee (800 N/m)(0.150 m) = 120N 
800 N/m 


] 
' D 7 —— | 
. at 7 g 
a 
02 
em 0.125 m |0.100 m 


100 mm 100 mm 
B 


50 mm Zi 


Fig. 1-5 


SOLUTION 
We will solve this problem using segment AC of the shaft. 


Support Reactions. The free-body diagram of the entire shaft is 
shown in Fig. 1-5b. Since segment AC is to be considered, only the 
reaction at A has to be determined. Why? 


(+ = Mz = 0; —A,(0.400 m) + 120 N(0.125 m) — 225 N(0.100 m) = 0 
A, = -18.75 N 


The negative sign indicates that A, acts in the opposite sense to that 
shown on the free-body diagram. 


Free-Body Diagram. The free-body diagram of segment AC is 
shown in Fig. 1-Sc. 


Equations of Equilibrium. 
an =e = 
ene => >i — 0; Nc =0 Ans. 
(c) +2 i 0 —18.75N — 40N-Vc =0 

Vo = —58.8N Ans. 
(+2 Mc =0; Me + 40 N(0.025 m) + 18.75 N(0.250 m) = 0 

Mc = —5.69N:m Ans. 
NOTE: The negative signs for Vc and Mc¢ indicate they act in the 
opposite directions on the free-body diagram. As an exercise, 


calculate the reaction at B and try to obtain the same results using 
segment CBD of the shaft. 
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EXAMPLE |1.3 


The 500-kg engine is suspended from the crane boom in Fig. 1-6a. 
Determine the resultant internal loadings acting on the cross section 
of the boom at point E. 


ike 
SOLUTION 


Support Reactions. We will consider segment AF of the boom so 
we must first determine the pin reactions at A. Notice that member 
CD is a two-force member. The free-body diagram of the boom is 
shown in Fig. 1-6b. Applying the equations of equilibrium, 


(+=M,=0; — Fep(2)(2m) — [500(9.81) N](3 m) = 0 
Pop = 122625 Ni 


A, — (12 262.5 N)($) = 0 


A, = 9810 N 


—Ay, + (12 262.5 N)(3) — 500(9.81) N = 0 


Ay = 24525 N) 


Free-Body Diagram. The free-body diagram of segment AE is 
shown in Fig. 1-6c. 


Equations of Equilibrium. 


4S YF, = 0; Nz + 9810 N =0 
Ng = —9810 N = —9.81 kN 
+T=F,=0;  -Vz - 24525N=0 
Ve = —2452.5 N = -2.45 kN 
M,, + (2452.5 N)(1 m) 


My, = —2452.5 N-m = —2.45 kN-m 
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1500 Ib 


STRESS 


Determine the resultant internal loadings acting on the cross section 
at G of the beam shown in Fig. 1—7a. Each joint is pin connected. 


—— Fc = 6200 lb 
1500 Ib 


3 ft 


~ |B, = 2400 Ib 


q E, = 6200 lb 
| 
| 
| 
| 
| 


(6 ft) = 4 ft | 


Fp = 7750 Ib 


Fgp = 4650 Ib 


(c) 


1500 Ib 7750 Ib 
3 


Nc 
—)— > 


ye 


(d) 


506 ft)(300 Ib/ft) = 900 Ib 
(b) 
Fig. 1-7 


SOLUTION 


Support Reactions. Here we will consider segment AG. The 
free-body diagram of the entire structure is shown in Fig. 1-7b. Verify 
the calculated reactions at EF and C. In particular, note that BC is a 
two-force member since only two forces act on it. For this reason the 
force at C must act along BC, which is horizontal as shown. 

Since BA and BD are also two-force members, the free-body 
diagram of joint B is shown in Fig. 1—7c. Again, verify the magnitudes 
of forces Fz, and Fgp. 


Free-Body Diagram. Using the result for Fg,, the free-body 
diagram of segment AG is shown in Fig. 1—7d. 


Equations of Equilibrium. 
45 YF,=0, 77501b(t)+Ng=0 Ng = —6200Ib Ans. 
+T=F,=0; -1500Ib + 77501b(3) — Vg = 0 

Vg = 3150 Ib 


(+=Mg =0; Mg — (7750 Ib)(2)(2 ft) + 1500 Ib(2 ft) = 0 
Mg = 6300 Ib: ft Ans. 
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EXAMPLE |1.5 


Determine the resultant internal loadings acting on the cross section 
at B of the pipe shown in Fig. 1-8a. The pipe has a mass of 2 kg/m and 
is subjected to both a vertical force of 50 N and a couple moment of 
70 N-m at its end A. It is fixed to the wall at C. 


SOLUTION 
The problem can be solved by considering segment AB, so we do not 
need to calculate the support reactions at C. 


Free-Body Diagram. The x, y, z axes are established at B and the 
free-body diagram of segment AB is shown in Fig. 1-85. The resultant 
force and moment components at the section are assumed to act in 
the positive coordinate directions and to pass through the centroid of 
the cross-sectional area at B. The weight of each segment of pipe is 
calculated as follows: 


Wep = (2kg/m)(0.5 m)(9.81 N/kg) = 9.81 N 


W ap = (2 kg/m)(1.25 m)(9.81 N/kg) = 24.525 N 
These forces act through the center of gravity of each segment. 
Equations of Equilibrium. Applying the six scalar equations of 
equilibrium, we have* 
LF, = 0; (Fz), = 0 Ans. 
ai > 0: (ep), 0 Ans. 
LE, = 0; (F'3), — 9.81 N — 24.525N — SON = 0 
(Fg), = 84.3N Ans. 
=(Mzg)x = 0; (Mz), + 70N-m — SON (0.5 m) 
— 24.525 N (0.5m) — 9.81 N (0.25 m) = 0 
(Mz), = —30.3N-m Ans. 
=(Mp), = 0; (Mg), + 24.525 N (0.625 m) + 50 .N (1.25 m) = 0 
(M5); = —77.8 N= Ans. 
(Mz), = 0; (Mz), = 0 Ans. 
NOTE: What do the negative signs for (Mz), and (Mz), indicate? 
Note that the normal force Nz = (Fg), = 0, whereas the shear force 
is Vz = (07 (Sts) = 84.3N. Also, the torsional moment is 
Tz = (Mz), =77.8N-m and the bending moment is Mz = 


V (30.3)? + (0)? = 30.3N-m. 


*The magnitude of each moment about an axis is equal to the magnitude of each 
force times the perpendicular distance from the axis to the line of action of the force. 
The direction of each moment is determined using the right-hand rule, with positive 
moments (thumb) directed along the positive coordinate axes. 


A(Fs): 


Falyy ( eae 9.81 N 
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Fl1-1. Determine the internal normal force, shear force, 
and bending moment at point C in the beam. 


FI1-1 


F1-2. Determine the internal normal force, shear force, 
and bending moment at point C in the beam. 


200 N/m 


100 N/m 


i, 1.5m ah 15m i 


F1-3. Determine the internal normal force, shear force, 
and bending moment at point C in the beam. 


4 esl FUNDAMENTAL PROBLEMS 


F1-4. Determine the internal normal force, shear force, 
and bending moment at point C in the beam. 


10kN/m 


F1-5. Determine the internal normal force, shear force, 
and bending moment at point C in the beam. 


300 Ib /ft 


is. 


fa. C = ma 
3 ft—-}-—3 ft | 3 ft | 


F1-6. Determine the internal normal force, shear force, 
and bending moment at point C in the beam. 
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[PROBLEMS 


1-1. Determine the resultant internal normal force acting 1-3. Determine the resultant internal torque acting on the 
on the cross section through point A in each column. In cross sections through points B and C. 

(a), segment BC weighs 180 lb/ft and segment CD weighs 

250 Ib/ft. In (b), the column has a mass of 200 kg/m. 


A 600 Ib-ft 
B 
350 lb-ft 
3 ft 
Cc 
200 mm sii 
1 ft 00 Ib-ft 
6kN x: a 
2 <x 
200 mm 
4.5kN Prob. 1-3 


*1-4, A force of 80 N is supported by the bracket as 
shown. Determine the resultant internal loadings acting on 
the section through point A. 


(a) 
Prob. 1-1 


1-2. Determine the resultant internal torque acting on the 
cross sections through points C and D. The support bearings 
at A and B allow free turning of the shaft. 


Prob. 1-4 


e1-5. Determine the resultant internal loadings in the 
beam at cross sections through points D and E. Point E is 
just to the right of the 3-kip load. 


3 kip 
1.5 kip/ft 


Prob. 1-2 Prob. 1-5 
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1-6. Determine the normal force, shear force, and moment 
at a section through point C. Take P = 8 KN. 

1-7. The cable will fail when subjected to a tension of 2 KN. 
Determine the largest vertical load P the frame will support 
and calculate the internal normal force, shear force, and 
moment at the cross section through point C for this loading. 


Probs. 1-6/7 


*1-8. Determine the resultant internal loadings on the 
cross section through point C. Assume the reactions at 
the supports A and B are vertical. 
e1-9. Determine the resultant internal loadings on the 
cross section through point D. Assume the reactions at 
the supports A and B are vertical. 


6kN 
3 kN/m 


ar 1D za ol 
| 15m | 1.5m—_ 


0.5m" 


0.5m! 

Probs. 1-8/9 
1-10. The boom DF of the jib crane and the column DE 
have a uniform weight of 50 lb/ft. If the hoist and load weigh 


300 Ib, determine the resultant internal loadings in the crane 
on cross sections through points A, B, and C. 


Prob. 1-10 


1-11. The force F = 80 1b acts on the gear tooth. 
Determine the resultant internal loadings on the root of the 
tooth, i.e., at the centroid point A of section a—a. 


0.16 in. 


Prob. 1-11 


*J-12. The sky hook is used to support the cable of a 
scaffold over the side of a building. If it consists of a smooth 
rod that contacts the parapet of a wall at points A, B, and C, 
determine the normal force, shear force, and moment on 
the cross section at points D and E. 


Prob. 1-12 
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e1-13. The 800-1b load is being hoisted at a constant speed e1-17. Determine resultant internal loadings acting on 
using the motor M, which has a weight of 90 lb. Determine section a—a and section b—-b. Each section passes through 
the resultant internal loadings acting on the cross section the centerline at point C. 


through point B in the beam. The beam has a weight of 
40 Ib/ft and is fixed to the wall at A. 


1-14. Determine the resultant internal loadings acting on 
the cross section through points C and D of the beam in 
Prob. 1-13. 


Prob. 1-17 
0.25 ft vf 1-18. The bolt shank is subjected to a tension of 80 |b. 
/\ Determine the resultant internal loadings acting on the 


| cross section at point C. 


1-15. Determine the resultant internal loading on the 
cross section through point C of the pliers. There is a pin at 
A, and the jaws at B are smooth. 


Probs. 1-13/14 


Prob. 1-18 


*1-16. Determine the resultant internal loading on the 


cross section through point D of the pliers 1-19. Determine the resultant internal loadings acting on 


the cross section through point C. Assume the reactions at 
the supports A and B are vertical. 


*1-20. Determine the resultant internal loadings acting 
on the cross section through point D. Assume the reactions 
at the supports A and B are vertical. 


6 kip /ft 6 kip /ft 


| Cc D 
-— 3 ft | 3 ft | 6 ft 


Probs. 1-15/16 Probs. 1-19/20 
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e1-21. The forged steel clamp exerts a force of F = 900 N 
on the wooden block. Determine the resultant internal 
loadings acting on section a—a passing through point A. 


Prob. 1-21 


1-22. The floor crane is used to lift a 600-kg concrete pipe. 
Determine the resultant internal loadings acting on the 
cross section at G. 


1-23. The floor crane is used to lift a 600-kg concrete pipe. 
Determine the resultant internal loadings acting on the 
cross section at H. 


Probs. 1-22/23 


*1-24. The machine is moving with a constant velocity. It 
has a total mass of 20 Mg, and its center of mass is located at 
G, excluding the front roller. If the front roller has a mass of 
5 Mg, determine the resultant internal loadings acting on 
point C of each of the two side members that support the 
roller. Neglect the mass of the side members. The front 
roller is free to roll. 


Prob. 1-24 


e1-25. Determine the resultant internal loadings acting on 
the cross section through point B of the signpost. The post is 
fixed to the ground and a uniform pressure of 7 lb/ft” acts 
perpendicular to the face of the sign. 


7 Ib /ft 


Prob. 1-25 
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1-26. The shaft is supported at its ends by two bearings *1-28. The brace and drill bit is used to drill a hole at O. If 

A and B and is subjected to the forces applied to the the drill bit jams when the brace is subjected to the forces oo 
pulleys fixed to the shaft. Determine the resultant shown, determine the resultant internal loadings acting on 

internal loadings acting on the cross section located at the cross section of the drill bit at A. 


point C. The 300-N forces act in the —z direction and the 
500-N forces act in the + x direction. The journal bearings 
at A and B exert only x and z components of force on the 
shaft. 


Prob. 1-28 


e1-29. The curved rod has a radius r and is fixed to the 
wall at B. Determine the resultant internal loadings acting 
on the cross section through A which is located at an angle 6 
from the horizontal. 


Prob. 1-26 


1-27. The pipe has a mass of 12 kg/m. If it is fixed to the 
wall at A, determine the resultant internal loadings acting 
on the cross section at B. Neglect the weight of the wrench 


CD. 
z 
Prob. 1-29 
A 1-30. A differential element taken from a curved bar is 
300 mm shown in the figure. Show that dN/d@ = V, dV/dé = —N, 
dM/d@ = —T, and dT/d6é = M. 
M+dM T+dT 
Pad 
V+dv. A 
, QA + dN 
uM” 
x 


Prob. 1-27 Prob. 1-30 
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1.3 Stress 


It was stated in Section 1.2 that the force and moment acting at a 
specified point O on the sectioned area of the body, Fig. 1-9, represents 
the resultant effects of the actual distribution of loading acting over the 
sectioned area, Fig. 1-10a. Obtaining this distribution is of primary 
importance in mechanics of materials. To solve this problem it is 
necessary to establish the concept of stress. 

We begin by considering the sectioned area to be subdivided into 
small areas, such as AA shown in Fig. 1-10a. As we reduce AA to 
a smaller and smaller size, we must make two assumptions regarding 
the properties of the material. We will consider the material to be 
continuous, that is, to consist of a continuum or uniform distribution of 
matter having no voids. Also, the material must be cohesive, meaning 
that all portions of it are connected together, without having breaks, 
cracks, or separations. A typical finite yet very small force AF, acting on 
AA, is shown in Fig. 1-10a. This force, like all the others, will have a 
unique direction, but for further discussion we will replace it by its three 
components, namely, AF,, AF,, and AF,, which are taken tangent, 
tangent, and normal to the area, respectively. As AA approaches zero, so 
do AF and its components; however, the quotient of the force and area 
will, in general, approach a finite limit. This quotient is called stress, and 
as noted, it describes the intensity of the internal force acting on a specific 
plane (area) passing through a point. 


(a) 


Normal Stress. The intensity of the force acting normal to AA is 
defined as the normal stress, o (sigma). Since AF, is normal to the area 
then 


7 AF, 
z 4A 30 AA 


oO 


(14) 


If the normal force or stress “pulls” on A.A as shown in Fig. 1—10a, it is 
referred to as tensile stress, whereas if it “pushes” on AA it is called 
compressive stress. 


Shear Stress. The intensity of force acting tangent to AA is called 
the shear stress, 7 (tau). Here we have shear stress components, 


_ AF, 

Tex = Ao AA 
(1-5) 

AF 


y 


Ty = lim 
Y  4A>0 AA 


Note that in this subscript notation z specifies the orientation of the 
area AA, Fig. 1-11, and x and y indicate the axes along which each shear 
stress acts. 


General State of Stress. If the body is further sectioned by 
planes parallel to the x—z plane, Fig. 1-10b, and the y—z plane, Fig. 1-10c, 
we can then “cut out” a cubic volume element of material that represents 
the state of stress acting around the chosen point in the body. This state 
of stress is then characterized by three components acting on each face 
of the element, Fig. 1-12. 


Units. Since stress represents a force per unit area, in the 
International Standard or SI system, the magnitudes of both normal and 
shear stress are specified in the basic units of newtons per square meter 
(N/m). This unit, called a pascal (1 Pa = 1 N/m?) is rather small, and 
in engineering work prefixes such as kilo- (10°), symbolized by k, 
mega- (10°), symbolized by M, or giga- (10°), symbolized by G, are used 
to represent larger, more realistic values of stress.* Likewise, in the 
Foot-Pound-Second system of units, engineers usually express stress in 
pounds per square inch (psi) or kilopounds per square inch (ksi), where 
1 kilopound (kip) = 1000 Ib. 


*Sometimes stress is expressed in units of N/mm’, where 1 mm = 10° m. However, in 
the SI system, prefixes are not allowed in the denominator of a fraction and therefore it is 
better to use the equivalent 1 N/mm? = 1 MN/m? = 1 MPa. 
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oz 
Tzx 
xm Ty 
Fig. 1-11 


Fig. 1-12 
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Region of 
uniform 
deformation 
of bar 


1.4 Average Normal Stress in an 
Axially Loaded Bar 


In this section we will determine the average stress distribution acting on 
the cross-sectional area of an axially loaded bar such as the one shown in 
Fig. 1-13a. This bar is prismatic since all cross sections are the same 
throughout its length. When the load P is applied to the bar through the 
centroid of its cross-sectional area, then the bar will deform uniformly 
throughout the central region of its length, as shown in Fig. 1-13), 
provided the material of the bar is both homogeneous and isotropic. 

Homogeneous material has the same physical and mechanical properties 
throughout its volume, and isotropic material has these same properties 
in all directions. Many engineering materials may be approximated as 
being both homogeneous and isotropic as assumed here. Steel, for 
example, contains thousands of randomly oriented crystals in each cubic 
millimeter of its volume, and since most problems involving this material 
have a physical size that is very much larger than a single crystal, the 
above assumption regarding its material composition is quite realistic. 

Note that anisotropic materials such as wood have different properties 
in different directions, and although this is the case, like wood if the 
anisotropy is oriented along the bar’s axis, then the bar will also deform 
uniformly when subjected to the axial load P. 


Average Normal Stress Distribution. If we pass a section 
through the bar, and separate it into two parts, then equilibrium requires 
the resultant normal force at the section to be P, Fig. 1-13c. Due to the 
uniform deformation of the material, it is necessary that the cross section 
be subjected to a constant normal stress distribution, Fig. 1-134. 


Internal force 


Cross-sectional 
area 


| External force 


P 
(c) (d) 
Fig. 1-13 


1.4 AVERAGE NORMAL STRESS IN AN AXIALLY LOADED BAR 


As a result, each small area AA on the cross section is subjected to a 
force AF = o AA, and the sum of these forces acting over the entire 
cross-sectional area must be equivalent to the internal resultant force P 
at the section. If we let AA—>dA and therefore AF —dF, then, 
recognizing o is constant, we have 


+} Fr, = =F; jar = Joaa 
A 
P=oaA 


IP 
ar (1-6) 


Here 


o = average normal stress at any point on the cross-sectional area 


P = internal resultant normal force, which acts through the centroid of 
the cross-sectional area. P is determined using the method of 
sections and the equations of equilibrium 


A= cross-sectional area of the bar where o is determined 


Since the internal load P passes through the centroid of the cross- 
section the uniform stress distribution will produce zero moments about 
the x and y axes passing through this point, Fig. 1-13d. To show this, we 
require the moment of P about each axis to be equal to the moment of 
the stress distribution about the axes, namely, 


(Mr), = =M,; OF= [var - J vvaaqof yaa 
A A A 


(Mr), = =Myj,; o=-f xdr=~-f xeda=-of xa 
A A A 


These equations are indeed satisfied, since by definition of the centroid, 
[ydA = 0Oand [xdA = 0. (See Appendix A.) 


Equilibrium. It should be apparent that only a normal stress exists 
on any small volume element of material located at each point on 
the cross section of an axially loaded bar. If we consider vertical 
equilibrium of the element, Fig. 1-14, then apply the equation of 
force equilibrium, 


LF, = 0; a(AA) — o' (AA) =0 


Fig. 1-14 
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This steel tie rod is used as a hanger to 
suspend a portion of a staircase, and as a 
result it is subjected to tensile stress. 


v 


t. |. 
| [ . 
f 


Tension Compression 
Fig. 1-15 


In other words, the two normal stress components on the element must 
be equal in magnitude but opposite in direction. This is referred to as 
uniaxial stress. 

The previous analysis applies to members subjected to either tension 
or compression, as shown in Fig. 1-15. As a graphical interpretation, the 
magnitude of the internal resultant force P is equivalent to the volume 
under the stress diagram; that is, P = o A (volume = height X base). 
Furthermore, as a consequence of the balance of moments, this resultant 
passes through the centroid of this volume. 

Although we have developed this analysis for prismatic bars, this 
assumption can be relaxed somewhat to include bars that have a slight 
taper. For example, it can be shown, using the more exact analysis of the 
theory of elasticity, that for a tapered bar of rectangular cross section, for 
which the angle between two adjacent sides is 15°, the average normal 
stress, as calculated by o = P/A, is only 2.2% Jess than its value found 
from the theory of elasticity. 


Maximum Average Normal Stress. In our analysis both the 
internal force P and the cross-sectional area A were constant along the 
longitudinal axis of the bar, and as a result the normal stress 7 = P/A is 
also constant throughout the bar’s length. Occasionally, however, the bar 
may be subjected to several external loads along its axis, or a change in its 
cross-sectional area may occur. As a result, the normal stress within the 
bar could be different from one section to the next, and, if the maximum 
average normal stress is to be determined, then it becomes important 
to find the location where the ratio P/A is a maximum. To do this it is 
necessary to determine the internal force P at various sections along the 
bar. Here it may be helpful to show this variation by drawing an axial or 
normal force diagram. Specifically, this diagram is a plot of the normal 
force P versus its position x along the bar’s length. As a sign convention, 
P will be positive if it causes tension in the member, and negative if it 
causes compression. Once the internal loading throughout the bar is 
known, the maximum ratio of P/A can then be identified. 
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Important Points 


When a body subjected to external loads is sectioned, there is a 
distribution of force acting over the sectioned area which holds 
each segment of the body in equilibrium. The intensity of this 
internal force at a point in the body is referred to as stress. 


Stress is the limiting value of force per unit area, as the area 
approaches zero. For this definition, the material is considered to 
be continuous and cohesive. 


The magnitude of the stress components at a point depends upon 
the type of loading acting on the body, and the orientation of the 
element at the point. 


When a prismatic bar is made from homogeneous and isotropic 
material, and is subjected to an axial force acting through the 
centroid of the cross-sectional area, then the center region of 
the bar will deform uniformly. As a result, the material will be 
subjected only to normal stress. This stress is uniform or averaged 
over the cross-sectional area. 


Procedure for Analysis 


The equation 0 = P/A gives the average normal stress on the cross- 
sectional area of a member when the section is subjected to an 
internal resultant normal force P. For axially loaded members, 
application of this equation requires the following steps. 


Internal Loading. 


© Section the member perpendicular to its longitudinal axis at the 
point where the normal stress is to be determined and use the 
necessary free-body diagram and force equation of equilibrium to 
obtain the internal axial force P at the section. 


Average Normal Stress. 


© Determine the member’s cross-sectional area at the section and 
calculate the average normal stress 0 = P/A. 


e It is suggested that o be shown acting on a small volume element 
of the material located at a point on the section where stress is 
calculated. To do this, first draw o on the face of the element 
coincident with the sectioned area A. Here o acts in the same 
direction as the internal force P since all the normal stresses on 
the cross section develop this resultant. The normal stress 0 on 
the other face of the element acts in the opposite direction. 
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EXAMPLE |1.6 


STRESS 


The bar in Fig. 1—-16a has a constant width of 35 mm and a thickness 
of 10 mm. Determine the maximum average normal stress in the bar 
when it is subjected to the loading shown. 


BOKN C 4kN 
12 kN A oa 22 kN 
| 9kN 
35 mm ae 


(a) 


12 INO P4p =12kN 


9kN 


12 kN <— | P— > Pic = 30 kN 


9kN 


Pop = 22) kN — 22 kN 


(b) 


(c) 
SOLUTION 


Internal Loading. By inspection, the internal axial forces in regions 
AB, BC, and CD are all constant yet have different magnitudes. Using 
the method of sections, these loadings are determined in Fig. 1-16); 
and the normal force diagram which represents these results graphically 
is shown in Fig. 1-1l6c. The largest loading is in region BC, where 
Pxgc = 30 KN. Since the cross-sectional area of the bar is constant, the 
largest average normal stress also occurs within this region of the bar. 


Average Normal Stress. Applying Eq. 1-6, we have 


— Pre _ 30(10°) N 
BCA (0.035 m)(0.010 m) 


= 85.7 MPa Ans. 


NOTE: The stress distribution acting on an arbitrary cross section of 
the bar within region BC is shown in Fig. 1-16d. Graphically the volume 
(or “block”) represented by this distribution of stress is equivalent to 
the load of 30 kN; that is, 30 kN = (85.7 MPa)(35 mm)(10 mm). 
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EXAMPLE |1.7 


The 80-kg lamp is supported by two rods AB and BC as shown in 
Fig. 1-17a. If AB has a diameter of 10 mm and BC has a diameter of 
8 mm, determine the average normal stress in each rod. 


SOLUTION 

Internal Loading. We must first determine the axial force in each 
rod. A free-body diagram of the lamp is shown in Fig. 1-17b. Applying 
the equations of force equilibrium, 


+ SF, = 0; Fac(s) — Feacos 60° = 0 
+T=F,=0; Fac(3) + Fgasin 60° — 784.8N = 0 
Fee = 395.2N, Fp = 632.4N 


By Newton’s third law of action, equal but opposite reaction, these 
forces subject the rods to tension throughout their length. 


Average Normal Stress. Applying Eq. 1-6, 
= Fc - 395.2 N 
Agc — 77(0.004 m) 


OBC 5 = 7.86 MPa Ans. 


Fea 632.4 N 
Apa — 77(0.005 m)? 


ORA = = 8.05 MPa Ans. 


NOTE: ‘The average normal stress distribution acting over a cross 
section of rod AB is shown in Fig. 1-17c, and at a point on this cross 
section, an element of material is stressed as shown in Fig. 1-17d. 


80(9.81) = 784.8 N 
(b) 


8.05 MPa 
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EXAMPLE |1.8 


The casting shown in Fig. 1-18a is made of steel having a specific 
weight of y = 490 lb/ft?. Determine the average compressive stress 
acting at points A and B. 


Ws 


Fig. 1-18 
SOLUTION 
Internal Loading. <A free-body diagram of the top segment of the 
casting where the section passes through points A and B is shown in 
Fig. 1-185. The weight of this segment is determined from W,, = y. Vet. 
Thus the internal axial force P at the section is 
+TIF, = 0; Pi We — 0 
P — (490 lb/ft?) (2.75 ft)[7(0.75 ft)*] = 0 
P = 2381 |b 


Average Compressive Stress. The cross-sectional area at the sec- 
tion is A = 7(0.75 ft)’, and so the average compressive stress becomes 


iP 2381 Ib 
A 2(0.75 ft) 
o = 1347.5 lb/ft? (1 ft?/144 in?) = 9.36 psi Ans. 


— 


5 = 1347.5 lb/ft” 


NOTE: The stress shown on the volume element of material in 
Fig. 1-18c is representative of the conditions at either point A or B. 
Notice that this stress acts upward on the bottom or shaded face of the 
element since this face forms part of the bottom surface area of the 
section, and on this surface, the resultant internal force P is pushing 
upward. 
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EXAMPLE |1.9 


Member AC shown in Fig. 1-19a is subjected to a vertical force of 
3 KN. Determine the position x of this force so that the average 
compressive stress at the smooth support C is equal to the average 
tensile stress in the tie rod AB. The rod has a cross-sectional area of 
400 mm” and the contact area at C is 650 mm. 


Fig. 1-19 

SOLUTION 

Internal Loading. The forces at A and C can be related by considering 
the free-body diagram for member AC, Fig. 1-19b. There are three 
unknowns, namely, F' 4g, Fc, and x. To solve this problem we will 
work in units of newtons and millimeters. 

+TIF, = 0; F yz + Fo — 3000N = 0 (1) 
(+2M, = 0; —3000 N(x) + F-(200mm) = 0 (2) 


Average Normal Stress. A necessary third equation can be written 
that requires the tensile stress in the bar AB and the compressive 
stress at C to be equivalent, 1.e., 


Bap hc 


ae 
400mm? 650 mm? 
Feo = 1.625F jp 


Substituting this into Eq. 1, solving for F4,, then solving for Fc, we 
obtain 
Fg = 1143N 


Fo = 1857N 
The position of the applied load is determined from Eq. 2, 
x = 124mm 


NOTE: 0 < x < 200mm, as required. 
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STRESS 


1.5 Average Shear Stress 


Shear stress has been defined in Section 1.3 as the stress component that 
acts in the plane of the sectioned area. To show how this stress can 
develop, consider the effect of applying a force F to the bar in Fig. 1—20a. 
If the supports are considered rigid, and F is large enough, it will cause 
the material of the bar to deform and fail along the planes identified by 
AB and CD.A free-body diagram of the unsupported center segment of 
the bar, Fig. 1-20b, indicates that the shear force V = F/2 must be 
applied at each section to hold the segment in equilibrium. The average 
shear stress distributed over each sectioned area that develops this shear 
force is defined by 


avg = A (1-7) 


Tayg = average shear stress at the section, which is assumed to be the 
same at each point located on the section 
V = internal resultant shear force on the section determined from 
the equations of equilibrium 


A = area at the section 


The distribution of average shear stress acting over the sections is 
shown in Fig. 1—20c. Notice that Tay. is in the same direction as V, since 
the shear stress must create associated forces all of which contribute to 
the internal resultant force V at the section. 

The loading case discussed here is an example of simple or direct 
shear, since the shear is caused by the direct action of the applied load F. 
This type of shear often occurs in various types of simple connections 
that use bolts, pins, welding material, etc. In all these cases, however, 
application of Eq. 1-7 is only approximate. A more precise investigation 
of the shear-stress distribution over the section often reveals that much 
larger shear stresses occur in the material than those predicted by this 
equation. Although this may be the case, application of Eq. 1-7 is 
generally acceptable for many problems in engineering design and 
analysis. For example, engineering codes allow its use when considering 
design sizes for fasteners such as bolts and for obtaining the bonding 
strength of glued joints subjected to shear loadings. 


a Section plane 


Pure shear 
(a) (b) 
Fig. 1-21 


Shear Stress Equilibrium. Figure 1-21a shows a volume element 
of material taken at a point located on the surface of a sectioned area 
which is subjected to a shear stress 7,,. Force and moment equilibrium 
requires the shear stress acting on this face of the element to be 
accompanied by shear stress acting on three other faces. To show this we 
will first consider force equilibrium in the y direction. Then 


force 
[| 
stress area 
ZF = 0; T (Ax Ay) = 7, Ax Ay = 0 
ig Ty 


In a similar manner, force equilibrium in the z direction yields 7,, = Tj. 
Finally, taking moments about the x axis, 


moment 


force arm 


stress area 


=M, = 0; —Tzy(Ax Ay) Az + 7,,(Ax Az) Ay = 0 
Tzy = Tyz 
so that 


' , 
Tzy Tzy Tyz Tyz hi 


In other words, all four shear stresses must have equal magnitude and 
be directed either toward or away from each other at opposite edges of 
the element, Fig. 1-21b. This is referred to as the complementary property 
of shear, and under the conditions shown in Fig. 1-21, the material is 
subjected to pure shear. 


1.5 AVERAGE SHEAR STRESS 
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Important Points 


© If two parts are thin or small when joined together, the applied 
loads may cause shearing of the material with negligible bending. 
If this is the case, it is generally assumed that an average shear 
stress acts over the cross-sectional area. 


When shear stress 7 acts on a plane, then equilibrium of a volume 
element of material at a point on the plane requires associated 
shear stress of the same magnitude act on three adjacent sides of 
the element. 


Procedure for Analysis 


The equation t,y, = V/A is used to determine the average shear 
stress in the material. Application requires the following steps. 


Internal Shear. 


© Section the member at the point where the average shear stress is 
to be determined. 


e Draw the necessary free-body diagram, and calculate the internal 
shear force V acting at the section that is necessary to hold the 
part in equilibrium. 


Average Shear Stress. 


e Determine the sectioned area A, and determine the average 
shear stress T,,, = V/A. 


It is suggested that 7,,, be shown on a small volume element of 
material located at a point on the section where it is determined. 
To do this, first draw 7,y, on the face of the element, coincident 
with the sectioned area A. This stress acts in the same direction 
as V. The shear stresses acting on the three adjacent planes can 
then be drawn in their appropriate directions following the 
scheme shown in Fig. 1—21. 
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EXAMPLE |1.10 


Determine the average shear stress in the 20-mm-diameter 
pin at A and the 30-mm-diameter pin at B that support the 
beam in Fig. 1—22a. 


SOLUTION iS 


Internal Loadings. The forces on the pins can be obtained by 14 
considering the equilibrium of the beam, Fig. 1-22b. 


(+=M, = 0: Fel 2)¢6 m)—30kN(2m)=0 Fz, =12.5 kN 


SYF,=0; (125 Kn) (2) —A,=0 A, = 7.50 kN 


+TIF,=0; A, + (12.5 KN)(2) — 30 kN = 0 


Ay = 20 kN 


Thus, the resultant force acting on pin A is 


F,= VA2Z + A?Z = V(750 KN) + (20 KN)? = 21.36 kN 
ay 


The pin at A is supported by two fixed “leaves” and so the free-body 
diagram of the center segment of the pin shown in Fig. 1—22c has two 
shearing surfaces between the beam and each leaf. The force of the 
beam (21.36 kN) acting on the pin is therefore supported by shear 


force on each of these surfaces. This case is called double shear. Thus, Va ane 
A= 41. 


F,  21.36kN 
a ps 


Va= = 10.68 kN 


In Fig. 1—-22a, note that pin B is subjected to single shear, which occurs 
on the section between the cable and beam, Fig. 1—22d. For this pin 
segment, 


Vz = Fy = 12.5kN 


Average Shear Stress. 


V,  10.68(10°) N 


= = 34.0 MPa 
(0.02 m)* 


12.5(10°) N 


= = 17.7 MPa 
(0-03 m)? 
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EXAMPLE |1.11 


| 


<= 
Tp = 160 kPa 


STRESS 


If the wood joint in Fig. 1-23a has a width of 150 mm, determine the 
average shear stress developed along shear planes a—a and b—b. For 
each plane, represent the state of stress on an element of the material. 


SOLUTION 


Internal Loadings. Referring to the free-body diagram of the 
member, Fig. 1-23), 


6kN-F-F=0 F=3kN 


Now consider the equilibrium of segments cut across shear planes a—a 
and b—b, shown in Figs. 1-23c and 1-23d. 


45 YF,=0; V,—-3kN=0 V,=3kN 


45 YF, = 0; 3kKN-V,=0 V,=3kN 


Average Shear Stress. 
A 
(Twas = A” = (0d m)(0.15 m) 


aves 3(10°) N 
(To)ave A, (0.125 m)(0.15 m) 


= 200 kPa 


= 160 kPa Ans. 


The state of stress on elements located on sections a—a and b—b is 
shown in Figs. 1-23c and 1-23d, respectively. 
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EXAMPLE |1.12 


The inclined member in Fig. 1—24a is subjected to a compressive force 
of 600 Ib. Determine the average compressive stress along the smooth 
areas of contact defined by AB and BC, and the average shear stress 
along the horizontal plane defined by DB. 


f|4 
3 


600 Ib 


Fig. 1-24 
SOLUTION 


Internal Loadings. The free-body diagram of the inclined member 
is shown in Fig. 1-24b. The compressive forces acting on the areas of 
contact are 


+4 >F, = 0; Faz — 6001b(3) =0 Fag = 36016 

+T=F, =0; Feo — 6001b(2) = 0 Fac = 480 Ib 

Also, from the free-body diagram of the top segment ABD of the 
bottom member, Fig. 1-24c, the shear force acting on the sectioned 
horizontal plane DB is 

4+ 3F, = 0; V = 360 1b 

Average Stress. The average compressive stresses along the 
horizontal and vertical planes of the inclined member are 


ne 360 Ib . 
ae 48 =u Ans. 
ear mC ET SN (CGGTT NY © cae ae oe 


Fue 480 Ib 
eC Ag (in (Sim) 
These stress distributions are shown in Fig. 1—24d. 


The average shear stress acting on the horizontal plane defined by 
DBis 


360 Ib 


= 160 psi Ans. 


= = 80 psi Ans. 
tS evenness e 


This stress is shown uniformly distributed over the sectioned area in 
Fig. 1-24e. 
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a he FUNDAMENTAL PROBLEMS 


F1-7. The uniform beam is supported by two rods AB F1-10. Ifthe 600-kKN force acts through the centroid of the 


and CD that have cross-sectional areas of 10 mm? and cross section, determine the location y of the centroid and 
15 mm”, respectively. Determine the intensity w of the the average normal stress developed on the cross section. 
distributed load so that the average normal stress in each Also, sketch the normal stress distribution over the cross 
rod does not exceed 300 kPa. section. 


F1-7 

F1-10 

F1-8. Determine the average normal stress developed on 
the cross section. Sketch the normal stress distribution over 


: Fl-11. Determine the average normal stress developed 
the cross section. 


at points A, B, and C. The diameter of each segment is 


indicated in the figure. 
300 kN 


1 in. 


F1-11 


F1-12. Determine the average normal stress developed in 
F1-8 rod AB if the load has a mass of 50 kg. The diameter of rod 


: AB is8 : 
F1-9. Determine the average normal stress developed on ee 


the cross section. Sketch the normal stress distribution over 
the cross section. 


15 kip 


F1-9 F1-12 


i PROBLEMS 
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1-31. The column is subjected to an axial force of 8 kN, 
which is applied through the centroid of the cross-sectional 
area. Determine the average normal stress acting at section 
a-a. Show this distribution of stress acting over the area’s 
cross section. 


10 mm 


Prob. 1-31 


*1-32. The lever is held to the fixed shaft using a tapered 
pin AB, which has a mean diameter of 6 mm. If a couple is 
applied to the lever, determine the average shear stress in 
the pin between the pin and lever. 


20 N 20 N 


Prob. 1-32 


e1-33. The bar has a cross-sectional area A and is 
subjected to the axial load P. Determine the average 
normal and average shear stresses acting over the shaded 
section, which is oriented at 6 from the horizontal. Plot the 
variation of these stresses as a function of 6 (0 = 6 = 90°). 


Prob. 1-33 


1-34. The built-up shaft consists of a pipe AB and solid 
rod BC. The pipe has an inner diameter of 20 mm and outer 
diameter of 28 mm. The rod has a diameter of 12 mm. 
Determine the average normal stress at points D and E and 
represent the stress on a volume element located at each of 
these points. 


A B_6kN 
D 6kN E 
Prob. 1-34 


1-35. The bars of the truss each have a cross-sectional 
area of 1.25 in’. Determine the average normal stress in 
each member due to the loading P = 8 kip. State whether 
the stress is tensile or compressive. 


*1-36. The bars of the truss each have a cross-sectional 
area of 1.25 in”. If the maximum average normal stress in 
any bar is not to exceed 20 ksi, determine the maximum 
magnitude P of the loads that can be applied to the truss. 


Probs. 1-35/36 
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e1-37. The plate has a width of 0.5 m. If the stress distri- 
bution at the support varies as shown, determine the force 
P applied to the plate and the distance d to where it is 
applied. 


4m 


o = (15x!7) MPa 


30 MPa 


Prob. 1-37 


1-38. The two members used in the construction of an 
aircraft fuselage are joined together using a 30° fish-mouth 
weld. Determine the average normal and average shear 
stress on the plane of each weld. Assume each inclined 
plane supports a horizontal force of 400 lb. 


800 Ib 


30° 


Prob. 1-38 


1-39. If the block is subjected to the centrally applied 
force of 600 KN, determine the average normal stress in the 
material. Show the stress acting on a differential volume 
element of the material. 


150 mitt 
mm 


Prob. 1-39 


*1-40. The pins on the frame at B and C each have a 
diameter of 0.25 in. If these pins are subjected to double 
shear, determine the average shear stress in each pin. 


e1-41. Solve Prob. 1-40 assuming that pins B and C are 
subjected to single shear. 


1-42. The pins on the frame at D and E each have a 
diameter of 0.25 in. If these pins are subjected to double 
shear, determine the average shear stress in each pin. 


1-43. Solve Prob. 1-42 assuming that pins D and E are 
subjected to single shear. 


|. 3 ft | 3 ft | 
500 Ib 


Probs. 1-40/41/42/43 


*1-44. A 175-lb woman stands on a vinyl floor wearing 
stiletto high-heel shoes. If the heel has the dimensions 
shown, determine the average normal stress she exerts on 
the floor and compare it with the average normal stress 
developed when a man having the same weight is wearing 
flat-heeled shoes. Assume the load is applied slowly, so that 
dynamic effects can be ignored. Also, assume the entire 
weight is supported only by the heel of one shoe. 


0.3 in. 


—|-— 0.1 in. 


12 G4] 
+| 
0.5 in. 


Prob. 1-44 


e1-45. The truss is made from three pin-connected 
members having the cross-sectional areas shown in the 
figure. Determine the average normal stress developed in 
each member when the truss is subjected to the load shown. 
State whether the stress is tensile or compressive. 


500 Ib 


Prob. 1-45 


1-46. Determine the average normal stress developed 
in links AB and CD of the smooth two-tine grapple that 
supports the log having a mass of 3 Mg. The cross- 
sectional area of each link is 400 mm”. 


1-47. Determine the average shear stress developed 
in pins A and B of the smooth two-tine grapple that 
supports the log having a mass of 3 Mg. Each pin has a 
diameter of 25 mm and is subjected to double shear. 


Probs. 1—46/47 
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*1-48. The beam is supported by a pin at A and a short 
link BC. If P = 15 KN, determine the average shear stress 
developed in the pins at A, B, and C. All pins are in double 


shear as shown, and each has a diameter of 18 mm. 


Prob. 1-48 


e1-49. The beam is supported by a pin at A and a short 
link BC. Determine the maximum magnitude P of the loads 
the beam will support if the average shear stress in each pin 
is not to exceed 80 MPa. All pins are in double shear as 


shown, and each has a diameter of 18 mm. 


Prob. 1-49 


1-50. The block is subjected to a compressive force of 
2 kN. Determine the average normal and average shear 
stress developed in the wood fibers that are oriented along 


section a—a at 30° with the axis of the block. 


Prob. 1-50 
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1-51. During the tension test, the wooden specimen is 1-54. The shaft is subjected to the axial force of 40 KN. 
subjected to an average normal stress of 2 ksi. Determine Determine the average bearing stress acting on the collar C 
the axial force P applied to the specimen. Also, find the and the normal stress in the shaft. 


average shear stress developed along section a-a of 
the specimen. 


40 kN 


—* -— 30 mm 


40 mm 


Prob. 1-54 


1-55. Rods AB and BC each have a diameter of 5 mm. If 
the load of P = 2 KN is applied to the ring, determine the 


Prob. 1-51 average normal stress in each rod if 6 = 60°. 


*1-56. Rods AB and BC each have a diameter of 5 mm. 
Determine the angle 6 of rod BC so that the average 
normal stress in rod AB is 1.5 times that in rod BC. What is 
the load P that will cause this to happen if the average 
normal stress in each rod is not allowed to exceed 100 MPa? 


*1-52. If the joint is subjected to an axial force of 
P = 9 kN, determine the average shear stress developed in 
each of the 6-mm diameter bolts between the plates and the 
members and along each of the four shaded shear planes. 


e1-53. The average shear stress in each of the 6-mm diameter 
bolts and along each of the four shaded shear planes is not 
allowed to exceed 80 MPa and 500 kPa, respectively. 
Determine the maximum axial force P that can be applied 
to the joint. 


Probs. 1-52/53 Probs. 1-55/56 


e1-57. The specimen failed in a tension test at an angle of 
52° when the axial load was 19.80 kip. If the diameter of the 
specimen is 0.5 in., determine the average normal and 
average shear stress acting on the area of the inclined 
failure plane. Also, what is the average normal stress acting 
on the cross section when failure occurs? 


Prob. 1-57 


1-58. The anchor bolt was pulled out of the concrete wall 
and the failure surface formed part of a frustum and 
cylinder. This indicates a shear failure occurred along the 
cylinder BC and tension failure along the frustum AB. If 
the shear and normal stresses along these surfaces have the 
magnitudes shown, determine the force P that must have 
been applied to the bolt. 


coe 


5mm 25mm 


Prob. 1-58 
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1-59. The open square butt joint is used to transmit a 
force of 50 kip from one plate to the other. Determine the 
average normal and average shear stress components that 
this loading creates on the face of the weld, section AB. 


Prob. 1-59 


*1-60. If P = 20 kN, determine the average shear stress 
developed in the pins at A and C. The pins are subjected to 
double shear as shown, and each has a diameter of 18 mm. 


e1-61. Determine the maximum magnitude P of the load 
the beam will support if the average shear stress in each pin 
is not to allowed to exceed 60 MPa. All pins are subjected 
to double shear as shown, and each has a diameter of 
18 mm. 


Probs. 1-60/61 
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1-62. The crimping tool is used to crimp the end of the 
wire E. If a force of 20 lb is applied to the handles, 
determine the average shear stress in the pin at A. The pin is 
subjected to double shear and has a diameter of 0.2 in. Only 
a vertical force is exerted on the wire. 


1-63. Solve Prob. 1-62 for pin B. The pin is subjected to 
double shear and has a diameter of 0.2 in. 


20 Ib 


1.5in. 2in. 1 in. 
Probs. 1-62/63 


*1-64. The triangular blocks are glued along each side of 
the joint. A C-clamp placed between two of the blocks is 
used to draw the joint tight. If the glue can withstand a 
maximum average shear stress of 800 kPa, determine the 
maximum allowable clamping force F. 


e1-65. The triangular blocks are glued along each side of 
the joint. A C-clamp placed between two of the blocks is 
used to draw the joint tight. If the clamping force is 
F = 900 N, determine the average shear stress developed 
in the glued shear plane. 


Probs. 1-64/65 


1-66. Determine the largest load P that can be a applied 
to the frame without causing either the average normal 
stress or the average shear stress at section a—a to exceed 
ao = 150 MPa and 7 = 60 MPa, respectively. Member CB 
has a square cross section of 25 mm on each side. 


Prob. 1-66 


1-67. The prismatic bar has a cross-sectional area A. If it 
is subjected to a distributed axial loading that increases 
linearly from w = 0 at x = 0 to w = wo at x = a,and then 
decreases linearly to w= 0 at x = 2a, determine the 
average normal stress in the bar as a function of x for 
O=x<a. 


*1-68. The prismatic bar has a cross-sectional area A. If it 
is subjected to a distributed axial loading that increases 
linearly from w = O at x = 0 to w = wo at x = a, and then 
decreases linearly to w= 0 at x = 2a, determine the 
average normal stress in the bar as a function of x for 
a<x 2a. 


Wo 
|----->— =_—> ee ne > 


| 
\VeWqxro -----_- - ->- >> 


Probs. 1-67/68 


e1-69. The tapered rod has a radius of r = (2 — x/6) in. 
and is subjected to the distributed loading of 
w = (60 + 40x) lb/in. Determine the average normal stress 
at the center of the rod, B. 


w = (60 + 40x) Ib/ in. 


r=(2-] jin, 
—— 


Prob. 1-69 


1-70. The pedestal supports a load P at its center. If the 
material has a mass density p, determine the radial 
dimension r as a function of z so that the average normal 
stress in the pedestal remains constant. The cross section is 
circular. 


iF 
l 


Prob. 1-70 
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1-71. Determine the average normal stress at section a—a 
and the average shear stress at section b-b in member AB. 
The cross section is square, 0.5 in. on each side. 


150 lb/ft 


Prob. 1-71 


*1-72. Consider the general problem of a bar made from 
m segments, each having a constant cross-sectional area A,, 
and length L,,,. If there are n loads on the bar as shown, 
write a computer program that can be used to determine 
the average normal stress at any specified location x. Show 
an application of the program using the values L, = 4 ft, 
d, = 2 ft, P; = 400lb, A, =3in*, L, = 2ft, d> = 6ft, 
P, = —300 1b, A, = 1 in’. 


“ Lin * 


l L, >| 


Prob. 1-72 
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CHAPTER 1 


STRESS 


1.6 Allowable Stress 


To properly design a structural member or mechanical element it is 
necessary to restrict the stress in the material to a level that will be safe. 
To ensure this safety, it is therefore necessary to choose an allowable 
stress that restricts the applied load to one that is /ess than the load the 
member can fully support. There are many reasons for doing this. For 
example, the load for which the member is designed may be different 
from actual loadings placed on it. The intended measurements of a 
structure or machine may not be exact, due to errors in fabrication or in 
the assembly of its component parts. Unknown vibrations, impact, or 
accidental loadings can occur that may not be accounted for in the 
design. Atmospheric corrosion, decay, or weathering tend to cause 
materials to deteriorate during service. And lastly, some materials, such 
as wood, concrete, or fiber-reinforced composites, can show high 
variability in mechanical properties. 

One method of specifying the allowable load for a member is to use a 
number called the factor of safety. The factor of safety (FS.) is a ratio of 
the failure load F’;,;, to the allowable load F'41,,. Here Fi) is found from 
experimental testing of the material, and the factor of safety is selected 
based on experience so that the above mentioned uncertainties are 
accounted for when the member is used under similar conditions of 
loading and geometry. Stated mathematically, 


[Face 
FS. =—@4 (1-8) 
TP eile 


If the load applied to the member is /inearly related to the stress 
developed within the member, as in the case of using 0 = P/A and 
Tayg = V/A, then we can also express the factor of safety as a ratio of the 
failure stress of; (OF Tf) to the allowable stress Ggjjow (OF Tatlow);* that is, 


O fail 


BS. = (1-9) 
Fallow 
or 
Fs, Sa (1-10) 
Tallow 


*In some cases, such as columns, the applied load is not linearly related to stress and 
therefore only Eq. 1-8 can be used to determine the factor of safety. See Chapter 13. 
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In any of these equations, the factor of safety must be greater than 1 in 
order to avoid the potential for failure. Specific values depend on the 
types of materials to be used and the intended purpose of the structure 
or machine. For example, the FS. used in the design of aircraft or space- 
vehicle components may be close to 1 in order to reduce the weight of 
the vehicle. Or, in the case of a nuclear power plant, the factor of safety 
for some of its components may be as high as 3 due to uncertainties 
in loading or material behavior. In many cases, the factor of safety for a 
specific case can be found in design codes and engineering handbooks. 
These values are intended to form a balance of ensuring public and 
environmental safety and providing a reasonable economic solution to 
design. 


1.7 Design of Simple Connections 

By making simplifying assumptions regarding the behavior of the 
material, the equations a = P/A and Tay, = V/A can often be used to 
analyze or design a simple connection or mechanical element. In 


particular, if a member is subjected to normal force at a section, its 
required area at the section is determined from 


io (1-1) 


Fallow 


On the other hand, if the section is subjected to an average shear force, 
then the required area at the section is 


A= (1-12) 


Tallow 


As discussed in Sec. 1.6, the allowable stress used in each of these 
equations is determined either by applying a factor of safety to the 
material’s normal or shear failure stress or by finding these stresses 
directly from an appropriate design code. 

Three examples of where the above equations apply are shown in 
Fig. 1-25. 


Assumed uniform 


shear stress 
Tallow 


P 


Tallow 


(O5)attow 


distribution 
P 
A= 
(op) allow 


The area of the column base plate B is determined 
from the allowable bearing stress for the concrete. 


a 
Assumed uniform shear stress 


eS" 
P 


Tallow 


/= 


/ 
d 
P 
The embedded length / of this rod in concrete 


can be determined using the allowable shear 
stress of the bonding glue. 


The area of the bolt for this lap joint 
is determined from the shear stress, 
which is largest between the plates. 


Fig. 1-25 
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Important Point 


© Design of a member for strength is based on selecting an 
allowable stress that will enable it to safely support its intended 
load. Since there are many unknown factors that can influence 
the actual stress in a member, then depending upon the intended 
use of the member, a factor of safety is applied to obtain the 
allowable load the member can support. 


Procedure for Analysis 


When solving problems using the average normal and shear stress 
equations, a careful consideration should first be made as to choose 
the section over which the critical stress is acting. Once this section 
is determined, the member must then be designed to have a 
sufficient area at the section to resist the stress that acts on it. This 
area is determined using the following steps. 


Internal Loading. 


e Section the member through the area and draw a free-body 
diagram of a segment of the member. The internal resultant force at 
the section is then determined using the equations of equilibrium. 


Required Area. 


© Provided the allowable stress is known or can be determined, 
the required area needed to sustain the load at the section is then 
determined from A = P/@ajjow Or A = V/Tatiow- 


Appropriate factors of safety must be 
considered when designing cranes and 
cables used to transfer heavy loads. 
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EXAMPLE |1.13 


The control arm is subjected to the loading shown in Fig. 1-26a. 
Determine to the nearest { in. the required diameter of the steel pin 
at C if the allowable shear stress for the steel is Tajow = 8 ksi. 


4 
5 kip 


3 kip 
Fig. 1-26 


SOLUTION 


Internal Shear Force. A free-body diagram of the arm is shown in 
Fig. 1-26b. For equilibrium we have 


(+2Mc = 0; F 4(8 in.) — 3 kip (3 in.) — 5 kip (3)(5 in.) = 0 
F ap = 3 kip 
SIF,=0; —-3kip-C,+5kip($)=0  C,=1kip 
+TIF, = 0; Cy — 3kip - 5kip(2)=0  C,=6kip 
The pin at C resists the resultant force at C, which is 
Fo = V(1kip)? + (6 kip)? = 6.082 kip 
Since the pin is subjected to double shear, a shear force of 3.041 kip 


acts over its cross-sectional area between the arm and each supporting 
leaf for the pin, Fig. 1—26c. 


Required Area. We have 
V _- 3.041 kip 


7 Tallow = 8 kip/in? 
d 2) 
a( 4) = 0.3802 in? 


2) 
d = 0.696 in. 
Use a pin having a diameter of 
d = 3in. = 0.750 in. 


= 0.3802 in” 


6.082 kip 


3.041 kip 


3.041 kip 
Pin at C 


(©) 
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EXAMPLE |1.14 


STRESS 


The suspender rod is supported at its end by a fixed-connected circular 
disk as shown in Fig. 1-27a. If the rod passes through a 40-mm-diameter 
hole, determine the minimum required diameter of the rod and 
the minimum thickness of the disk needed to support the 20-kKN load. 
The allowable normal stress for the rod is @,yoy = 60 MPa, and the 
allowable shear stress for the disk is T,)oy = 35 MPa. 


— 40 mm — 


A Tallow 


Fig. 1-27 


SOLUTION 


Diameter of Rod. By inspection, the axial force in the rod is 20 kN. 
Thus the required cross-sectional area of the rod is 


Pe T > 20(107) N 


Gaicr” 4° 60(10°) N/m? 
so that 
d = 0.0206 m = 20.6 mm Ans. 


Thickness of Disk. As shown on the free-body diagram in 
Fig. 1-27b, the material at the sectioned area of the disk must resist 
shear stress to prevent movement of the disk through the hole. If this 
shear stress is assumed to be uniformly distributed over the sectioned 
area, then, since V = 20 kN, we have 


V 20(10°) N 
A= 2m(0.02 m)(t) = ——~——, 
Tallow 35(10 ) N/m 


P= 455(10°)m = 4,55 mm 
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EXAMPLE |1.15 


The shaft shown in Fig. 1-28a is supported by the collar at C, which is 
attached to the shaft and located on the right side of the bearing at B. 
Determine the largest value of P for the axial forces at E and F so 
that the bearing stress on the collar does not exceed an allowable 
stress of (0% )atlow = 75 MPa and the average normal stress in the shaft 
does not exceed an allowable stress of (;) allow = 55 MPa. 


60 mm 520 mm 


_ ip 
je] 80 mm 2p eet 
=5C 


(b) 


Position 
Fig. 1-28 


SOLUTION 
To solve the problem we will determine P for each possible failure 
condition. Then we will choose the smallest value. Why? 


Normal Stress. Using the method of sections, the axial load within 
region FE of the shaft is 2P, whereas the largest axial force, 3P, occurs 
within region EC, Fig. 1-285. The variation of the internal loading is 
clearly shown on the normal-force diagram, Fig. 1—28c. Since the cross- 
sectional area of the entire shaft is constant, region EC is subjected to 
the maximum average normal stress. Applying Eq. 1-11, we have 


Ip SP 
A= w(003 m) == 
Fallow 55(10 ) N/m 
P =51.8kN Ans. 
Bearing Stress. As shown on the free-body diagram in Fig. 1—28d, 
the collar at C must resist the load of 3P, which acts over a bearing 
area of A, = [7(0.04 m)? — 7(0.03 m)?] = 2.199(107*) m2. Thus, 
Ie PR 
A= : 2.199(10-*) m? = = 
Fallow 75(10 ) N/m 
P =55.0kN 


By comparison, the largest load that can be applied to the shaft is 
P = 51.8kN, since any load larger than this will cause the allowable 
normal stress in the shaft to be exceeded. 


NOTE: Here we have not considered a possible shear failure of the 
collar as in Example 1.14. 
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EXAMPLE |1.16 


The rigid bar AB shown in Fig. 1—-29a is supported by a steel rod AC 

having a diameter of 20 mm and an aluminum block having a cross- 

sectional area of 1800 mm”. The 18-mm-diameter pins at A and C are 

subjected to single shear. If the failure stress for the steel and aluminum 

= iS (Os) fa = 680 MPa and (o,))s4) = 70 MPa, respectively, and the 
8 failure shear stress for each pin is 7;,;, = 900 MPa, determine the largest 


i a Aluminum! | load P that can be applied to the bar.Apply a factor of safety of F.S. = 2. 


2m . SOLUTION 
(a) Using Eqs. 1-9 and 1-10, the allowable stresses are 


(st)fain _ 680 MPa 
(Oe) allow _ — ad 2 = 340 MPa 


(Gai)faii _ 70 MPa 
FS. 2 
Tfail 900 MPa 

Cr ES = ro 
The free-body diagram of the bar is shown in Fig. 1-29b. There are 
three unknowns. Here we will apply the moment equations of equilibrium 
in order to express F'4c and Fz in terms of the applied load P. We have 
(+=Mz = 0; P(1.25m) — Fyc(2m) = 0 (1) 


IB (+My, = 0; F,(2m) — P(0.75 m) = 0 (2) 
L075 tae+-——1.25 n—4 
Fz 


(Calhites = = Jo MBA 


= 450 MPa 


We will now determine each value of P that creates the allowable 
stress in the rod, block, and pins, respectively. 


Rod AC. This requires 
Fig. 1-29 Fac = (s)attow( Aac) = 340(10°) N/m? [2(0.01 m)?] = 106.8 kN 
Using Eq. 1, 


(b) 


a: (106.8 kN) (2 m) ee 
ei 1.25 m 7 


Block B. In this case, 
Fg = (Ca1)allow 4g = 35(10°) N/m? [1800 mm? (10°) m?/mm7?] = 63.0kN 
Using Eq. 2, 


(63.0 KN) (2 m) 


Pe = 168 kN 
0.75 m Se 


Pin Aor C. Due to single shear, 
Fac = V = TatlowA = 450(10°) N/m? [7r(0.009 m)?] = 114.5 kN 


From Eq. 1, 
114.5 kN (2 m) 


1.25m 
By comparison, as P reaches its smallest value (168 kN), the allowable 
normal stress will first be developed in the aluminum block. Hence, 


P = 168kN Ans. 


= 183 kN 
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ea FUNDAMENTAL PROBLEMS a 


F1-13. Rods AC and BC are used to suspend the 200-kg Fi-16. If each of the three nails has a diameter of 4 mm 


mass. If each rod is made of a material for which the average and can withstand an average shear stress of 60 MPa, 
normal stress can not exceed 150 MPa, determine the determine the maximum allowable force P that can be 
minimum required diameter of each rod to the nearest mm. applied to the board. 


F1-16 


F1-17. The strut is glued to the horizontal member at 
surface AB. If the strut has a thickness of 25 mm and the glue 
can withstand an average shear stress of 600 kPa, determine 
the maximum force P that can be applied to the strut. 


F1-14. The frame supports the loading shown. The pin at 
A has a diameter of 0.25 in. If it is subjected to double shear, 
determine the average shear stress in the pin. 


F1-17 


F1-18. Determine the maximum average shear stress 
developed in the 30-mm-diameter pin. 


30 kN 


F1-14 


F1-15. Determine the maximum average shear stress 
developed in each 3/4-in.-diameter bolt. 


10 kip 


F1-15 F1-18 
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F1-19. If the eyebolt is made of a material having a yield 
stress of oy = 250 MPa, determine the minimum required 
diameter d of its shank. Apply a factor of safety F.S. = 1.5 
against yielding. 


F1-19 


F1-20. If the bar assembly is made of a material having 
a yield stress of ay = 50 ksi, determine the minimum 
required dimensions /, and hy to the nearest 1/8 in. Apply a 
factor of safety F.S. = 1.5 against yielding. Each bar has a 
thickness of 0.5 in. 


F1-21. Determine the maximum force P that can be 
applied to the rod if it is made of material having a yield 
stress of ay = 250 MPa. Consider the possibility that failure 
occurs in the rod and at section a—a. Apply a factor of safety 
of F.S. = 2 against yielding. 


120 mm i 60 mm 
[=| 
Section a-a 
F1-21 


F1-22. The pin is made of a material having a failure 
shear stress of 7, = 100 MPa. Determine the minimum 
required diameter of the pin to the nearest mm. Apply a 
factor of safety of F.S. = 2.5 against shear failure. 


a, 


80 kN 


F1-22 


F1-23. If the bolt head and the supporting bracket are 
made of the same material having a failure shear stress of 
Tai) = 120 MPa, determine the maximum allowable force P 
that can be applied to the bolt so that it does not pull 
through the plate. Apply a factor of safety of F.S. = 2.5 
against shear failure. 


— 80 mm— 


F1-23 


F1-24. Six nails are used to hold the hanger at A against 
the column. Determine the minimum required diameter of 
each nail to the nearest 1/16 in. if it is made of material 
having 7; = 16 ksi. Apply a factor of safety of F.S. = 2 
against shear failure. 


300 Ib /ft 


F1-24 


i PROBLEMS 
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e1-73. Member B is subjected to a compressive force of 
800 lb. If A and B are both made of wood and are : in. thick, 
determine to the nearest fin. the smallest dimension h of 
the horizontal segment so that it does not fail in shear. The 
average shear stress for the segment is Tayo, = 300 psi. 


Prob. 1-73 
1-74. The lever is attached to the shaft A using a key that 
has a width d and length of 25 mm. If the shaft is fixed and 
a vertical force of 200 N is applied perpendicular to the 
handle, determine the dimension d if the allowable shear 
stress for the key is Tallow = 35 MPa. 


Prob. 1-74 


1-75. The joint is fastened together using two bolts. 
Determine the required diameter of the bolts if the failure 
shear stress for the bolts is 7;,;) = 350 MPa. Use a factor of 
safety for shear of F.S. = 2.5. 


30 mm 80 kN 


4 30 mm 


Prob. 1-75 


*1-76. The lapbelt assembly is to be subjected to a force 
of 800 N. Determine (a) the required thickness ¢ of 
the belt if the allowable tensile stress for the material 
is (allow = 10 MPa, (b) the required lap length d, 
if the glue can sustain an allowable shear stress of 
(Tatlow)g = 0.75 MPa, and (c) the required diameter d, of 
the pin if the allowable shear stress for the pin is 
(Tatlow)p = 30 MPa. 


Prob. 1-76 


e1-77. The wood specimen is subjected to the pull of 
10 KN in a tension testing machine. If the allowable normal 
stress for the wood is (0;)atlow = 12MPa and the 
allowable shear stress is Tajjoy = 1.2 MPa, determine the 
required dimensions b and ¢ so that the specimen reaches 
these stresses simultaneously. The specimen has a width of 
25 mm. 


10 kN 


| t 


NK 


EGE 


10 kN 


Prob. 1-77 
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1-78. Member B is subjected to a compressive force of 
600 lb. If A and B are both made of wood and are 1.5 in. 
thick, determine to the nearest 1/8 in. the smallest dimension 
a of the support so that the average shear stress along the 
blue line does not exceed Tajjow = 50 psi. Neglect friction. 


Prob. 1-78 


1-79. The joint is used to transmit a torque of 
T = 3 kN-m. Determine the required minimum diameter 
of the shear pin A if it is made from a material having a 
shear failure stress of T;,;) = 150 MPa. Apply a factor of 
safety of 3 against failure. 


*1-80. Determine the maximum allowable torque T that 
can be transmitted by the joint. The shear pin A has a 
diameter of 25 mm, and it is made from a material having a 
failure shear stress of T;,;) = 150 MPa. Apply a factor of 
safety of 3 against failure. 


e1-81. The tension member is fastened together using two 
bolts, one on each side of the member as shown. Each bolt 
has a diameter of 0.3 in. Determine the maximum load P 
that can be applied to the member if the allowable shear 
stress for the bolts is Tajjoy = 12 ksi and the allowable 
average normal stress 1S Oajjow = 20 ksi. 


| a ea 


Prob. 1-81 


p~—_ 


1-82. The three steel wires are used to support the 
load. If the wires have an allowable tensile stress of 
Callow = 165 MPa, determine the required diameter of each 
wire if the applied load is P = 6 KN. 


1-83. The three steel wires are used to support the 
load. If the wires have an allowable tensile stress of 
Callow = 165 MPa, and wire AB has a diameter of 6 mm, BC 
has a diameter of 5 mm, and BD has a diameter of 7 mm, 
determine the greatest force P that can be applied before 
one of the wires fails. 


Probs. 1—79/80 


Probs. 1-82/83 


*1-84. The assembly consists of three disks A, B, and C 
that are used to support the load of 140 KN. Determine the 
smallest diameter d, of the top disk, the diameter d, within 
the support space, and the diameter d3 of the hole in the 
bottom disk. The allowable bearing stress for the material 
is (Gatlow)p = 350 MPa and allowable shear stress is 
Tallow — 125 MPa. 


140 kN 


d,_- pe 
a I 
—_ ol 
| ad, — 


L. dy a 


Prob. 1-84 


e1-85. The boom is supported by the winch cable that has 
a diameter of 0.25 in. and an allowable normal stress of 
Callow = 24 ksi. Determine the greatest load that can be 
supported without causing the cable to fail when @ = 30° 
and @ = 45°. Neglect the size of the winch. 


1-86. The boom is supported by the winch cable that has 
an allowable normal stress of yoy = 24 ksi. If it is 
required that it be able to slowly lift 5000 Ib, from @ = 20° 
to 0 = 50°, determine the smallest diameter of the cable to 
the nearest * in. The boom AB has a length of 20 ft. 
Neglect the size of the winch. Set d = 12 ft. 


Probs. 1-85/86 
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1-87. The 60 mm X 60 mm oak post is supported on 
the pine block. If the allowable bearing stresses for 
these materials are o4., = 43 MPa and Opjine = 25 MPa, 
determine the greatest load P that can be supported. If 
a rigid bearing plate is used between these materials, 
determine its required area so that the maximum load P can 
be supported. What is this load? 


Prob. 1-87 


*1-88. The frame is subjected to the load of 4 kN which 
acts on member ABD at D. Determine the required 
diameter of the pins at D and C if the allowable shear stress 
for the material is Ta)jow = 40 MPa. Pin C is subjected to 
double shear, whereas pin D is subjected to single shear. 


Prob. 1-88 
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e1-89. The eye bolt is used to support the load of 5 kip. 
Determine its diameter d to the nearest ¢ in. and the 
required thickness h to the nearest qin. of the support so 
that the washer will not penetrate or shear through it. The 
allowable normal stress for the bolt is Gayowy = 21 ksi and 
the allowable shear stress for the supporting material is 
Tallow — 5 ksi. 
| 


ie in. 


5 kip 


Prob. 1-89 


1-90. The soft-ride suspension system of the mountain 
bike is pinned at C and supported by the shock absorber 
BD. If it is designed to support a load P = 1500 N, 
determine the required minimum diameter of pins B and C. 
Use a factor of safety of 2 against failure. The pins are made 
of material having a failure shear stress of Tf) = 150 MPa, 
and each pin is subjected to double shear. 


1-91. The soft-ride suspension system of the mountain 
bike is pinned at C and supported by the shock absorber 
BD. If it is designed to support a load of P = 1500 N, 
determine the factor of safety of pins B and C against 
failure if they are made of a material having a shear failure 
stress of Tf = 150 MPa. Pin B has a diameter of 7.5 mm, 
and pin C has a diameter of 6.5 mm. Both pins are subjected 
to double shear. 


P 


100 mm 


Probs. 1-90/91 


*1-92. The compound wooden beam is connected together 
by a bolt at B. Assuming that the connections at A, B, C, and 
D exert only vertical forces on the beam, determine the 
required diameter of the bolt at B and the required outer 
diameter of its washers if the allowable tensile stress for the 
bolt is (0) anow = 150 MPa and the allowable bearing stress 
for the wood is (0p) allow = 28 MPa. Assume that the hole in 
the washers has the same diameter as the bolt. 


2kN 
3 kN 1.5kN 


2m 2m liu m-+1.5 m>+-1.5 mats sal 
Ce=-= D 
AE SS sf 


= BO 


Prob. 1-92 


e1-93. The assembly is used to support the distributed 
loading of w = 500 Ib/ft. Determine the factor of safety with 
respect to yielding for the steel rod BC and the pins at B and 
C if the yield stress for the steel in tension is 7, = 36 ksi 


and in shear 7, = 18 ksi. The rod has a diameter of 0.40 in., 


and the pins each have a diameter of 0.30 in. 


1-94. If the allowable shear stress for each of the 0.30- 
in.-diameter steel pins at A, B, and C is Tajjow = 12.5 ksi, 
and the allowable normal stress for the 0.40-in.-diameter 
Tod iS Gajjiow = 22 ksi, determine the largest intensity w of 
the uniform distributed load that can be suspended from 
the beam. 


Probs. 1-93/94 


1-95. If the allowable bearing stress for the material 
under the supports at A and B is (G%)atlow = 1.5 MPa, 
determine the size of square bearing plates A’ and B’ 
required to support the load. Dimension the plates to the 
nearest mm. The reactions at the supports are vertical. Take 
P = 100 KN. 


*1-96. If the allowable bearing stress for the material 
under the supports at A and B is (d%)atlow = 1.5 MPa, 
determine the maximum load P that can be applied to the 
beam. The bearing plates A’ and B’ have square cross 
sections of 150mm X 150mm and 250mm X 250 mm, 
respectively. 


40 kN/m 


A B 
A’ Balt 


3m a) 1.5m—| 


-k—1.5 m —- 


Probs. 1-95/96 


e1-97. The rods AB and CD are made of steel having a 
failure tensile stress of of; = 510 MPa. Using a factor of 
safety of F.S. = 1.75 for tension, determine their smallest 
diameter so that they can support the load shown. The 
beam is assumed to be pin connected at A and C. 


a aa oa 


Prob. 1-97 
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1-98. The aluminum bracket A is used to support the 
centrally applied load of 8 kip. If it has a constant thickness 
of 0.5 in., determine the smallest height 4 in order to 
prevent a shear failure. The failure shear stress is 
Tail = 23 ksi. Use a factor of safety for shear of F.S. = 2.5. 


Prob. 1-98 


1-99. The hanger is supported using the rectangular pin. 
Determine the magnitude of the allowable suspended load 
P if the allowable bearing stress is (0) allow = 220 MPa, the 
allowable tensile stress is (0;)atlow = 150 MPa, and the 
allowable shear stress is Tajjoy = 130 MPa. Take t = 6mm, 
a = 5mm, and b = 25 mm. 


*1-100. The hanger is supported using the rectangular 
pin. Determine the required thickness ¢ of the hanger, and 
dimensions a and b if the suspended load is P = 60 KN. 
The allowable tensile stress is (allow = 150 MPa, the 
allowable bearing stress is (@%p)atlow = 290 MPa, and the 
allowable shear stress is Tayjoy = 125 MPa. 


37.5 mm 


Probs. 1-99/100 


60 CHAPTER 1. STRESS 


CHAPTER REVIEW 


The internal loadings in a body consist 
of a normal force, shear force, bending 
moment, and torsional moment. They 
represent the resultants of both a 
normal and shear stress distribution 
that acts over the cross section. To 
obtain these resultants, use the method 
of sections and the equations of 
equilibrium. 


Torsional 
Moment 
T 


| Normal 


Force 


Bending M 
Moment 


F 


If a bar is made from homogeneous 
isotropic material and it is subjected to 
a series of external axial loads that 
pass through the centroid of the cross 
section, then a uniform normal stress 
distribution will act over the cross 
section. This average normal stress can 
be determined from o = P/A, where 
P is the internal axial load at the 
section. 


P< , —>P 


The average shear stress can be 
determined using Tay = V/A, where 
V is the shear force acting on the 
cross-sectional area A. This formula 
is often used to find the average 
shear stress in fasteners or in parts 
used for connections. 


tinge 
A 


The design of any simple connection 
requires that the average stress along 
any cross section not exceed an 
allowable stress of Gatiow OF Tallow: 
These values are reported in codes and 
are considered safe on the basis of 
experiments or through experience. 
Sometimes a factor of safety is 
reported provided the ultimate stress 
is known. 


=F, =0 
iy =0 
DF,=0 
=M,=0 
=M, 0 
=M,=0 
P 
Taner, 
av 
Tavg a A 
po O fail = T fail 
Oallow Tallow 
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P1-1 


P1-1. Here hurricane winds caused the failure of this 
highway sign. Assuming the wind creates a uniform pressure 
on the sign of 2 kPa, use reasonable dimensions for the sign 
and determine the resultant shear and moment at the two 
connections where the failure occurred. 


P1-2 


P1-2. The two structural tubes are connected by the pin 
which passes through them. If the vertical load being 
supported is 100 KN, draw a free-body diagram of the pin and 
then use the method of sections to find the maximum average 
shear force in the pin. If the pin has a diameter of 50 mm, what 
is the maximum average shear stress in the pin? 


P1-3 


P1-3. The hydraulic cylinder H applies a horizontal force F on 
the pin at A. Draw the free-body diagram of the pin and show 
the forces acting on it. Using the method of sections, explain 
why the average shear stress in the pin is largest at sections 
through the gaps D and E and not at some intermediate section. 


P1-4 


P1-4. The vertical load on the hook is 1000 Ib. Draw the 
appropriate free-body diagrams and determine the maximum 
average shear force on the pins at A, B, and C. Note that due 
to symmetry four wheels are used to support the loading on 
the railing. 
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L REVIEW PROBLEMS 


e1-101. The 200-mm-diameter aluminum cylinder 1-103. Determine the required thickness of member BC 
supports a compressive load of 300 kN. Determine the and the diameter of the pins at A and B if the allowable 
average normal and shear stress acting on section a-—a. normal stress for member BC is Gajow = 29 ksi and the 
Show the results on a differential element located on the allowable shear stress for the pins is Tajjow = 10 ksi. 
section. 


300 KN 


Prob. 1-101 
Prob. 1-103 


1-102. The long bolt passes through the 30-mm-thick 

plate. If the force in the bolt shank is 8 kN, determine the 

average normal stress in the shank, the average shear *1-104. Determine the resultant internal loadings acting 
stress along the cylindrical area of the plate defined by on the cross sections located through points D and E of the 
the section lines a—a, and the average shear stress in the frame. 

bolt head along the cylindrical area defined by the section 

lines b-b. 


150 lb/ft 


}-——3 ft —++ 5 ft | 


Prob. 1-102 Prob. 1-104 


e1-105. The pulley is held fixed to the 20-mm-diameter 
shaft using a key that fits within a groove cut into the 
pulley and shaft. If the suspended load has a mass of 
50 kg, determine the average shear stress in the key along 
section a—a. The key is 5 mm by 5 mm square and 12 mm 
long. 


Prob. 1-105 


1-106. The bearing pad consists of a 150 mm by 150 mm 
block of aluminum that supports a compressive load of 
6 KN. Determine the average normal and shear stress acting 
on the plane through section a—a. Show the results on a 
differential volume element located on the plane. 


Prob. 1-106 
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1-107. The yoke-and-rod connection is subjected to a 
tensile force of 5 KN. Determine the average normal stress 
in each rod and the average shear stress in the pin A 
between the members. 


30 mm 


SkN 


Prob. 1-107 


*1-108. The cable has a specific weight y (weight/volume) 
and cross-sectional area A. If the sag s is small, so that its 
length is approximately L and its weight can be distributed 
uniformly along the horizontal axis, determine the average 
normal stress in the cable at its lowest point C. 


LP { Lp | 


Prob. 1-108 


When the bolt causes compression of these two transparent plates it produces strains 


in the material that shows up as a spectrum of colors when displayed under polarized 
light. These strains can be related to the stress in the material. 


Strain 


CHAPTER OBJECTIVES 


In engineering the deformation of a body is specified using the 
concepts of normal and shear strain. In this chapter we will define these 
quantities and show how they can be determined for various types of 
problems. 


2.1 Deformation 


Whenever a force is applied to a body, it will tend to change the body’s 
shape and size. These changes are referred to as deformation, and they 
may be either highly visible or practically unnoticeable. For example, a 
rubber band will undergo a very large deformation when stretched, 
whereas only slight deformations of structural members occur when a 
building is occupied by people walking about. Deformation of a body 
can also occur when the temperature of the body is changed. A typical 
example is the thermal expansion or contraction of a roof caused by the 
weather. 

In a general sense, the deformation of a body will not be uniform 
throughout its volume, and so the change in geometry of any line 
segment within the body may vary substantially along its length. Hence, 
to study deformational changes in a more uniform manner, we will 
consider line segments that are very short and located in the 
neighborhood of a point. Realize, however, that these changes will also 
depend on the orientation of the line segment at the point. For example, 
a line segment may elongate if it is oriented in one direction, whereas it 
may contract if it is oriented in another direction. 


Note the before and after positions of three 
different line segments on this rubber 
membrane which is subjected to tension. The 
vertical line is lengthened, the horizontal line 
is shortened, and the inclined line changes 
its length and rotates. 
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Undeformed body 
(a) 


Deformed body 
(b) 
Fig. 2-1 


2.2 Strain 


In order to describe the deformation of a body by changes in length of 
line segments and the changes in the angles between them, we will 
develop the concept of strain. Strain is actually measured by 
experiments, and once the strain is obtained, it will be shown in the next 
chapter how it can be related to the stress acting within the body. 


Normal Strain. If we define the normal strain as the change in 
length of a line per unit length, then we will not have to specify the actual 
length of any particular line segment. Consider, for example, the line AB, 
which is contained within the undeformed body shown in Fig. 2—1a. This 
line lies along the n axis and has an original length of As. After 
deformation, points A and B are displaced to A’ and B’, and the line 
becomes a curve having a length of As’, Fig. 2-1b. The change in length 
of the line is therefore As’ — As. If we define the average normal strain 
using the symbol €,,, (epsilon), then 


(2-1) 


As point B is chosen closer and closer to point A, the length of the line 
will become shorter and shorter, such that As — 0. Also, this causes B’ to 
approach A’, such that As’ 0. Consequently, in the limit the normal 
strain at point A and in the direction of n is 


; Ay? = ING 
a ee As a 


Hence, when € (or €,yg) is positive the initial line will elongate, whereas if 
€ is negative the line contracts. 

Note that normal strain is a dimensionless quantity, since it is a ratio of 
two lengths. Although this is the case, it is sometimes stated in terms of a 
ratio of length units. If the SI system is used, then the basic unit for length 
is the meter (m). Ordinarily, for most engineering applications e€ will be 
very small, so measurements of strain are in micrometers per meter 
(um/m), where 1m = 10°m. In the Foot-Pound-Second system, 
strain is often stated in units of inches per inch (in./in.). Sometimes 


for experimental work, strain is expressed as a percent, e.g., 
0.001 m/m = 0.1%. As an example, a normal strain of 480(10~°) can be 
reported as 480(10~°) in./in., 480 um/m, or 0.0480%. Also, one can state 
this answer as simply 480 yz (480 “micros”). 


Shear Strain. Deformations not only cause line segments to 
elongate or contract, but they also cause them to change direction. If we 
select two line segments that are originally perpendicular to one another, 
then the change in angle that occurs between these two line segments is 
referred to as shear strain. This angle is denoted by y (gamma) and is 
always measured in radians (rad), which are dimensionless. For example, 
consider the line segments AB and AC originating from the same point 
A in a body, and directed along the perpendicular n and t axes, Fig. 2—2a. 
After deformation, the ends of both lines are displaced, and the lines 
themselves become curves, such that the angle between them at A is 0’, 
Fig. 2-2b. Hence the shear strain at point A associated with the n and t 
axes becomes 


T P 
=—-— ilimé’ 
Yn 2 B— Aalongn (2-3) 
C — Aalongt 


Notice that if 9’ is smaller than 7/2 the shear strain is positive, whereas if 
0’ is larger than 7/2 the shear strain is negative. 


Undeformed body Deformed body 
(a) (b) 


Fig. 2-2 
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Cartesian Strain Components. Using the definitions of normal 
and shear strain, we will now show how they can be used to describe the 
deformation of the body in Fig. 2-3a. To do so, imagine the body is 
subdivided into small elements such as the one shown in Fig. 2-3). 
This element is rectangular, has undeformed dimensions Ax, Ay, and 
Az, and is located in the neighborhood of a point in the body, Fig. 2—3a. 
If the element’s dimensions are very small, then its deformed shape will 
be a parallelepiped, Fig. 2—3c, since very small line segments will remain 
approximately straight after the body is deformed. In order to achieve 
this deformed shape, we will first consider how the normal strain 
changes the lengths of the sides of the rectangular element, and then 
how the shear strain changes the angles of each side. For example, Ax 
elongates €,Ax, so its new length is Ax + e,Ax. Therefore, the 
approximate lengths of the three sides of the parallelepiped are 


(1 + €,) Ax (1 + €,) Ay (1 + €,) Az 


And the approximate angles between these sides are 


Notice that the normal strains cause a change in volume of the element, 
whereas the shear strains cause a change in its shape. Of course, both of 
these effects occur simultaneously during the deformation. 

In summary, then, the state of strain at a point in a body requires 
specifying three normal strains, €,, Eis Ex and three shear strains, Viws 
Yyz> Yxz- These strains completely describe the deformation of a 
rectangular volume element of material located at the point and 
oriented so that its sides are originally parallel to the x, y, z axes. 
Provided these strains are defined at all points in the body, then the 
deformed shape of the body can be determined. 


(25 


7 7 Ysy) 


Ay (1 + €,)Az 
(25. 
2 5) Yxz) 
2° Ay a (1 + €,)Ax 
G yz) (1 + ¢)Ay 
Undeformed Deformed 
element element 


(b) (c) 


Fig. 2-3 
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Small Strain Analysis. Most engineering design involves 
applications for which only small deformations are allowed. In this text, 
therefore, we will assume that the deformations that take place within a 
body are almost infinitesimal. In particular, the normal strains occurring 
within the material are very small compared to 1, so that e < 1. This 
assumption has wide practical application in engineering, and it is often 
referred to as a small strain analysis. It can be used, for example, to 
approximate sin 6 = 6, cos 6 = 1,and tan 6 = 0, provided 6 is very small. 


The rubber bearing support under this 
concrete bridge girder is subjected to 
both normal and shear strain. The 
normal strain is caused by the weight 
and bridge loads on the girder, and the 
shear strain is caused by the horizontal 
movement of the girder due to 
temperature changes. 


Important Points 


Loads will cause all material bodies to deform and, as a result, 
points in a body will undergo displacements or changes in position. 


Normal strain is a measure per unit length of the elongation or 
contraction of a small line segment in the body, whereas shear strain 
is a measure of the change in angle that occurs between two small 
line segments that are originally perpendicular to one another. 


The state of strain at a point is characterized by six strain 
components: three normal strains €,, €,, €, and three shear 


strains Y,y, Yyz, Yxz- These components depend upon the original 
orientation of the line segments and their location in the body. 


Strain is the geometrical quantity that is measured using 
experimental techniques. Once obtained, the stress in the body 
can then be determined from material property relations, as 
discussed in the next chapter. 

Most engineering materials undergo very small deformations, and so 
the normal strain e < 1. This assumption of “small strain analysis” 
allows the calculations for normal strain to be simplified, since first- 
order approximations can be made about their size. 
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EXAMPLE {2.1 


The slender rod shown in Fig. 2-4 is subjected to an increase of 
temperature along its axis, which creates a normal strain in the rod of 
€, = 40(10-°)z'/*, where z is measured in meters. Determine (a) the 
displacement of the end B of the rod due to the temperature increase, 
and (b) the average normal strain in the rod. 


B — = 
Fig. 2-4 
SOLUTION 


Part (a). Since the normal strain is reported at each point along the 
rod, a differential segment dz, located at position z, Fig. 2-4, has a 
deformed length that can be determined from Eq. 2-1; that is, 


dz’ =dz+«,dz 
dz' = [1 + 40(10°)z'?| dz 


The sum of these segments along the axis yields the deformed length 
of the rod, i.e., 


0.2 m 
= i [1 + 40(10°%)z'/?] az 
0 


= [z + 40(10-9) 3297 ]|92™ 
= 0.20239 m 
The displacement of the end of the rod is therefore 
Ap = 0.20239 m — 0.2m = 0.00239 m = 2.39mm 1 Ans. 


Part (b). The average normal strain in the rod is determined from 
Eq. 2-1, which assumes that the rod or “line segment” has an original 
length of 200 mm and a change in length of 2.39 mm. Hence, 

Ns As 2.39 mm 


= = = 0.011 Ans. 
Sr As FOOTE 0.0119 mm/mm ns. 
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EXAMPLE |2.2 


When force P is applied to the rigid lever arm ABC in Fig. 2-Sa, the 
arm rotates counterclockwise about pin A through an angle of 0.05°. 
Determine the normal strain developed in wire BD. 


SOLUTION | 


Geometry. The orientation of the lever arm after it rotates about 
point A is shown in Fig. 2-5b. From the geometry of this figure, 


40) 
aoe tan-1( 0 a) = 53.1301° 


& = 90° — a + 0.05° = 90° — 53.1301° + 0.05° = 36.92° 


For triangle ABD the Pythagorean theorem gives 


Lap = V(300 mm)? + (400 mm)? = 500 mm 


Using this result and applying the law of cosines to triangle AB’D, 


Lyp = VUAp + L4g — 2(Lap) (Lap) 008 ¢ 
= V(500 mm)? + (400 mm)? — 2(500 mm)(400 mm) cos 36.92° 
= 300.3491 mm 


Normal Strain. 


a Leip — Lep _ 300.3491 mm — 300 mm 
a Ton 300 mm 


= 0.00116 mm/mm = Ans. 


SOLUTION II 
Since the strain is small, this same result can be obtained by approximating 
the elongation of wire BD as AL gp, shown in Fig. 2-5b. Here, 


0.05° 
180° 


(rad) |(a00 mm) = 0.3491 mm 


ALgp = OL ap = ( 


Therefore, 


ALgp 0.3491 mm 
ee a 
ae 300 mm 


= 0.00116 mm/mm 
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EXAMPLE |2.3 


Due to a loading, the plate is deformed into the dashed shape shown 
in Fig. 2-6a. Determine (a) the average normal strain along the side 
AB, and (b) the average shear strain in the plate at A relative to the 
x and y axes. 


SOLUTION 


Part (a). Line AB, coincident with the y axis, becomes line AB’ after 
deformation, as shown in Fig. 2-6b. The length of AB’ is 


AB’ = (250mm — 2mm)? + (3mm)? = 248.018 mm 
The average normal strain for AB is therefore 


( ) AB' — AB 248.018 mm — 250mm 
€ — — 
ae AB 250 mm 


= —7.93(103) mm/mm Ans. 


The negative sign indicates the strain causes a contraction of AB. 


Part (b). As noted in Fig. 2-6c, the once 90° angle BAC between the 
sides of the plate at A changes to 6’ due to the displacement of B to 
B’. Since y,, = 7/2 — 6’, then y,, is the angle shown in the figure. 
Thus, 


3mm 


) = 0.0121 rad Ans. 


= tan! 
ye er & mm — 2mm 


EXAMPLE |2.4 


The plate shown in Fig. 2—7a is fixed connected along AB and held in 
the horizontal guides at its top and bottom, AD and BC. If its right 
side CD is given a uniform horizontal displacement of 2 mm, 
determine (a) the average normal strain along the diagonal AC, and 
(b) the shear strain at E relative to the x, y axes. 


SOLUTION 


Part (a). When the plate is deformed, the diagonal AC becomes 
AC’, Fig. 2-7b. The length of diagonals AC and AC’ can be found 
from the Pythagorean theorem. We have 


AC = V(0.150 m)? + (0.150 m)? = 0.21213 m 


AC’ = V/(0.150m)? + (0.152 m)? = 0.21355 m 


Therefore the average normal strain along the diagonal is 


ae AC’ — AC _ 0.21355 m — 0.21213 m 
€AC/avg AC 0.21213 m 


= 0.00669 mm/mm Ans. 


Part (b). To find the shear strain at E relative to the x and y axes, it 
is first necessary to find the angle 6’ after deformation, Fig. 2-7b. We 


T 


759°) = 1.58404 
= )(90.759°) 58404 rad 


6’ = 90.759° = ( 


Applying Eq. 2-3, the shear strain at E is therefore 


= = — 1.58404 rad = —0.0132 rad 


The negative sign indicates that the angle 0’ is greater than 90°. 


NOTE: If the x and y axes were horizontal and vertical at point E, 
then the 90° angle between these axes would not change due to the 
deformation, and so y,, = 0 at point E. 
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—ro mm 


(a) 


76 mm. 


76 mm—| 


oy 


2mm 


D' 
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hai FUNDAMENTAL PROBLEMS 


F2-1. When force P is applied to the rigid arm ABC, 
point B displaces vertically downward through a distance of 
0.2 mm. Determine the normal strain developed in wire CD. 


F2-1 


F2-2. If the applied force P causes the rigid arm ABC to 
rotate clockwise about pin A through an angle of 0.02°, 
determine the normal strain developed in wires BD and CE. 


600 mm 


A ON SO(#(O(O”ONWWW........... 
s B Cc 
— 600 mm i 600 mm 
F2-2 


F2-3. The rectangular plate is deformed into the shape of a 
rhombus shown by the dashed line. Determine the average 
shear strain at corner A with respect to the x and y axes. 


2mm 
Dr ral 

Pas, 

! i 

| I 

! | 

! I 

400 mm || i 

| 

} 

| 

] Ip 

= - x 
Al ~ ~~~ ~__i| {4mm 

k— 300 mm—| 


F2-4. The triangular plate is deformed into the shape 
shown by the dashed line. Determine the normal strain 
developed along edge BC and the average shear strain at 
corner A with respect to the x and y axes. 


300 mm 


F2-4 


F2-5. The square plate is deformed into the shape shown 
by the dashed line. Determine the average normal strain 
along diagonal AC and the shear strain of point E with 


respect to the x and y axes. 
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[PROBLEMS 


2-1. An air-filled rubber ball has a diameter of 6 in. If the 
air pressure within it is increased until the ball’s diameter 
becomes 7 in., determine the average normal strain in the 
rubber. 

2-2. A thin strip of rubber has an unstretched length of 
15 in. If it is stretched around a pipe having an outer diameter 
of 5 in., determine the average normal strain in the strip. 
2-3. The rigid beam is supported by a pin at A and wires 
BD and CE. If the load P on the beam causes the end C to 
be displaced 10 mm downward, determine the normal strain 
developed in wires CE and BD. 


Prob. 2-3 


*2-4, The two wires are connected together at A. If the 
force P causes point A to be displaced horizontally 2 mm, 
determine the normal strain developed in each wire. 


or 


a 


Prob. 2-4 


e2-5. The rigid beam is supported by a pin at A and wires 
BD and CE. If the distributed load causes the end C to be 
displaced 10 mm downward, determine the normal strain 
developed in wires CE and BD. 


Prob. 2-5 


2-6. Nylon strips are fused to glass plates. When 
moderately heated the nylon will become soft while the 
glass stays approximately rigid. Determine the average 
shear strain in the nylon due to the load P when the 
assembly deforms as indicated. 


5mm 
3mm 


5mm 


3mm 


Prob. 2-6 
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2-7. If the unstretched length of the bowstring is 35.5 in., 
determine the average normal strain in the string when it is 
stretched to the position shown. 


Prob. 2-7 


*2-8. Part of a control linkage for an airplane consists of a 
rigid member CBD and a flexible cable AB. If a force is 
applied to the end D of the member and causes it to rotate 
by 6 = 0.3°, determine the normal strain in the cable. 
Originally the cable is unstretched. 


e2-9. Part of a control linkage for an airplane consists 
of a rigid member CBD and a flexible cable AB. If a force 
is applied to the end D of the member and causes a 
normal strain in the cable of 0.0035 mm/mm, determine 
the displacement of point D. Originally the cable is 
unstretched. 


400 mm 


Probs. 2-8/9 


2-10. The corners B and D of the square plate are given 
the displacements indicated. Determine the shear strains at 
A and B. 


2-11. The corners B and D of the square plate are given 
the displacements indicated. Determine the average normal 
strains along side AB and diagonal DB. 


Probs. 2-10/11 


*2-12. The piece of rubber is originally rectangular. 
Determine the average shear strain y,, at A if the corners B 
and D are subjected to the displacements that cause the 
rubber to distort as shown by the dashed lines. 


e2-13. The piece of rubber is originally rectangular and 
subjected to the deformation shown by the dashed lines. 
Determine the average normal strain along the diagonal 
DB and side AD. 


2mm 


Probs. 2-12/13 


2-14. Two bars are used to support a load. When unloaded, 
AB is 5 in. long, AC is 8 in. long, and the ring at A has 
coordinates (0, 0). If a load P acts on the ring at A, the 
normal strain in AB becomes €4, = 0.02 in./in., and the 
normal strain in AC becomes e€yc = 0.035 in./in. 
Determine the coordinate position of the ring due to the 
load. 


2-15. Two bars are used to support a load P. When 
unloaded, AB is 5 in. long, AC is 8 in. long, and the ring at A 
has coordinates (0, 0). If a load is applied to the ring at A, so 
that it moves it to the coordinate position (0.25 in., 
—0.73 in.), determine the normal strain in each bar. 


P 
Probs. 2-14/15 


*2-16. The square deforms into the position shown by the 
dashed lines. Determine the average normal strain along 
each diagonal, AB and CD. Side D'B’ remains horizontal. 


50 mm 


Prob. 2-16 
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e2-17. The three cords are attached to the ring at B. When 
a force is applied to the ring it moves it to point B’, such 
that the normal strain in AB is € 4, and the normal strain in 
CB is €cg. Provided these strains are small, determine the 
normal strain in DB. Note that AB and CB remain 
horizontal and vertical, respectively, due to the roller guides 
at A and C. 


Prob. 2-17 


2-18. The piece of plastic is originally rectangular. 
Determine the shear strain y,, at corners A and B if the 
plastic distorts as shown by the dashed lines. 


2-19. The piece of plastic is originally rectangular. 
Determine the shear strain y,, at corners D and C if the 
plastic distorts as shown by the dashed lines. 


*2-20. The piece of plastic is originally rectangular. 
Determine the average normal strain that occurs along the 
diagonals AC and DB. 


Probs. 2—18/19/20 
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e2-21. The force applied to the handle of the rigid lever 
arm causes the arm to rotate clockwise through an angle of 
3° about pin A. Determine the average normal strain 
developed in the wire. Originally, the wire is unstretched. 


Prob. 2-21 


2-22. A square piece of material is deformed into the 
dashed position. Determine the shear strain y,, at A. 


2-23. A square piece of material is deformed into the 
dashed parallelogram. Determine the average normal strain 
that occurs along the diagonals AC and BD. 


*2-24. A square piece of material is deformed into the 
dashed position. Determine the shear strain y,, at C. 


-+——15.18 mm—__~+ 
2 


Al-—_15 m=) 
+——_15.18 mm 


Probs. 2-22/23/24 


e2-25. The guy wire AB of a building frame is originally 
unstretched. Due to an earthquake, the two columns of the 
frame tilt 6 = 2°. Determine the approximate normal 
strain in the wire when the frame is in this position. 
Assume the columns are rigid and rotate about their lower 
supports. 


Prob. 2-25 


2-26. The material distorts into the dashed position 
shown. Determine (a) the average normal strains along 
sides AC and CD and the shear strain y,, at F, and (b) the 
average normal strain along line BE. 


2-27. The material distorts into the dashed position 
shown. Determine the average normal strain that occurs 
along the diagonals AD and CF. 


El 
i 
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Probs. 2—26/27 
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*2-28. The wire is subjected to a normal strain that is 
defined by e = xe*, where x is in millimeters. If the wire 
has an initial length L, determine the increase in its length. 


Prob. 2-28 


e2-29. The curved pipe has an original radius of 2 ft. If it is 
heated nonuniformly, so that the normal strain along its 
length is € = 0.05 cos 6, determine the increase in length of 
the pipe. 


2-30. Solve Prob. 2-29 if « = 0.08 sin 0. 


Probs. 2—29/30 


2-31. The rubber band AB has an unstretched length of 
1 ft. If it is fixed at B and attached to the surface at point 
A’, determine the average normal strain in the band. The 
surface is defined by the function y = (x’) ft, where x is 
in feet. 


y 
y=x? 
[A' | 
1 ft 
ae oe 
4 ft —- 
Prob. 2-31 
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*2-32. The bar is originally 300 mm long when it is flat. If it 
is subjected to a shear strain defined by y,, = 0.02x, where 
x is in meters, determine the displacement Ay at the end of 
its bottom edge. It is distorted into the shape shown, where 
no elongation of the bar occurs in the x direction. 


Ps iis 
: eg 
ar 300 mm | 

Prob. 2-32 


e2-33. The fiber AB has a length L and orientation 0. If its 
ends A and B undergo very small displacements wu, and vz, 
respectively, determine the normal strain in the fiber when 
it is in position A'B’. 


Prob. 2-33 


2-34. If the normal strain is defined in reference to the 
final length, that is, 


instead of in reference to the original length, Eq. 2-2, show 
that the difference in these strains is represented as a 
second-order term, namely, €,, — €;, = €n€h- 


Horizontal ground displacements caused by an earthquake produced excessive strains 
in these bridge piers until they fractured. The material properties of the concrete and 
steel reinforcement must be known so that engineers can properly design this 
structure and thereby avoid such failures. 


Mechanical Properties 
of Materials 


CHAPTER OBJECTIVES 


Having discussed the basic concepts of stress and strain, we will in 
this chapter show how stress can be related to strain by using 
experimental methods to determine the stress-strain diagram for a 
specific material. The behavior described by this diagram will then 
be discussed for materials that are commonly used in engineering. 
Also, mechanical properties and other tests that are related to the 
development of mechanics of materials will be discussed. 


3.1 The Tension and Compression Test 


The strength of a material depends on its ability to sustain a load 
without undue deformation or failure. This property is inherent in the 
material itself and must be determined by experiment. One of the most 
important tests to perform in this regard is the tension or compression 
test. Although several important mechanical properties of a material 
can be determined from this test, it is used primarily to determine the 
relationship between the average normal stress and average normal 
strain in many engineering materials such as metals, ceramics, polymers, 
and composites. 
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dy = 0.5 in. 


Typical steel specimen with attached 
strain gauge. 


movable 


upper 
crosshead 


tension 
specimen 


To perform a tension or compression test a specimen of the material is 
made into a “standard” shape and size. It has a constant circular cross 
section with enlarged ends, so that failure will not occur at the grips. 
Before testing, two small punch marks are placed along the specimen’s 
uniform length. Measurements are taken of both the specimen’s initial 
cross-sectional area, Ay, and the gauge-length distance Ly between the 
punch marks. For example, when a metal specimen is used in a tension 
test it generally has an initial diameter of dy = 0.5 in. (13 mm) and a 
gauge length of Ly = 2 in. (50 mm), Fig. 3-1. In order to apply an axial 
load with no bending of the specimen, the ends are usually seated into 
ball-and-socket joints. A testing machine like the one shown in Fig. 3-2 is 
then used to stretch the specimen at a very slow, constant rate until it 
fails. The machine is designed to read the load required to maintain this 
uniform stretching. 

At frequent intervals during the test, data is recorded of the applied 
load P, as read on the dial of the machine or taken from a digital readout. 
Also, the elongation 6 = L — Ly) between the punch marks on the 
specimen may be measured using either a caliper or a mechanical or 
optical device called an extensometer. This value of 6 (delta) is then used 
to calculate the average normal strain in the specimen. Sometimes, 
however, this measurement is not taken, since it is also possible to read 
the strain directly by using an electrical-resistance strain gauge, which 
looks like the one shown in Fig. 3-3. The operation of this gauge is 
based on the change in electrical resistance of a very thin wire or piece 
of metal foil under strain. Essentially the gauge is cemented to the 
specimen along its length. If the cement is very strong in comparison to 
the gauge, then the gauge is in effect an integral part of the specimen, 
so that when the specimen is strained in the direction of the gauge, the 
wire and specimen will experience the same strain. By measuring the 
electrical resistance of the wire, the gauge may be calibrated to read 
values of normal strain directly. 


and load 
controls 


| motor 


Electrical-resistance 
strain gauge 


Fig. 3-3 
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3.2 The Stress-Strain Diagram 


It is not feasible to prepare a test specimen to match the size, Ag and Lo, 
of each structural member. Rather, the test results must be reported so 
they apply to a member of any size. To achieve this, the load and 
corresponding deformation data are used to calculate various values of 
the stress and corresponding strain in the specimen. A plot of the results 
produces a curve called the stress-strain diagram. There are two ways in 
which it is normally described. 


Conventional Stress-Strain Diagram. We can determine the 
nominal or engineering stress by dividing the applied load P by the 
specimen’s original cross-sectional area Ao. This calculation assumes that 
the stress is constant over the cross section and throughout the gauge 
length. We have 


oc =— (3-1) 


Likewise, the nominal or engineering strain is found directly from the 
strain gauge reading, or by dividing the change in the specimen’s gauge 
length, 5, by the specimen’s original gauge length Lo. Here the strain is 
assumed to be constant throughout the region between the gauge points. 
Thus, 


e=— (3-2) 


If the corresponding values of o and « are plotted so that the vertical 
axis is the stress and the horizontal axis is the strain, the resulting curve is 
called a conventional stress-strain diagram. Realize, however, that two 
stress-strain diagrams for a particular material will be quite similar, but 
will never be exactly the same. This is because the results actually depend 
on variables such as the material’s composition, microscopic 
imperfections, the way it is manufactured, the rate of loading, and the 
temperature during the time of the test. 

We will now discuss the characteristics of the conventional stress-strain 
curve as it pertains to steel, a commonly used material for fabricating 
both structural members and mechanical elements. Using the method 
described above, the characteristic stress-strain diagram for a steel 
specimen is shown in Fig. 3-4. From this curve we can identify four 
different ways in which the material behaves, depending on the amount 
of strain induced in the material. 
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Conventional and true stress-strain diagrams 
for ductile material (steel) (not to scale) 


Fig. 3-4 


Elastic Behavior. Elastic behavior of the material occurs when 
the strains in the specimen are within the light orange region shown in 
Fig. 3-4. Here the curve is actually a straight line throughout most of 
this region, so that the stress is proportional to the strain. The material 
in this region is said to be linear elastic. The upper stress limit to this 
linear relationship is called the proportional limit, o ,,. If the stress 
slightly exceeds the proportional limit, the curve tends to bend and 
flatten out as shown. This continues until the stress reaches the elastic 
limit. Upon reaching this point, if the load is removed the specimen 
will still return back to its original shape. Normally for steel, however, 
the elastic limit is seldom determined, since it is very close to the 
proportional limit and therefore rather difficult to detect. 


Yielding. A slight increase in stress above the elastic limit will result 
in a breakdown of the material and cause it to deform permanently. 
This behavior is called yielding, and it is indicated by the rectangular 
dark orange region of the curve. The stress that causes yielding is called 
the yield stress or yield point, oy, and the deformation that occurs 
is called plastic deformation. Although not shown in Fig. 3-4, for low- 
carbon steels or those that are hot rolled, the yield point is often 
distinguished by two values. The upper yield point occurs first, 
followed by a sudden decrease in load-carrying capacity to a lower 
yield point. Notice that once the yield point is reached, then as shown 
in Fig. 3-4, the specimen will continue to elongate (strain) without any 
increase in load. When the material is in this state, it is often referred to 
as being perfectly plastic. 
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Strain Hardening. When yielding has ended, an increase in load can 
be supported by the specimen, resulting in a curve that rises continuously 
but becomes flatter until it reaches a maximum stress referred to as the 
ultimate stress, o,. The rise in the curve in this manner is called strain 
hardening, and it is identified in Fig. 3-4 as the region in light green. 


Necking. Up to the ultimate stress, as the specimen elongates, its 
cross-sectional area will decrease. This decrease is fairly uniform over the 
specimen’s entire gauge length; however, just after, at the ultimate 
stress, the cross-sectional area will begin to decrease in a localized 
region of the specimen. As a result, a constriction or “neck” tends to 
form in this region as the specimen elongates further, Fig. 3-Sa. This 
region of the curve due to necking is indicated in dark green in Fig. 3-4. 
Here the stress-strain diagram tends to curve downward until the specimen 
breaks at the fracture stress, ap Vig. 3-50: 


True Stress—Strain Diagram. Instead of always using the original 
cross-sectional area and specimen length to calculate the (engineering) 
stress and strain, we could have used the actual cross-sectional area and 
specimen length at the instant the load is measured. The values of stress 
and strain found from these measurements are called true stress and true 
strain, and a plot of their values is called the true stress-strain diagram. 
When this diagram is plotted it has a form shown by the light-blue 
curve in Fig. 3-4. Note that the conventional and true o—e diagrams 
are practically coincident when the strain is small. The differences 
between the diagrams begin to appear in the strain-hardening range, 
where the magnitude of strain becomes more significant. In particular, 
there is a large divergence within the necking region. Here it can be 
seen from the conventional o-e diagram that the specimen actually 
supports a decreasing load, since Ap is constant when calculating 
engineering stress, ¢ = P/ Ap. However, from the true o—e diagram, 
the actual area A within the necking region is always decreasing until 
fracture, oj, and so the material actually sustains increasing stress, 
since 0 = P/A. 
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Necking Failure of a 
ductile material 


(a) (b) 
Fig. 3-5 


Typical necking pattern which has occurred 
on this steel specimen just before fracture. 


This steel specimen clearly shows the necking 
that occurred just before the specimen failed. 
This resulted in the formation of a “cup-cone” 
shape at the fracture location, which is 
characteristic of ductile materials. 
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Although the true and conventional stress-strain diagrams are 
different, most engineering design is done so that the material supports 
a stress within the elastic range. This is because the deformation of the 
material is generally not severe and the material will restore itself 
when the load is removed. The true strain up to the elastic limit will 
remain small enough so that the error in using the engineering values 
of o and € is very small (about 0.1%) compared with their true values. 
This is one of the primary reasons for using conventional stress-strain 
diagrams. 

The above concepts can be summarized with reference to Fig. 3-6, 
which shows an actual conventional stress-strain diagram for a mild steel 
specimen. In order to enhance the details, the elastic region of the curve 
has been shown in light blue color using an exaggerated strain scale, also 
shown in light blue. Tracing the behavior, the proportional limit is 
reached at a, = 35 ksi (241 MPa), where e,,; = 0.0012 in./in. This is 
followed by an upper yield point of (ay), = 38 ksi (262 MPa), then 
suddenly a lower yield point of (ay), = 36 ksi (248 MPa). The end of 
yielding occurs at a strain of ey = 0.030 in./in., which is 25 times greater 
than the strain at the proportional limit! Continuing, the specimen 
undergoes strain hardening until it reaches the ultimate stress of 
ao, = 63 ksi (434 MPa), then it begins to neck down until a fracture 
occurs, a» = 47 ksi (324 MPa). By comparison, the strain at failure, 
€, = 0.380 in./in., is 317 times greater than e,,! 
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of = 47 
(oy)u a 38.40, 
(ay) = 36 
Op = 35°30 
20 
10 
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Stress—strain diagram for mild steel 


Fig. 3-6 
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3.3 Stress—Strain Behavior of Ductile 
and Brittle Materials 


Materials can be classified as either being ductile or brittle, depending on 
their stress-strain characteristics. 


Ductile Materials. Any material that can be subjected to large 
strains before it fractures is called a ductile material. Mild steel, as 
discussed previously, is a typical example. Engineers often choose ductile 
materials for design because these materials are capable of absorbing 
shock or energy, and if they become overloaded, they will usually exhibit 
large deformation before failing. 

One way to specify the ductility of a material is to report its percent 
elongation or percent reduction in area at the time of fracture. The 
percent elongation is the specimen’s fracture strain expressed as a 
percent. Thus, if the specimen’s original gauge length is Ly and its length 
at fracture is Lr, then 


L 
Percent elongation = ——* (100%) (3-3) 
0 


As seen in Fig. 3-6, since €7 = 0.380, this value would be 38% for a mild 
steel specimen. 

The percent reduction in area is another way to specify ductility. It is 
defined within the region of necking as follows: 


Ay — Ar 
Percent reduction of area = a (100% ) (3-4) 
0 


Here Ag is the specimen’s original cross-sectional area and A; is the area 
of the neck at fracture. Mild steel has a typical value of 60%. 

Besides steel, other metals such as brass, molybdenum, and zinc may 
also exhibit ductile stress-strain characteristics similar to steel, whereby 
they undergo elastic stress-strain behavior, yielding at constant stress, 
strain hardening, and finally necking until fracture. In most metals, 
however, constant yielding will not occur beyond the elastic range. One 
metal for which this is the case is aluminum. Actually, this metal often 
does not have a well-defined yield point, and consequently it is standard 
practice to define a yield strength using a graphical procedure called the 
offset method. Normally a 0.2% strain (0.002 in./in.) is chosen, and from 
this point on the € axis, a line parallel to the initial straight-line portion 
of the stress-strain diagram is drawn. The point where this line 
intersects the curve defines the yield strength. An example of the 
construction for determining the yield strength for an aluminum alloy is 
shown in Fig. 3-7. From the graph, the yield strength is oys = 51 ksi 
(352 MPa). 


o (ksi) 


L— 0.005 ‘0.010 © ee) 
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(0.2% offset) Yield strength for an aluminum alloy 


Fig. 3-7 


88 CHAPTER 3. MECHANICAL PROPERTIES OF MATERIALS 


o (ksi) 


o (ksi) 


20 F 


0.06 —0.05 —0.04 —0.03 —0.02 —0.01 A 
T T T T T T 


2 4 6 8 
o-e diagram for natural rubber 


Fig. 3-8 


Concrete used for structural purposes must 
be routinely tested in compression to be 
sure it provides the necessary design 
strength for this bridge deck. The concrete 
cylinders shown are compression tested for 
ultimate stress after curing for 30 days. 
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o-e diagram for gray cast iron 


Fig. 3-9 


Realize that the yield strength is not a physical property of the 
material, since it is a stress that causes a specified permanent strain in the 
material. In this text, however, we will assume that the yield strength, 
yield point, elastic limit, and proportional limit all coincide unless 
otherwise stated. An exception would be natural rubber, which in fact 
does not even have a proportional limit, since stress and strain are not 
linearly related. Instead, as shown in Fig. 3-8, this material, which is 
known as a polymer, exhibits nonlinear elastic behavior. 

Wood is a material that is often moderately ductile, and as a result it is 
usually designed to respond only to elastic loadings. The strength 
characteristics of wood vary greatly from one species to another, and for 
each species they depend on the moisture content, age, and the size and 
arrangement of knots in the wood. Since wood is a fibrous material, its 
tensile or compressive characteristics will differ greatly when it is loaded 
either parallel or perpendicular to its grain. Specifically, wood splits 
easily when it is loaded in tension perpendicular to its grain, and 
consequently tensile loads are almost always intended to be applied 
parallel to the grain of wood members. 
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o—e diagram for typical concrete mix 


Brittle Materials. Materials that exhibit little or no yielding before 
failure are referred to as brittle materials. Gray cast iron is an example, 
having a stress-strain diagram in tension as shown by portion AB of the 
curve in Fig. 3-9. Here fracture at a = 22 ksi (152 MPa) took place 
initially at an imperfection or microscopic crack and then spread rapidly 
across the specimen, causing complete fracture. Since the appearance of 
initial cracks in a specimen is quite random, brittle materials do not have 
a well-defined tensile fracture stress. Instead the average fracture stress 
from a set of observed tests is generally reported. A typical failed 
specimen is shown in Fig. 3-10a. 

Compared with their behavior in tension, brittle materials, such as 
gray cast iron, exhibit a much higher resistance to axial compression, as 
evidenced by portion AC of the curve in Fig. 3-9. For this case any cracks 
or imperfections in the specimen tend to close up, and as the load 
increases the material will generally bulge or become barrel shaped as 
the strains become larger, Fig. 3-10b. 

Like gray cast iron, concrete is classified as a brittle material, and it 
also has a low strength capacity in tension. The characteristics of its 
stress-strain diagram depend primarily on the mix of concrete (water, 
sand, gravel, and cement) and the time and temperature of curing. A 
typical example of a “complete” stress-strain diagram for concrete is 
given in Fig. 3-11. By inspection, its maximum compressive strength 
is almost 12.5 times greater than its tensile strength, (0.)max = 5 ksi 
(34.5 MPa) versus (0;)max = 9.40 ksi (2.76 MPa). For this reason, concrete 
is almost always reinforced with steel bars or rods whenever it is designed 
to support tensile loads. 

It can generally be stated that most materials exhibit both ductile and 
brittle behavior. For example, steel has brittle behavior when it contains a 
high carbon content, and it is ductile when the carbon content is reduced. 
Also, at low temperatures materials become harder and more brittle, 
whereas when the temperature rises they become softer and more 
ductile. This effect is shown in Fig. 3-12 for a methacrylate plastic. 


Fig. 3-11 


Steel rapidly loses its strength when 
heated. For this reason engineers often 
require main structural members to be 
insulated in case of fire. 
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o—e diagrams for a methacrylate plastic 


Fig. 3-12 
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3.4 Hooke’s Law 


As noted in the previous section, the stress-strain diagrams for most 
engineering materials exhibit a linear relationship between stress and 
strain within the elastic region. Consequently, an increase in stress causes 
a proportionate increase in strain. This fact was discovered by Robert 
Hooke in 1676 using springs and is known as Hooke’s law. It may be 
expressed mathematically as 


o = Ee (3-5) 


Here EF represents the constant of proportionality, which is called the 
modulus of elasticity or Young’s modulus, named after Thomas Young, 
who published an account of it in 1807. 

Equation 3-5 actually represents the equation of the initial straight- 
lined portion of the stress-strain diagram up to the proportional limit. 
Furthermore, the modulus of elasticity represents the s/ope of this line. 
Since strain is dimensionless, from Eq. 3-5, FE will have the same units as 
stress, such as psi, ksi, or pascals. As an example of its calculation, 
consider the stress-strain diagram for steel shown in Fig. 3-6. Here 
op = 35 ksi and €,, = 0.0012 in./in., so that 


Onl 35 ksi 
€p1 (9.0012 in./in. 


E= = 29(10°) ksi 


As shown in Fig. 3-13, the proportional limit for a particular type of 
steel alloy depends on its carbon content; however, most grades of steel, 
from the softest rolled steel to the hardest tool steel, have about the 
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Fig. 3-13 
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same modulus of elasticity, generally accepted to be Ey = 29(10%) ksi or 
200 GPa. Values of E for other commonly used engineering materials are 
often tabulated in engineering codes and reference books. Representative 
values are also listed on the inside back cover of this book. It should 
be noted that the modulus of elasticity is a mechanical property that 
indicates the stiffness of a material. Materials that are very stiff, such 
as steel, have large values of E [Ey = 29(10°) ksi or 200 GPa], whereas 
spongy materials such as vulcanized rubber may have low values 
[E, = 0.10 ksi or 0.70 MPa]. 

The modulus of elasticity is one of the most important mechanical 
properties used in the development of equations presented in this text. It 
must always be remembered, though, that E can be used only if a 
material has linear elastic behavior. Also, if the stress in the material is 
greater than the proportional limit, the stress-strain diagram ceases to be 
a straight line and so Eq. 3-5 is no longer valid. 


Strain Hardening. If a specimen of ductile material, such as steel, é 
is loaded into the plastic region and then unloaded, elastic strain is 
recovered as the material returns to its equilibrium state. The plastic alasti¢ plastic 
strain remains, however, and as a result the material is subjected to a region region 
permanent set. For example, a wire when bent (plastically) will spring | | | 
back a little (elastically) when the load is removed; however, it will not 
fully return to its original position. This behavior can be illustrated on 
the stress-strain diagram shown in Fig. 3-14a. Here the specimen is first 
loaded beyond its yield point A to point A’. Since interatomic forces 
have to be overcome to elongate the specimen elastically, then these 
same forces pull the atoms back together when the load is removed, 
Fig. 3-14a. Consequently, the modulus of elasticity, E, is the same, and 
therefore the slope of line O’ A’ is the same as line OA. 

If the load is reapplied, the atoms in the material will again be displaced 
until yielding occurs at or near the stress A’, and the stress-strain diagram permanent, elastic _ 


: ; t 

continues along the same path as before, Fig. 3-14. It should be noted, = ceieiat (a) 
however, that this new stress-strain diagram, defined by O’ A’ B, now has o 

a higher yield point (A’), a consequence of strain-hardening. In other 

words, the material now has a greater elastic region; however, it has less elastié plastic 
ductility, a smaller plastic region, than when it was in its original state. region region 

B 
A! 
€ 
O O' 
This pin was made from a hardened steel alloy, (b) 


that is, one having a high carbon content. It 
failed due to brittle fracture. Fig. 3-14 
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Modulus of resilience u, 
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Fig. 3-16 


3.5 Strain Energy 


As a material is deformed by an external loading, it tends to store energy 
internally throughout its volume. Since this energy is related to the 
strains in the material, it is referred to as strain energy. To obtain this 
strain energy consider a volume element of material from a tension 
test specimen. It is subjected to uniaxial stress as shown in Fig. 3-15. 
This stress develops a force AF = 0 AA = o( Ax Ay) on the top and 
bottom faces of the element after the element of length Az undergoes a 
vertical displacement € Az. By definition, work is determined by the 
product of the force and displacement in the direction of the force. Since 
the force is increased uniformly from zero to its final magnitude AF 
when the displacement e Az is attained, the work done on the element 
by the force is equal to the average force magnitude (AF/2) times the 
displacement e Az. This “external work” on the element is equivalent to 
the “internal work” or strain energy stored in the element—assuming 
that no energy is lost in the form of heat. Consequently, the strain energy 
AU is AU = (5 AF)¢€Az= (5 o Ax Ay) € Az. Since the volume of the 
element is AV = Ax Ay Az, then AU = 3ce AV. 

For applications, it is sometimes convenient to specify the strain 
energy per unit volume of material. This is called the strain-energy 
density, and it can be expressed as 


u= Ty =A (3-6) 


If the material behavior is linear elastic, then Hooke’s law applies, 
o = Ee, and therefore we can express the elastic strain-energy density in 
terms of the uniaxial stress as 


u = 2E (3-7) 


Modulus of Resilience. In particular, when the stress 7 reaches 
the proportional limit, the strain-energy density, as calculated by Eq. 3-6 
or 3-7, is referred to as the modulus of resilience, i.e., 


(3-8) 


From the elastic region of the stress-strain diagram, Fig. 3-16a, notice 
that u, is equivalent to the shaded triangular area under the diagram. 
Physically a material’s resilience represents the ability of the material to 
absorb energy without any permanent damage to the material. 
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Modulus of Toughness. Another important property of a & 
material is the modulus of toughness, u,. This quantity represents the 
entire area under the stress-strain diagram, Fig. 3-165, and therefore it 
indicates the strain-energy density of the material just before it fractures. 
This property becomes important when designing members that may be 
accidentally overloaded. Alloying metals can also change their resilience 
and toughness. For example, by changing the percentage of carbon in 
steel, the resulting stress-strain diagrams in Fig. 3-17 show how the 


degrees of resilience and toughness can be changed. a 
€ 


vt Ut 


Modulus of toughness u, 
(b) 
Fig. 3-16 (cont.) 


Important Points 


A conventional stress-strain diagram is important in engineering 
since it provides a means for obtaining data about a material’s | o 
tensile or compressive strength without regard for the material’s 
physical size or shape. 


hard steel 

(0.6% carbon) 

highest strength 

structural steel 
(0.2% carbon) 
toughest 


Engineering stress and strain are calculated using the original 
cross-sectional area and gauge length of the specimen. 

A ductile material, such as mild steel, has four distinct behaviors as 
it is loaded. They are elastic behavior, yielding, strain hardening, and 
necking. 


soft steel 
(0.1% carbon) 
most ductile 


A material is /inear elastic if the stress is proportional to the strain 
within the elastic region. This behavior is described by Hooke’s law, 
o = Ee, where the modulus of elasticity E is the slope of the line. 


Fig. 3-17 


Important points on the stress-strain diagram are the proportional 
limit, elastic limit, yield stress, ultimate stress, and fracture stress. 


The ductility of a material can be specified by the specimen’s 
percent elongation or the percent reduction in area. 


If a material does not have a distinct yield point, a yield strength can 
be specified using a graphical procedure such as the offset method. 


Brittle materials, such as gray cast iron, have very little or no 
yielding and so they can fracture suddenly. 


Strain hardening is used to establish a higher yield point for a 
material. This is done by straining the material beyond the elastic 
limit, then releasing the load. The modulus of elasticity remains 
the same; however, the material’s ductility decreases. 


Strain energy is energy stored in a material due to its deformation. 
This energy per unit volume is called strain-energy density. If 
it is measured up to the proportional limit, it is referred to as 
the modulus of resilience, and if it is measured up to the point 
of fracture, it is called the modulus of toughness. It can be This nylon specimen exhibits a high degree 


determined from the area under the o—e diagram. of toughness as noted by the large amount 
of necking that has occurred just before 


fracture. 
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EXAMPLE | 3.1 


A tension test for a steel alloy results in the stress-strain diagram 
shown in Fig. 3-18. Calculate the modulus of elasticity and the 
yield strength based on a 0.2% offset. Identify on the graph the 
ultimate stress and the fracture stress. 

ao (ksi) 


120 
1105 
100 + 
90 
80 
70 
60 
50 
40 
30 
20 
10 


¢ . . 
O 0.020.04°0:06,0.080.100.120.140.160.180.200.22.0.24 ou? 
| 0.0008 | 0.0016 | 0.0024 
0.0004 0.0012 0.0020 
KS 
0.2% 
Fig. 3-18 
SOLUTION 
Modulus of Elasticity. We must calculate the slope of the initial 
straight-line portion of the graph. Using the magnified curve and 
scale shown in blue, this line extends from point O to an estimated 
point A, which has coordinates of approximately (0.0016 in./in., 
50 ksi). Therefore, 


_ 50 ksi 
0.0016 in./in. 


Note that the equation of line OA is thus o = 31.2(10°)e. 


Yield Strength. For a 0.2% offset, we begin at a strain of 0.2% 
or 0.0020 in./in. and graphically extend a (dashed) line parallel to 
OA until it intersects the o-e curve at A’. The yield strength is 
approximately 


= 20? ksi Ans. 


Oys = 68 ksi Ans. 
Ultimate Stress. This is defined by the peak of the o-e graph, 
point B in Fig. 3-18. 

oa, = 108 ksi Ans. 


Fracture Stress. When the specimen is strained to its maximum of 
ey = 0.23 in./in., it fractures at point C. Thus, 


Ge ksi Ans. 


EXAMPLE | 3.2 


The stress-strain diagram for an aluminum alloy that is used for 
making aircraft parts is shown in Fig. 3-19. If a specimen of this 
material is stressed to 600 MPa, determine the permanent strain that 
remains in the specimen when the load is released. Also, find the 
modulus of resilience both before and after the load application. 


SOLUTION 


Permanent Strain. When the specimen is subjected to the load, 
it strain-hardens until point B is reached on the o-e diagram. The 
strain at this point is approximately 0.023 mm/mm. When the load is 
released, the material behaves by following the straight line BC, 
which is parallel to line OA. Since both lines have the same slope, the 
strain at point C can be determined analytically. The slope of line OA 
is the modulus of elasticity, i.e., 


450 MPa 
0.006 mm/mm 


From triangle CBD, we require 


E = 75.0 GPa 


a 2 
CD 


600(10°) Pa 
CD 
CD = 0.008 mm/mm 


This strain represents the amount of recovered elastic strain. The 
permanent strain, €gc, is thus 


E 75.0(10°) Pa = 


€oc = 0.023 mm/mm — 0.008 mm/mm 
= 0.0150 mm/mm 
Note: If gauge marks on the specimen were originally 50 mm apart, 


then after the load is released these marks will be 50mm + 
(0.0150)(50 mm) = 50.75 mm apart. 


Modulus of Resilience. Applying Eq. 3-8, we have* 
1 1 
(ae anita = 9 7 PIE pl = 3 (450 MPa)(0.006 mm/mm) 
= 1.35 MJ/m°? 
1 1 
(it, inal = 57 le pl — 3 (600 MPa)(0.008 mm/mm) 


= 2.40 MJ/m? Ans. 


NOTE: By comparison, the effect of strain-hardening the material has 
caused an increase in the modulus of resilience; however, note that the 
modulus of toughness for the material has decreased since the area under 
the original curve, OABF, is larger than the area under curve CBF. 


* Work in the SI system of units is measured in joules, where 1 J = 1 N-m. 
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cA 
parallel 


c] ,|D 


1 | i 
0.01 | 0.02\ 0.03 0.04 
ey = 0.006 0.023 


kK— €oc 


Fig. 3-19 
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EXAMPLE | 3.3 


o (MPa) An aluminum rod shown in Fig. 3—20a has a circular cross section and is 
subjected to an axial load of 10 KN. If a portion of the stress-strain 
diagram is shown in Fig. 3-205, determine the approximate elongation 
of the rod when the load is applied. Take E,; = 70 GPa. 


B | e 
€gc = 0.0450 


0.08 0.06 = 400 mm ue 
(a) 
Fig. 3-20 


SOLUTION 
For the analysis we will neglect the localized deformations at the point 
of load application and where the rod’s cross-sectional area suddenly 
changes. (These effects will be discussed in Sections 4.1 and 4.7.) 
Throughout the midsection of each segment the normal stress and 
deformation are uniform. 

In order to find the elongation of the rod, we must first obtain the 
strain. This is done by calculating the stress, then using the stress-strain 
diagram. The normal stress within each segment is 


P  10(10°)N 
A (0.01 m)* 


AR = = 31.83 MPa 


P 10(107) N 
A (0.0075 m)? 


orc = = 56.59 MPa 


From the stress-strain diagram, the material in segment AB is 
strained elastically since 043 < ay = 40 MPa. Using Hooke’s law, 


o ap _ 31.83(10°) Pa 
Ea 70(10°) Pa 


EAB = 0.0004547 mm/mm 


The material within segment BC is strained plastically, since 
OBc > oy = 40 MPa. From the graph, for ogc = 56.59 MPa, €gc ~ 
0.045 mm/mm. The approximate elongation of the rod is therefore 


6 = YeL = 0.0004547(600 mm) + 0.0450(400 mm) 
= 18.3 mm Ans. 


ea FUNDAMENTAL PROBLEMS 
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F3-1. Define homogeneous material. 


F3-2. Indicate the points on the stress-strain diagram 
which represent the proportional limit and the ultimate 
stress. 


F3-2 


F3-3. Define the modulus of elasticity E. 


F3-4. At room temperature, mild steel is a ductile 
material. True or false? 


F3-5. Engineering stress and strain are calculated using 
the actual cross-sectional area and length of the specimen. 
True or false? 


F3-6. As the temperature increases the modulus of 
elasticity will increase. True or false? 


F3-7. A 100-mm long rod has a diameter of 15 mm. If an 
axial tensile load of 100 KN is applied, determine its change 
is length. E = 200 GPa. 


F3-8. A bar has a length of 8 in. and cross-sectional 
area of 12 in*. Determine the modulus of elasticity of the 
material if it is subjected to an axial tensile load of 10 kip 
and stretches 0.003 in. The material has linear-elastic 
behavior. 


F3-9. A 10-mm-diameter brass rod has a modulus of 
elasticity of E = 100 GPa. If it is 4 m long and subjected to 
an axial tensile load of 6 KN, determine its elongation. 


F3-10. The material for the 50-mm-long specimen has the 
stress-strain diagram shown. If P = 100 kN, determine the 
elongation of the specimen. 


F3-11. The material for the 50-mm-long specimen has the 
stress-strain diagram shown. If P = 150 KN is applied and 
then released, determine the permanent elongation of the 
specimen. 


P 
oa (MPa) 20 mm 
500 F P 
450 
| 1 
0.00225 0.03 es, 
F3-10/11 


F3-12. If the elongation of wire BC is 0.2 mm after the 
force P is applied, determine the magnitude of P. The wire 
is A-36 steel and has a diameter of 3 mm. 
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P [PROBLEMS 


e3-1. A concrete cylinder having a diameter of 6.00 in. and 
gauge length of 12 in. is tested in compression. The results of 
the test are reported in the table as load versus contraction. 
Draw the stress-strain diagram using scales of 1 in. = 0.5 ksi 
and 1 in. = 0.2(10°%) in./in. From the diagram, determine 
approximately the modulus of elasticity. 


Load (kip) |Contraction (in.) 

0 0 

5.0 0.0006 
9.5 0.0012 
16.5 0.0020 
20.5 0.0026 
255 0.0034 
30.0 0.0040 
34.5 0.0045 
38.5 0.0050 
46.5 0.0062 
50.0 0.0070 
53.0 0.0075 

Prob. 3-1 


3-2. Data taken from a stress-strain test for a ceramic are 
given in the table. The curve is linear between the origin and 
the first point. Plot the diagram, and determine the modulus 
of elasticity and the modulus of resilience. 


3-3. Data taken from a stress-strain test for a ceramic are 
given in the table. The curve is linear between the origin 
and the first point. Plot the diagram, and determine 
approximately the modulus of toughness. The rupture stress 
iso, = 53.4 ksi. 


o (ksi) | ¢ (in./in.) 
0 0 
33.2 0.0006 
45.5 0.0010 
49.4 0.0014 
Siles) 0.0018 
53.4 0.0022 


Probs. 3-2/3 


*3-4._ A tension test was performed on a specimen having 
an original diameter of 12.5 mm and a gauge length of 
50 mm. The data are listed in the table. Plot the stress-strain 
diagram, and determine approximately the modulus of 
elasticity, the ultimate stress, and the fracture stress. Use a 
scale of 20mm = 50MPa and 20mm = 0.05 mm/mm. 
Redraw the linear-elastic region, using the same stress scale 
but a strain scale of 20 mm = 0.001 mm/mm. 


3-5. A tension test was performed on a steel specimen 
having an original diameter of 12.5 mm and gauge length 
of 50 mm. Using the data listed in the table, plot the 
stress-strain diagram, and determine approximately the 
modulus of toughness. Use a scale of 20 mm = 50 MPa and 
20 mm = 0.05 mm/mm. 


Load (KN) Elongation (mm) 

0 0 

11.1 0.0175 
Sils9) 0.0600 
37.8 0.1020 
40.9 0.1650 
43.6 0.2490 
53.4 1.0160 
62.3 3.0480 
64.5 6.3500 
62.3 8.8900 
58.8 11.9380 

Probs. 3-4/5 


3-6. A specimen is originally 1 ft long, has a diameter of 
0.5 in., and is subjected to a force of 500 Ib. When the force 
is increased from 500 Ib to 1800 lb, the specimen elongates 
0.009 in. Determine the modulus of elasticity for the 
material if it remains linear elastic. 


3-7. A structural member in a nuclear reactor is made ofa 
zirconium alloy. If an axial load of 4 kip is to be supported 
by the member, determine its required cross-sectional area. 
Use a factor of safety of 3 relative to yielding. What is the 
load on the member if it is 3 ft long and its elongation is 
0.02 in.? E,, = 14(10%) ksi, oy = 57.5 ksi. The material has 
elastic behavior. 


*3-8. The strut is supported by a pin at C and an A-36 
steel guy wire AB. If the wire has a diameter of 0.2 in., 
determine how much it stretches when the distributed load 
acts on the strut. 


Prob. 3-8 


e3-9. The o-e diagram for a collagen fiber bundle from 
which a human tendon is composed is shown. If a segment 
of the Achilles tendon at A has a length of 6.5 in. and an 
approximate cross-sectional area of 0.229 in’, determine its 
elongation if the foot supports a load of 125 lb, which causes 
a tension in the tendon of 343.75 lb. 


o (ksi) 
4.50 
3.75 
3.00 
205 


1.50 
0.75 125 Ib 


0.05 ao © 


Prob. 3-9 
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3-10. The stress-strain diagram for a metal alloy having 
an original diameter of 0.5 in. and a gauge length of 2 in. is 
given in the figure. Determine approximately the modulus 
of elasticity for the material, the load on the specimen that 
causes yielding, and the ultimate load the specimen will 
support. 


3-11. The stress-strain diagram for a steel alloy having an 
original diameter of 0.5 in. and a gauge length of 2 in. is 
given in the figure. If the specimen is loaded until it is 
stressed to 90 ksi, determine the approximate amount of 
elastic recovery and the increase in the gauge length after it 
is unloaded. 


*3-12. The stress-strain diagram for a steel alloy having 
an original diameter of 0.5 in. and a gauge length of 2 in. 
is given in the figure. Determine approximately the 
modulus of resilience and the modulus of toughness for 
the material. 


ao (ksi) 
105 


90 


75 


60 7 


45 


30 


15 


e (in. /in.) 


0 
0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 


Probs. 3-10/11/12 


e3-13. A bar having a length of 5 in. and cross-sectional 
area of 0.7 in’ is subjected to an axial force of 8000 lb. 
If the bar stretches 0.002 in., determine the modulus of 
elasticity of the material. The material has linear-elastic 
behavior. 


8000 Ib L— ~F 8000 Ib 
5 in. -| 


Prob. 3-13 
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3-14. The rigid pipe is supported by a pin at A and an 
A-36 steel guy wire BD. If the wire has a diameter of 
0.25 in., determine how much it stretches when a load of 
P = 600 lb acts on the pipe. 


3-15. The rigid pipe is supported by a pin at A and an 
A-36 guy wire BD. If the wire has a diameter of 0.25 in., 
determine the load P if the end C is displaced 0.075 in. 
downward. 


Probs. 3-14/15 


*3-16. Determine the elongation of the square hollow bar 
when it is subjected to the axial force P = 100 KN. If this 
axial force is increased to P = 360 kN and released, find 
the permanent elongation of the bar. The bar is made of a 
metal alloy having a stress-strain diagram which can be 
approximated as shown. 


o (MPa) 
500 L 
600 mm 
250 L z 
0.00125 i 


50 mm 


Prob. 3-16 


3-17. A tension test was performed on an aluminum 
2014-T6 alloy specimen. The resulting stress-strain diagram 
is shown in the figure. Estimate (a) the proportional limit, 
(b) the modulus of elasticity, and (c) the yield strength 
based on a 0.2% strain offset method. 


3-18. A tension test was performed on an aluminum 2014- 
T6 alloy specimen. The resulting stress-strain diagram is 
shown in the figure. Estimate (a) the modulus of resilience; 
and (b) modulus of toughness. 


o (ksi) 


70 


60 


50 


40 


30 


20 


10 


e (in. /in.) 


0 0.02 0.04 0.06 0.08 0.10 
0.002 0.004 0.006 0.008 0.010 


Probs. 3-17/18 


3-19. The stress-strain diagram for a bone is shown, and 
can be described by the equation e = 0.45(10°) a + 
0.36(10°!*) a7, where o is in kPa. Determine the yield 
strength assuming a 0.3% offset. 


*3-20. The stress-strain diagram for a bone is shown and 
can be described by the equation ¢ = 0.45(10°) o + 
0.36(10°) o°, where a is in kPa. Determine the modulus 
of toughness and the amount of elongation of a 200-mm- 
long region just before it fractures if failure occurs at 
e = 0.12 mm/mm. 


i 


€ = 0.45(10-°)o + 0.36(107)a3 
€ tp 


Probs. 3-19/20 


e3-21. The stress-strain diagram for a polyester resin 
is given in the figure. If the rigid beam is supported by a 
strut AB and post CD, both made from this material, and 
subjected to a load of P = 80kN, determine the angle 
of tilt of the beam when the load is applied. The diameter 
of the strut is 40 mm and the diameter of the post is 
80 mm. 


3-22. The stress-strain diagram for a polyester resin is 
given in the figure. If the rigid beam is supported by a strut 
AB and post CD made from this material, determine the 
largest load P that can be applied to the beam before it 
ruptures. The diameter of the strut is 12 mm and the 
diameter of the post is 40 mm. 


75a basa 5 
0.75 m 0.75 mfp 9 ™ 


m 4 


gg |. compression 
70} 

60} 

50} 

40 tension 


32.2 


0 e (mm/mm) 
0 0.01 0.02 0.03 0.04 


Probs. 3-21/22 
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3-23. By adding plasticizers to polyvinyl chloride, it is 
possible to reduce its stiffness. The stress-strain diagrams 
for three types of this material showing this effect are given 
below. Specify the type that should be used in the 
manufacture of a rod having a length of 5 in. and a diameter 
of 2 in., that is required to support at least an axial load of 
20 kip and also be able to stretch at most i in. 


ao (ksi) 
15 
P 
unplasticized 
10 
copolymer 
5 flexible 
(plasticized) 
P. 
0 € (in. /in. 
0 0.10 0.20 0.30 Galen) 


Prob. 3-23 


*324. The stress-strain diagram for many metal alloys 
can be described analytically using the Ramberg-Osgood 
three parameter equation e = a/E + ko", where E,k, and 
n are determined from measurements taken from the 
diagram. Using the stress-strain diagram shown in the 
figure, take E = 30(10°) ksi and determine the other two 
parameters k and n and thereby obtain an analytical 
expression for the curve. 


o (ksi) 


80 


60 


40 


20 


e (10°) 
0.1 02 03 0.4 0.5 


Prob. 3-24 
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(a 


When the rubber block is compressed 
(negative strain) its sides will expand 
(positive strain). The ratio of these strains 
remains constant. 


3.6 Poisson's Ratio 


When a deformable body is subjected to an axial tensile force, not only 
does it elongate but it also contracts laterally. For example, if a rubber 
band is stretched, it can be noted that both the thickness and width of the 
band are decreased. Likewise, a compressive force acting on a body causes 
it to contract in the direction of the force and yet its sides expand laterally. 

Consider a bar having an original radius r and length L and subjected 
to the tensile force P in Fig. 3-21. This force elongates the bar by an 
amount 6, and its radius contracts by an amount 6’. Strains in the 
longitudinal or axial direction and in the lateral or radial direction are, 
respectively, 


Elong — L and Elat = a 

In the early 1800s, the French scientist S. D. Poisson realized that within the 
elastic range the ratio of these strains is a constant, since the deformations 
6 and 6’ are proportional. This constant is referred to as Poisson’s ratio, 
v (nu), and it has a numerical value that is unique for a particular material 
that is both homogeneous and isotropic. Stated mathematically it is 


(3-9) 


The negative sign is included here since longitudinal elongation (positive 
strain) causes lateral contraction (negative strain), and vice versa. Notice 
that these strains are caused only by the axial or longitudinal force P;i.e., 
no force or stress acts in a lateral direction in order to strain the material 
in this direction. 

Poisson’s ratio is a dimensionless quantity, and for most nonporous 
solids it has a value that is generally between ‘ and i Typical values of 
v for common engineering materials are listed on the inside back cover. 
For an “ideal material” having no lateral deformation when it is stretched 
or compressed Poisson’s ratio will be 0. Furthermore, it will be shown in 
Sec. 10.6 that the maximum possible value for Poisson’s ratio is 0.5. 
Therefore 0 = v = 0.5. 


Original Shape —~ Final Shape 


Tension ~ §’ 


Fig. 3-21 


EXAMPLE | 3.4 


A bar made of A-36 steel has the dimensions shown in Fig. 3-22. If an 
axial force of P = 80 KN is applied to the bar, determine the change 
in its length and the change in the dimensions of its cross section after 
applying the load. The material behaves elastically. 


P=80kN 


SOLUTION 
The normal stress in the bar is 
P 80(10*) N 


are = 6 
22 (inom se 


From the table on the inside back cover for A-36 steel E,, = 200 GPa, 
and so the strain in the z direction is 


,  16.0(10°) Pa 
€ — —F 
“Ex 200(10°) Pa 


(On 


= 80(10°°) mm/mm 


The axial elongation of the bar is therefore 


6, — e,6, — [90 10.")|(e om) = 120m Ans. 


Using Eq. 3-9, where vy = 0.32 as found from the inside back 
cover, the lateral contraction strains in both the x and y directions are 


Ey = €y = —vye, = —0.32[80(10 °)] = —25.6 um/m 


Thus the changes in the dimensions of the cross section are 
= e,L, = —[25.6(10-°)](0.1 m) = —2.56 wm Ans. 
e,Ly = —[25.6(10°)](0.05 m) = —1.28 um Ans. 


3.6 POIssON’s RATIO 
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Yr 


3.7 The Shear Stress-Strain Diagram 


In Sec. 1.5 it was shown that when a small element of material is 
subjected to pure shear, equilibrium requires that equal shear stresses 
must be developed on four faces of the element. These stresses 7,,, must 
be directed toward or away from diagonally opposite corners of the 
element, as shown in Fig. 3—23a. Furthermore, if the material is 
homogeneous and isotropic, then this shear stress will distort the 
element uniformly, Fig. 3-235. As mentioned in Sec. 2.2, the shear strain 
Yxy Measures the angular distortion of the element relative to the sides 
originally along the x and y axes. 

The behavior of a material subjected to pure shear can be studied in a 
laboratory using specimens in the shape of thin tubes and subjecting 
them to a torsional loading. If measurements are made of the applied 
torque and the resulting angle of twist, then by the methods to be 
explained in Chapter 5, the data can be used to determine the shear 
stress and shear strain, and a shear stress-strain diagram plotted. An 
example of such a diagram for a ductile material is shown in Fig. 3-24. 
Like the tension test, this material when subjected to shear will exhibit 
linear-elastic behavior and it will have a defined proportional limit 7). 
Also, strain hardening will occur until an ultimate shear stress 7,, 1s 
reached. And finally, the material will begin to lose its shear strength 
until it reaches a point where it fractures, T,. 

For most engineering materials, like the one just described, the elastic 
behavior is /inear, and so Hooke’s law for shear can be written as 


1 =Gy (3-10) 


Here G is called the shear modulus of elasticity or the modulus of 
rigidity. Its value represents the slope of the line on the 7—y diagram, 
that is,G = 7,)/Ypi. Typical values for common engineering materials are 
listed on the inside back cover. Notice that the units of measurement for 
G will be the same as those for 7 (Pa or psi), since y is measured in 
radians, a dimensionless quantity. 

It will be shown in Sec. 10.6 that the three material constants, E, v, and 
G are actually related by the equation 


ig, 
G= 2(1 + v) (3-11) 


Provided E and G are known, the value of v can then be determined 
from this equation rather than through experimental measurement. 
For example, in the case of A-36 steel, Ey = 29(10°) ksi and 
Gs = 11.0(10%) ksi, so that, from Eq. 3-11, vs. = 0.32. 


3.7. THE SHEAR STRESS—STRAIN DIAGRAM 


EXAMPLE | 3.5 


A specimen of titanium alloy is tested in torsion and the shear stress— 
strain diagram is shown in Fig. 3—25a. Determine the shear modulus 
G, the proportional limit, and the ultimate shear stress. Also, 
determine the maximum distance d that the top of a block of this 
material, shown in Fig. 3-255, could be displaced horizontally if the 
material behaves elastically when acted upon by a shear force V. 
What is the magnitude of V necessary to cause this displacement? 


SOLUTION 


Shear Modulus. This value represents the slope of the straight-line 
portion OA of the 7-y diagram. The coordinates of point A are 
(0.008 rad, 52 ksi). Thus, 


Spee 
6500 Ans 
Co ies fi 


The equation of line OA is therefore +t = Gy = 6500y, which is 
Hooke’s law for shear. 


Proportional Limit. By inspection, the graph ceases to be linear at 
point A. Thus, 


77 — 22 ksi Ans. 


Ultimate Stress. This value represents the maximum shear stress, 
point B. From the graph, 


T, = 73 ksi Ans. 
Maximum Elastic Displacement and Shear Force. Since the 


maximum elastic shear strain is 0.008 rad, a very small angle, the top 
of the block in Fig. 3-256 will be displaced horizontally: 


enone mae U00ned = 
2 in, 


d = 0.016 in. Ans. 


The corresponding average shear stress in the block is t,, = 52 ksi. 
Thus, the shear force V needed to cause the displacement is 


V V 
=~. 2ksi = ———__—— 
tae oot ae eran 


V = 624kip 


Op = 0.008 


y, = 054 0.73 
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EXAMPLE | 3.6 


An aluminum specimen shown in Fig. 3-26 has a diameter of 
dy = 25 mm anda gauge length of Ly) = 250 mm. If a force of 165 kN 
elongates the gauge length 1.20 mm, determine the modulus of 
elasticity. Also, determine by how much the force causes the diameter 
of the specimen to contract. Take G,; = 26 GPa and oy = 440 MPa. 


SOLUTION 
Modulus of Elasticity. The average normal stress in the specimen is 


P 165(10°) N 
o=—= 5 = 336.1 MPa 
A (a/4)(0.025 m) 


and the average normal strain is 


6 120mm 
c= ees SRG © 0.00480 mm/mm 


Since a < oy = 440 MPa, the material behaves elastically. The 
modulus of elasticity is therefore 


ao 336.1(10°) Pa 
Ey = se = 70.0 GPa Ans. 


0.00480 


Contraction of Diameter. First we will determine Poisson’s ratio 
for the material using Eq. 3-11. 


ett 
PAGL ae 7) 


70.0 GPa 
2(1 + v) 


v = 0.347 


Ea 


26 GPa = 


Since €jong = 0.00480 mm/mm, then by Eq. 3-9, 


Elat 
y= — 
Elong 


Elat 


~ 0.00480 mm/mm 
Ela, = —9.00166 mm/mm 


0.347 = 


The contraction of the diameter is therefore 


6’ = (0.00166)(25 mm) 
= 0.0416 mm 
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*3.8 Failure of Materials Due to Creep 
and Fatigue 


The mechanical properties of a material have up to this point been 
discussed only for a static or slowly applied load at constant temperature. 
In some cases, however, a member may have to be used in an environment 
for which loadings must be sustained over long periods of time at elevated 
temperatures, or in other cases, the loading may be repeated or cycled. 
We will not consider these effects in this book, although we will briefly 
mention how one determines a material’s strength for these conditions, 
since they are given special treatment in design. 


Creep. When a material has to support a load for a very long period 
of time, it may continue to deform until a sudden fracture occurs or its 
usefulness is impaired. This time-dependent permanent deformation is 
known as creep. Normally creep is considered when metals and ceramics 
are used for structural members or mechanical parts that are subjected 
to high temperatures. For some materials, however, such as polymers and 
composite materials—including wood or concrete—temperature is not 
an important factor, and yet creep can occur strictly from long-term load 
application. As a typical example, consider the fact that a rubber 
band will not return to its original shape after being released from a 
stretched position in which it was held for a very long period of time. 
In the general sense, therefore, both stress and/or temperature play a 
significant role in the rate of creep. 

For practical purposes, when creep becomes important, a member is 
usually designed to resist a specified creep strain for a given period of 
time. An important mechanical property that is used in this regard is 
called the creep strength. This value represents the highest stress the 
material can withstand during a specified time without exceeding an 
allowable creep strain. The creep strength will vary with temperature, 
and for design, a given temperature, duration of loading, and allowable 
creep strain must all be specified. For example, a creep strain of 0.1% per 
year has been suggested for steel in bolts and piping. 

Several methods exist for determining an allowable creep strength 
for a particular material. One of the simplest involves testing several 
specimens simultaneously at a constant temperature, but with each 
subjected to a different axial stress. By measuring the length of time 
needed to produce either an allowable strain or the fracture strain for 
each specimen, a curve of stress versus time can be established. 
Normally these tests are run to a maximum of 1000 hours. An example 
of the results for stainless steel at a temperature of 1200°F and 
prescribed creep strain of 1% is shown in Fig. 3-27. As noted, this 
material has a yield strength of 40 ksi (276 MPa) at room temperature 
(0.2% offset) and the creep strength at 1000 h is found to be 
approximately o, = 20 ksi (138 MPa). 
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The long-term application of the cable 
loading on this pole has caused the pole to 
deform due to creep. 


10+ 


0 


! 1 1 1 1 
200 400 600 800 1000 
o-t diagram for stainless steel 

at 1200°F and creep strain at 1% 


Fig. 3-27 


t(h) 
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The design of members used for amusement 
park rides requires careful consideration of 
cyclic loadings that can cause fatigue. 


Engineers must account for possible fatigue 
failure of the moving parts of this oil- 


pumping rig. 


In general, the creep strength will decrease for higher temperatures or 
for higher applied stresses. For longer periods of time, extrapolations from 
the curves must be made. To do this usually requires a certain amount of 
experience with creep behavior, and some supplementary knowledge 
about the creep properties of the material. Once the material’s creep 
strength has been determined, however, a factor of safety is applied to 
obtain an appropriate allowable stress for design. 


Fatigue. When a metal is subjected to repeated cycles of stress 
or strain, it causes its structure to break down, ultimately leading to 
fracture. This behavior is called fatigue, and it is usually responsible 
for a large percentage of failures in connecting rods and crankshafts of 
engines; steam or gas turbine blades; connections or supports for bridges, 
railroad wheels, and axles; and other parts subjected to cyclic loading. 
In all these cases, fracture will occur at a stress that is Jess than the 
material’s yield stress. 

The nature of this failure apparently results from the fact that there 
are microscopic imperfections, usually on the surface of the member, 
where the localized stress becomes much greater than the average stress 
acting over the cross section. As this higher stress is cycled, it leads to the 
formation of minute cracks. Occurrence of these cracks causes a further 
increase of stress at their tips or boundaries, which in turn causes a 
further extension of the cracks into the material as the stress continues 
to be cycled. Eventually the cross-sectional area of the member is 
reduced to the point where the load can no longer be sustained, and as a 
result sudden fracture occurs. The material, even though known to be 
ductile, behaves as if it were brittle. 

In order to specify a safe strength for a metallic material under 
repeated loading, it is necessary to determine a limit below which no 
evidence of failure can be detected after applying a load for a specified 
number of cycles. This limiting stress is called the endurance or fatigue 
limit. Using a testing machine for this purpose, a series of specimens are 
each subjected to a specified stress and cycled to failure. The results are 
plotted as a graph representing the stress S (or 7) on the vertical axis 
and the number of cycles-to-failure N on the horizontal axis. This graph 
is called an S—N diagram or stress—cycle diagram, and most often the 
values of N are plotted on a logarithmic scale since they are generally 
quite large. 

Examples of S—N diagrams for two common engineering metals are 
shown in Fig. 3-28. The endurance limit is usually identified as the 
stress for which the S—N graph becomes horizontal or asymptotic. As 
noted, it has a well-defined value of (S,,),, = 27 ksi (186 MPa) for steel. 
For aluminum, however, the endurance limit is not well defined, and so 
it is normally specified as the stress having a limit of 500 million cycles, 
(Seat = 19 ksi (131 MPa). Once a particular value is obtained, it is 
often assumed that for any stress below this value the fatigue life is 
infinite, and therefore the number of cycles to failure is no longer given 
consideration. 
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40 aluminum 


steel 


(S el)st = 27 
20 


(Seat =19 
10} 


0 1 i 1 | E 

0.1 1 10 100 500 1000 

S-N diagram for steel and aluminum alloys 
(N axis has a logarithmic scale) 


N(10°) 


Fig. 3-28 


Important Points 


Poisson’s ratio, v, is a ratio of the lateral strain of a homogeneous 
and isotropic material to its longitudinal strain. Generally these 
strains are of opposite signs, that is, if one is an elongation, the 
other will be a contraction. 


The shear stress-strain diagram is a plot of the shear stress 
versus the shear strain. If the material is homogeneous and 
isotropic, and is also linear elastic, the slope of the straight line 
within the elastic region is called the modulus of rigidity or the 
shear modulus, G. 


There is a mathematical relationship between G, E, and v. 


Creep is the time-dependent deformation of a material for which 
stress and/or temperature play an important role. Members 
are designed to resist the effects of creep based on their material 
creep strength, which is the largest initial stress a material can 
withstand during a specified time without exceeding a specified 
creep strain. 


Fatigue occurs in metals when the stress or strain is cycled. This 
phenomenon causes brittle fracture of the material. Members 
are designed to resist fatigue by ensuring that the stress in the 
member does not exceed its endurance or fatigue limit. This 
value is determined from an S—N diagram as the maximum 
stress the material can resist when subjected to a specified 
number of cycles of loading. 
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F3-13. A 100-mm long rod has a diameter of 15 mm. If an 
axial tensile load of 10 kN is applied to it, determine the 
change in its diameter. E = 70 GPa, v = 0.35. 


FUNDAMENTAL PROBLEMS 


F3-14. A solid circular rod that is 600 mm long and 20 mm 
in diameter is subjected to an axial force of P = 50 kN. The 
elongation of the rod is 6 = 1.40mm, and its diameter 
becomes d’ = 19.9837 mm. Determine the modulus of 
elasticity and the modulus of rigidity of the material. Assume 
that the material does not yield. 


P=SOkKN 


F3-14 


F3-15. A 20-mm-wide block is firmly bonded to rigid 
plates at its top and bottom. When the force P is applied the 
block deforms into the shape shown by the dashed line. 
Determine the magnitude of P. The block’s material has 
a modulus of rigidity of G = 26 GPa. Assume that the 
material does not yield and use small angle analysis. 


150 


F3-15 
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F3-16. A 20-mm-wide block is bonded to rigid plates at its 
top and bottom. When the force P is applied the block 
deforms into the shape shown by the dashed line. Ifa = 3 mm 
and P is released, determine the permanent shear strain in 
the block. 


y (rad) 


F3-16 
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PROBLEMS 


e3-25. The acrylic plastic rod is 200 mm long and 15 mm in 
diameter. If an axial load of 300 N is applied to it, determine 
the change in its length and the change in its diameter. 
E, = 2.70 GPa, vp = 0.4. 


300 N 300 N 
200 mm 
Prob. 3-25 
3-26. The short cylindrical block of 2014-T6 aluminum, 


having an original diameter of 0.5 in. and a length of 1.5 in., 
is placed in the smooth jaws of a vise and squeezed until the 
axial load applied is 800 lb. Determine (a) the decrease in its 
length and (b) its new diameter. 


800 Ib 


Prob. 3-26 


3-27. The elastic portion of the stress-strain diagram for a 
steel alloy is shown in the figure. The specimen from which 
it was obtained had an original diameter of 13 mm and a 
gauge length of 50 mm. When the applied load on the 
specimen is 50 KN, the diameter is 12.99265 mm. Determine 
Poisson’s ratio for the material. 


a(MPa) 


400 


0.002 e(mm/mm) 


Prob. 3-27 


*3-28. The elastic portion of the stress-strain diagram for 
a steel alloy is shown in the figure. The specimen from 
which it was obtained had an original diameter of 13 mm 
and a gauge length of 50 mm. If a load of P = 20 KN is 
applied to the specimen, determine its diameter and gauge 
length. Take v = 0.4. 


a (MPa) 


400 


0.002 e(mm/mm) 


Prob. 3-28 


e3-29. The aluminum block has a rectangular cross 
section and is subjected to an axial compressive force of 
8 kip. If the 1.5-in. side changed its length to 1.500132 in., 
determine Poisson’s ratio and the new length of the 2-in. 
side. Ey) = 10(10°) ksi. 


Prob. 3-29 
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3-30. The block is made of titanium Ti-6A1-4V and is 
subjected to a compression of 0.06 in. along the y axis, and its 
shape is given a tilt of @ = 89.7°. Determine €,, €,, and yxy. 


y 


- Sin. 


Prob. 3-30 


3-31. The shear stress-strain diagram for a steel alloy is 
shown in the figure. If a bolt having a diameter of 0.75 in. 
is made of this material and used in the double lap joint, 
determine the modulus of elasticity E and the force P 
required to cause the material to yield. Take v = 0.3. 


=) 


P. = a> P / 2 
eo 
7(ksi) 
60 
y(rad 
0.00545 oe) 


Prob. 3-31 


*3-32. A shear spring is made by bonding the rubber 
annulus to a rigid fixed ring and a plug. When an axial load 
P is placed on the plug, show that the slope at point y in 
the rubber is dy/dr = —tan y = —tan(P/(27hGr)). For small 
angles we can write dy/dr = —P/(27hGr). Integrate this 
expression and evaluate the constant of integration using 
the condition that y = O atr = r,. From the result compute 
the deflection y = 6 of the plug. 


P 


Prob. 3-32 


e3-33. The support consists of three rigid plates, which 
are connected together using two symmetrically placed 
rubber pads. If a vertical force of 5 N is applied to plate 
A, determine the approximate vertical displacement of 
this plate due to shear strains in the rubber. Each pad 
has cross-sectional dimensions of 30 mm and 20 mm. 
G, = 0.20 MPa. 


Cc B 
40 mm 40 mm 
A 
5N 
Prob. 3-33 


3-34. A shear spring is made from two blocks of rubber, 
each having a height h, width b, and thickness a. The 
blocks are bonded to three plates as shown. If the plates 
are rigid and the shear modulus of the rubber is G, 
determine the displacement of plate A if a vertical load P is 
applied to this plate. Assume that the displacement is small 
so that 6 = atany * ay. 


Prob. 3-34 
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One of the most important tests for material strength is the tension test. The results, found 
from stretching a specimen of known size, are plotted as normal stress on the vertical axis and 
normal strain on the horizontal axis. 


Many engineering materials exhibit initial 
linear elastic behavior, whereby stress is 
proportional to strain, defined by Hooke’s 
law, 0 = Ee. Here E, called the modulus 
of elasticity, is the slope of this straight 
line on the stress-strain diagram. 


ao = Ee 


ductile material 


When the material is stressed beyond the 
yield point, permanent deformation will 
occur. In particular, steel has a region of 
yielding, whereby the material will exhibit 
an increase in strain with no increase in 
stress. The region of strain hardening 
causes further yielding of the material 
with a corresponding increase in stress. 
Finally, at the ultimate stress, a localized 
region on the specimen will begin to 
constrict, forming a neck. It is after this 
that the fracture occurs. 


ultimate 


stress fracture 


stress 


Oo 
Ou 
o proportional limit 
elastic limit 
G ield stress 
Y 5 
Fpl 


| elastic yieldin strain 
_Tegion |. hardening 
elastic plastic behavior 
Ibehavior 
Ductile materials, such as most metals, 
exhibit both elastic and plastic behavior. . ; _ _ Ls — Lo Aha 
Wood is moderately ductile. Ductility is Fae . ( e) 
usually specified by the permanent ann 
elongation to failure or by the percent : 0 ey 
g y P Percent reduction of area = (100% ) 


reduction in the cross-sectional area. 
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Brittle materials exhibit little or no 
yielding before failure. Cast iron, concrete, 
and glass are typical examples. 


brittle material 


The yield point of a material at A can be 
increased by strain hardening. This is 
accomplished by applying a load that 
causes the stress to be greater than the 
yield stress, then releasing the load. The |e 
larger stress A’ becomes the new yield 
point for the material. 


elastic plastic 
region region 


permanent] _ elastic 
set recovery 


When a load is applied to a member, 
the deformations cause strain energy to 
be stored in the material. The strain 
energy per unit volume or strain energy 
density is equivalent to the area under 
the stress-strain curve. This area up to 
the yield point is called the modulus of 
resilience. The entire area under the stress— 
strain diagram is called the modulus of 
toughness. 


Enl 
Modulus of toughness 


Modulus of resilience 


Poisson’s ratio v is a dimensionless 
material property that relates the 
lateral strain to the longitudinal strain. 
Its range of values is0 = v = 0.5. 


Shear stress versus shear strain 
diagrams can also be established for 
a material. Within the elastic region, 
7 = Gy, where G is the shear 
modulus, found from the slope of the 
line. The value of v can be obtained 
from the relationship that exists 
between G, E and v. 
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When materials are in service for 
long periods of time, considerations 
of creep become important. Creep is 
the time rate of deformation, which 
occurs at high stress and/or high 
temperature. Design requires that 
the stress in the material not exceed 
an allowable stress which is based on 
the material’s creep strength. 


Fatigue can occur when the material 
undergoes a large number of cycles 
of loading. This effect will cause 
microscopic cracks to form, leading 
to a brittle failure. To prevent fatigue, 
the stress in the material must not 
exceed a specified endurance or 
fatigue limit. 
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] REVIEW PROBLEMS 


3-35. The elastic portion of the tension stress-strain 
diagram for an aluminum alloy is shown in the figure. The 
specimen used for the test has a gauge length of 2 in. and a 
diameter of 0.5 in. When the applied load is 9 kip, the new 
diameter of the specimen is 0.49935 in. Compute the shear 
modulus G,, for the aluminum. 


*3-36. The elastic portion of the tension stress-strain 
diagram for an aluminum alloy is shown in the figure. The 
specimen used for the test has a gauge length of 2 in. and a 
diameter of 0.5 in. If the applied load is 10 kip, determine 
the new diameter of the specimen. The shear modulus is 
Gay = 3.8(10°) ksi. 


e (in. /in.) 


0.00614 


Probs. 3-35/36 


3-37. The o-e diagram for elastic fibers that make up 
human skin and muscle is shown. Determine the modulus 
of elasticity of the fibers and estimate their modulus of 
toughness and modulus of resilience. 


o(psi) 


55. 


11 


l | 
1 2 2.25 


e(in./in.) 


Prob. 3-37 


3-38. A short cylindrical block of 6061-T6 aluminum, 
having an original diameter of 20 mm and a length of 
75 mm, is placed in a compression machine and squeezed 
until the axial load applied is 5kN. Determine (a) the 
decrease in its length and (b) its new diameter. 


3-39, The rigid beam rests in the horizontal position on 
two 2014-T6 aluminum cylinders having the unloaded lengths 
shown. If each cylinder has a diameter of 30 mm, determine 
the placement x of the applied 80-KN load so that the beam 
remains horizontal. What is the new diameter of cylinder A 
after the load is applied? v,, = 0.35. 


80 kN 


Prob. 3-39 


*3-40. The head H is connected to the cylinder of a 
compressor using six steel bolts. If the clamping force in 
each bolt is 800 lb, determine the normal strain in the 
bolts. Each bolt has a diameter of % in. If oy = 40 ksi and 
Eg = 29(10°) ksi, what is the strain in each bolt when the 
nut is unscrewed so that the clamping force is released? 


Prob. 3-40 


e3-41. The stone has a mass of 800 kg and center of gravity 
at G. It rests on a pad at A and a roller at B. The pad is fixed 
to the ground and has a compressed height of 30 mm, a 
width of 140 mm, and a length of 150 mm. If the coefficient 
of static friction between the pad and the stone is p, = 0.8, 
determine the approximate horizontal displacement of the 
stone, caused by the shear strains in the pad, before the 
stone begins to slip. Assume the normal force at A acts 
1.5 m from G as shown. The pad is made from a material 
having E = 4 MPa and v = 0.35. 


3-42. The bar DA is rigid and is originally held in the 
horizontal position when the weight W is supported from C. 
If the weight causes B to be displaced downward 0.025 in., 
determine the strain in wires DE and BC. Also, if the wires 
are made of A-36 steel and have a cross-sectional area of 
0.002 in?, determine the weight W. 
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3-43. The 8-mm-diameter bolt is made of an aluminum 
alloy. It fits through a magnesium sleeve that has an inner 
diameter of 12 mm and an outer diameter of 20 mm. If the 
original lengths of the bolt and sleeve are 80 mm and 
50 mm, respectively, determine the strains in the sleeve and 
the bolt if the nut on the bolt is tightened so that the tension 
in the bolt is 8 KN. Assume the material at A is rigid. 
Ey = 70 GPa, Em = 45 GPa. 


" 30 
a... 


Prob. 3-43 


*3-44, The A-36 steel wire AB has a cross-sectional area 
of 10 mm? and is unstretched when 6 = 45.0°. Determine 
the applied load P needed to cause 6 = 44.9°. 


400 


Prob. 3-44 


The string of drill pipe suspended from this traveling block on an oil rig is subjected 
to extremely large loadings and axial deformations. 


Axial Load 


CHAPTER OBJECTIVES 


In Chapter 1, we developed the method for finding the normal stress 
in axially loaded members. In this chapter we will discuss how to 
determine the deformation of these members, and we will also develop 
a method for finding the support reactions when these reactions cannot 
be determined strictly from the equations of equilibrium. An analysis 
of the effects of thermal stress, stress concentrations, inelastic 
deformations, and residual stress will also be discussed. 


4.1  Saint-Venant's Principle 


In the previous chapters, we have developed the concept of stress as a 
means of measuring the force distribution within a body and strain as 
a means of measuring a body’s deformation. We have also shown that 
the mathematical relationship between stress and strain depends on 
the type of material from which the body is made. In particular, if the 
material behaves in a linear elastic manner, then Hooke’s law applies, 
and there is a proportional relationship between stress and strain. 
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Load distorts lines 
located near load 


=} Lines located away 
from the load and support 
remain straight 


—Load distorts lines 
located near support 


Using this idea, consider the manner in which a rectangular bar will 
deform elastically when the bar is subjected to a force P applied along its 
centroidal axis, Fig. 4-1a. Here the bar is fixed connected at one end, with 
the force applied through a hole at its other end. Due to the loading, the 
bar deforms as indicated by the once horizontal and vertical grid lines 
drawn on the bar. Notice how the localized deformation that occurs 
at each end tends to even out and become uniform throughout the 
midsection of the bar. 

If the material remains elastic then the strains caused by this 
deformation are directly related to the stress in the bar. As a result, the 
stress will be distributed more uniformly throughout the cross-sectional 
area when the section is taken farther and farther from the point where 
any external load is applied. For example, consider a profile of the 
variation of the stress distribution acting at sections a—a, b—b, and c-c, 
each of which is shown in Fig. 4-15. By comparison, the stress tends 
to reach a uniform value at section c—c, which is sufficiently removed 
from the end since the localized deformation caused by P vanishes. 
The minimum distance from the bar’s end where this occurs can be 
determined using a mathematical analysis based on the theory of 
elasticity. 

It has been found that this distance should at least be equal to the 
largest dimension of the loaded cross section. Hence, section c—c should 
be located at a distance at least equal to the width (not the thickness) of 
the bar.* 


*When section c—c is so located, the theory of elasticity predicts the maximum stress to be 
Omax = 1.020 yp. 


4.1 


section a—a section b—-b section c—c 
(b) 
Fig. 4-1 (cont.) 


In the same way, the stress distribution at the support will also even 
out and become uniform over the cross section located the same distance 
away from the support. 

The fact that stress and deformation behave in this manner is referred 
to as Saint-Venant’s principle, since it was first noticed by the French 
scientist Barré de Saint-Venant in 1855. Essentially it states that the 
stress and strain produced at points in a body sufficiently removed from 
the region of load application will be the same as the stress and strain 
produced by any applied loadings that have the same statically equivalent 
resultant, and are applied to the body within the same region. For 
example, if two symmetrically applied forces P/2 act on the bar, 
Fig. 4-lc, the stress distribution at section c—c will be uniform and 
therefore equivalent to ay, = P/A as in Fig. 4-1b. 


Notice how the lines on this rubber membrane 
distort after it is stretched. The localized 
distortions at the grips smooth out as stated by 
Saint-Venant’s principle. 


SAINT-VENANT’S PRINCIPLE 


section c—c 


(c) 


Fave — A 
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4.2 Elastic Deformation of an Axially 
Loaded Member 


Using Hooke’s law and the definitions of stress and strain, we will now 
develop an equation that can be used to determine the elastic 
displacement of a member subjected to axial loads. To generalize the 
development, consider the bar shown in Fig. 4—2a, which has a cross- 
sectional area that gradually varies along its length L. The bar is subjected 
to concentrated loads at its ends and a variable external load distributed 
along its length. This distributed load could, for example, represent the 
weight of the bar if it does not remain horizontal, or friction forces acting 
on the bar’s surface. Here we wish to find the relative displacement 5 
(delta) of one end of the bar with respect to the other end as caused by 
this loading. We will neglect the localized deformations that occur at 
points of concentrated loading and where the cross section suddenly 
changes. From Saint-Venant’s principle, these effects occur within small 
regions of the bar’s length and will therefore have only a slight effect on 
the final result. For the most part, the bar will deform uniformly, so the 
normal stress will be uniformly distributed over the cross section. 

Using the method of sections, a differential element (or wafer) of length 
dx and cross-sectional area A(x) is isolated from the bar at the arbitrary 
position x. The free-body diagram of this element is shown in Fig. 4—2b. 
The resultant internal axial force will be a function of x since the external 
distributed loading will cause it to vary along the length of the bar. This 
load, P(x), will deform the element into the shape indicated by the dashed 
outline, and therefore the displacement of one end of the element with 
respect to the other end is dé. The stress and strain in the element are 


P(x) _ db 


= d = — 
o Abe an € = 


Provided the stress does not exceed the proportional limit, we can apply 
Hooke’s law; Le., 


P| 


a 
P(x) {fen 
| 


: bas 
(b) 
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For the entire length L of the bar, we must integrate this expression to 
find 6. This yields 
[ PP yar a 
Oo AGE a) 


6 = displacement of one point on the bar relative to the other point 


where 


L = original length of bar 


P(x) = internal axial force at the section, located a distance x from 
one end 


A(x) = cross-sectional area of the bar, expressed as a function of x 
E = modulus of elasticity for the material 


Constant Load and Cross-Sectional Area. In many cases 
the bar will have a constant cross-sectional area A; and the material will 
be homogeneous, so E is constant. Furthermore, if a constant external 
force is applied at each end, Fig. 4-3, then the internal force P 
throughout the length of the bar is also constant. As a result, Eq. 4-1 can 
be integrated to yield 


Ber 


Pa a 
AE 


(4-2) 


If the bar is subjected to several different axial forces along its length, or 
the cross-sectional area or modulus of elasticity changes abruptly from The vertical displacement at the top of these 
one region of the bar to the next, the above equation can be applied building columns depends upon the loading 
to each segment of the bar where these quantities remain constant. The applied ae padi the Boor auaeher 
displacement of one end of the bar with respect to the other is then found a a 
from the algebraic addition of the relative displacements of the ends of 
each segment. For this general case, 


(4-3) 


P<— od P 


Fig. 4-3 


124 CHAPTER 4 AXIAL LOAD 


Sign Convention. In order to apply Eq. 4-3, we must develop a 

z mils sign convention for the internal axial force and the displacement of one 
a 5 x end of the bar with respect to the other end. To do so, we will consider 
‘48 both the force and displacement to be positive if they cause tension 


and elongation, respectively, Fig. 4-4; whereas a negative force and 
displacement will cause compression and contraction, respectively. 

For example, consider the bar shown in Fig. 4-5Sa. The internal axial 
forces “P,” are determined by the method of sections for each segment, 
+P ey Fig. 4-55. They are Pyg = +5 KN, Ppc = —3 KN, Pop = —7 KN. This 

4 : variation in axial load is shown on the axial or normal force diagram for 
ia the bar, Fig. 4-5c. Since we now know how the internal force varies 


us throughout the bar’s length, the displacement of end A relative to end D 
Positive sign convention for P and 6 is determined from 
PL _ (5KN)Laz - (—3 KN) Lc z (-7 KN)Lep 


6 — 
ajo = AE AE AE AE 


If the other data are substituted and a positive answer is calculated, it 
means that end A will move away from end D (the bar elongates), 
whereas a negative result would indicate that end A moves toward 
end D (the bar shortens). The double subscript notation is used to 
indicate this relative displacement (6 4/p); however, if the displacement 
is to be determined relative to a fixed point, then only a single subscript 
will be used. For example, if D is located at a fixed support, then the 
displacement will be denoted as simply 64. 


SEN 8kN 4kN TKN 
rr 
A B Cc D 
|. Lap -- Lec -- Lep 
(a) 
P (kN) 
Pap =5KN 
5kN 4 
8kN 5 
—— Pgc = 3 KN x 
5 kN A B 3 al —— 
7 4 
Pcp = 7KN ——>_ <7 kn 
D 


(b) (c) 


Fig. 4-5 
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Important Points 


© Saint-Venant’s principle states that both the localized deformation and stress which occur within the 
regions of load application or at the supports tend to “even out” at a distance sufficiently removed from 
these regions. 


e The displacement of one end of an axially loaded member relative to the other end is determined by 
relating the applied internal load to the stress using 0 = P/A and relating the displacement to the strain using 
e = dé/dx. Finally these two equations are combined using Hooke’s law, 7 = Ee, which yields Eq. 4-1. 
Since Hooke’s law has been used in the development of the displacement equation, it is important that no 
internal load causes yielding of the material, and that the material is homogeneous and behaves in a linear 
elastic manner. 


Procedure for Analysis 


The relative displacement between any two points A and B on an axially loaded member can be determined 
by applying Eq. 4-1 (or Eq. 4-2). Application requires the following steps. 


Internal Force. 


© Use the method of sections to determine the internal axial force P within the member. 


e If this force varies along the member’s length due to an external distributed loading, a section should be 
made at the arbitrary location x from one end of the member and the force represented as a function of x, 
1. /PUGe)). 

If several constant external forces act on the member, the internal force in each segment of the member, 
between any two external forces, must be determined. 


For any segment, an internal tensile force is positive and an internal compressive force is negative. For 
convenience, the results of the internal loading can be shown graphically by constructing the normal-force 
diagram. 


Displacement. 


e When the member’s cross-sectional area varies along its length, the area must be expressed as a function of 
its position x, i.e., A(x). 
If the cross-sectional area, the modulus of elasticity, or the internal loading suddenly changes, then Eq. 4-2 
should be applied to each segment for which these quantities are constant. 


When substituting the data into Eqs. 4-1 through 4-3, be sure to account for the proper sign for the 
internal force P. Tensile loadings are positive and compressive loadings are negative. Also, use a consistent 
set of units. For any segment, if the result is a positive numerical quantity, it indicates elongation; if it is 
negative, it indicates a contraction. 
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EXAMPLE |4.1 


LOAD 


The A-36 steel bar shown in Fig. 4-6a is made from two segments 
having cross-sectional areas of A4pz =1in® and Agp = 2 in’. 
Determine the vertical displacement of end A and the displacement 
of B relative to C. 

15 kip 15 kip 15 kip 


4kip| |4kip  4kip| /4kip 
Pap = 1S kip 


SOLUTION 

Internal Force. Due to the application of the external loadings, the 
internal axial forces in regions AB, BC, and CD will all be different. 
These forces are obtained by applying the method of sections and the 
equation of vertical force equilibrium as shown in Fig. 4-6). This 
variation is plotted in Fig. 4—6c. 


Displacement. From the inside back cover, E, = 29(10°) ksi. 
Using the sign convention, i.e., internal tensile forces are positive and 
compressive forces are negative, the vertical displacement of A 
relative to the fixed support D is 


yes PL _ [+15 kip](2 ft)(12 in,/ft) : [+7 kip](1.5 ft) (12 in./ft) 
e AE (1 in’)[29(10°) kip/in?] (2 in’)[29(10°) kip/in?] 
[—9 kip](1 ft) (12 in./ft) 
(2 in’)[29(10°) kip/in7] 
= + 0.0127 in. Ans. 


Since the result is positive, the bar elongates and so the displacement 
at A is upward. 
Applying Eq. 4-2 between points B and C, we obtain, 


ele PgcLgc _ [+7 kip](1.5 ft) (12 in//ft) 
eT Agee (2 in?) [29(10°) kip/in?] 
Here B moves away from C, since the segment elongates. 


= +0.00217 in. Ans. 
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EXAMPLE |4.2 


The assembly shown in Fig. 4—7a consists of an aluminum tube AB 
having a cross-sectional area of 400 mm2. A steel rod having a diameter 
of 10 mm is attached to a rigid collar and passes through the tube. If a 
tensile load of 80 KN is applied to the rod, determine the displacement 
of the end C of the rod. Take E,, = 200 GPa, E,; = 70 GPa. 


SOLUTION 


Internal Force. The free-body diagram of the tube and rod segments 
in Fig. 4~7b, shows that the rod is subjected to a tension of 80 kN and the 
tube is subjected to a compression of 80 KN. 


Displacement. We will first determine the displacement of end C 
with respect to end B. Working in units of newtons and meters, we have 


PL [+80(10*) N](0.6 m) 
C/B AE 77(0.005 m)?[200(10°) N/m?] 


= +0.003056 m —> 


The positive sign indicates that end C moves fo the right relative to 
end B, since the bar elongates. 
The displacement of end B with respect to the fixed end A is 


PL [—80(10°) N](0.4 m) 


~ AE [400 mm2(10~) m2/mm2?][70(10°) N/m] 
= —0.001143 m = 0.001143 m > 


5p 


Here the negative sign indicates that the tube shortens, and so B 
moves to the right relative to A. 

Since both displacements are to the right, the displacement of C 
relative to the fixed end A is therefore 


(45) 5c = 8g + Sc/g = 0.001143 m + 0.003056 m 


= 0.00420 m = 4.20 mm > 
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EXAMPLE |4.3 


90 kN 
200 mm 


Rigid beam AB rests on the two short posts shown in Fig. 4-8a. AC is 


mn 400 ao made of steel and has a diameter of 20 mm, and BD is made of 
B 


aluminum and has a diameter of 40 mm. Determine the displacement 
of point F on AB if a vertical load of 90 KN is applied over this point. 
Take Ey, = 200 GPa, FE.) = 70 GPa. 


SOLUTION 


Internal Force. The compressive forces acting at the top of each 
post are determined from the equilibrium of member AB, Fig. 4-8). 
These forces are equal to the internal forces in each post, Fig. 4-8c. 


Displacement. The displacement of the top of each post is 


P4c= 60 kN 


Post AC: 


Pcl [—60(10°) N](0.300 m) 
AygcEs (0.010 m)*[200(10°) N/m7] 


ba = = —286(10~°) m 


= 0.286 mm | 
Post BD: 


Pale [-30(10*) N](0.300 m) ~6 
; ee _ = —102(10°°) m 
ee ® AgnEa — 77(0.020 m)*[70(10°) N/m] ae 


= 0.102 mm | 


A diagram showing the centerline displacements at A, B, and F on 
the beam is shown in Fig. 4-8d. By proportion of the blue shaded 
triangle, the displacement of point Fis therefore 


400 mm 


6p = 0.102 mm + (0.184 mm)( 2 ae 


) =0.225mm J. Ans. 


600 mm | 
0.102 mm i Fi AO0RRn B 


Lf 0.102 mm 
op 
0.184 mm 
(d) 


0.286 mm 


Fig. 4-8 
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EXAMPLE |4.4 


A member is made from a material that has a specific weight y and 
modulus of elasticity E. If it is in the form of a cone having the 
dimensions shown in Fig. 49a, determine how far its end is displaced 
due to gravity when it is suspended in the vertical position. 


SOLUTION 


Internal Force. The internal axial force varies along the member 
since it is dependent on the weight W(y) of a segment of the member 
below any section, Fig. 4-9b. Hence, to calculate the displacement, 
we must use Eq. 4-1. At the section located a distance y from its free 
end, the radius x of the cone as a function of y is determined by 
proportion; i.e., 


Since W = yV, the internal force at the section becomes 


2) 
= YT 3 


Displacement. The area of the cross section is also a function of 
position y, Fig. 4-9b. We have 


mr} 5 


A(y) = 


Applying Eq. 4-1 between the limits of y = 0 and y = L yields 


_ 2o dy pple dy 
0 0 


AE” Jo [walt] £ 


Ans. 


NOTE: As a partial check of this result, notice how the units of the 
terms, when canceled, give the displacement in units of length as 
expected. 
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i] FUNDAMENTAL PROBLEMS 


F4-1. The 20-mm-diameter A-36 steel rod is subjected 
to the axial forces shown. Determine the displacement of 
end C with respect to the fixed support at A. 


600 mm 1 400 mm 


50 kN 
<———= 40 kN 
A BL<~— C 
F. 


50 kN 


F4-2. Segments AB and CD of the assembly are solid 
circular rods, and segment BC is a tube. If the assembly 
is made of 6061-T6 aluminum, determine the displacement 
of end D with respect to end A. 


20 mm P 20 mm 
B Cc 
A| 1OKNG_n 15 KN| D 
10 kN < > 20 kN 
—> — 
10 kN I 15 EN’ 
400 mm 400 mm 400 mm 
30 mn ©) 40 mm 
Section a-a 
F42 


F4-3. The 30-mm-diameter A-36 steel rod is subjected to 
the loading shown. Determine the displacement of end A 
with respect to end C. 


F4-4. If the 20-mm-diameter rod is made of A-36 steel 
and the stiffness of the spring is k = 50 MN/m, determine 
the displacement of end A when the 60-KN force is applied. 


— B 

20) mm k =50MN/m 
t 

400 mm 


60 kN 


F4-4 


F4-5. The 20-mm-diameter 2014-T6 aluminum rod is 
subjected to the uniform distributed axial load. Determine 
the displacement of end A. 


F4-6. The 20-mm-diameter 2014-T6 aluminum rod is 
subjected to the triangular distributed axial load. 
Determine the displacement of end A. 


45 kN/m 
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E [PROBLEMS 


e4-1. The ship is pushed through the water using an A-36 
steel propeller shaft that is 8 m long, measured from the 
propeller to the thrust bearing D at the engine. If it has an 
outer diameter of 400 mm and a wall thickness of 50 mm, 
determine the amount of axial contraction of the shaft 
when the propeller exerts a force on the shaft of 5 KN. The 
bearings at B and C are journal bearings. 


CAT 


Prob. 4-1 


4-2. The copper shaft is subjected to the axial loads 
shown. Determine the displacement of end A with respect 
to end D. The diameters of each segment are dz = 3 in., 
dgc = 2in., and dcp = 1 in. Take E,, = 18(10°) ksi. 


4-3. The A-36 steel rod is subjected to the loading shown. 
If the cross-sectional area of the rod is 50 mm”, determine 
the displacement of its end D. Neglect the size of the 
couplings at B, C, and D. 


*4-4, The A-36 steel rod is subjected to the loading 
shown. If the cross-sectional area of the rod is 50 mm”, 
determine the displacement of C. Neglect the size of the 
couplings at B, C, and D. 


Probs. 4-3/4 


4-5. The assembly consists of a steel rod CB and an 
aluminum rod BA, each having a diameter of 12 mm. If the rod 
is subjected to the axial loadings at A and at the coupling B, 
determine the displacement of the coupling B and the end 
A. The unstretched length of each segment is shown in the 
figure. Neglect the size of the connections at B and C, and 
assume that they are rigid. E,, = 200 GPa, E,, = 70 GPa. 


18 kN 


Prob. 4-5 


4-6. The bar has a cross-sectional area of 3 in’, and 
E = 35(10°) ksi. Determine the displacement of its end A 
when it is subjected to the distributed loading. 


— 


7 Sa 

A 
<— <«——_ <«_ <_ <—_ 
4 ft - 


Prob. 4-6 


w = 500x!9 Ib/in. 


132 CHAPTER 4 AXIAL LOAD 


4-7. The load of 800 lb is supported by the four 304 stainless 
steel wires that are connected to the rigid members AB and 
DC. Determine the vertical displacement of the load if the 
members were horizontal before the load was applied. Each 
wire has a cross-sectional area of 0.05 in’. 


*4-8. The load of 800 lb is supported by the four 304 stain- 
less steel wires that are connected to the rigid members AB 
and DC. Determine the angle of tilt of each member after 
the load is applied. The members were originally horizontal, 
and each wire has a cross-sectional area of 0.05 in’. 


Probs. 4-7/8 


°4-9, The assembly consists of three titanium (Ti-6A1-4V) 
rods and a rigid bar AC. The cross-sectional area of each rod 
is given in the figure. If a force of 6 kip is applied to the ring 
F, determine the horizontal displacement of point F 


4-10. The assembly consists of three titanium (Ti-6A1-4V) 
rods and a rigid bar AC. The cross-sectional area of each rod 
is given in the figure. If a force of 6 kip is applied to the ring 
F, determine the angle of tilt of bar AC. 


Probs. 4—9/10 


4-11. The load is supported by the four 304 stainless steel 
wires that are connected to the rigid members AB and DC. 
Determine the vertical displacement of the 500-lb load if 
the members were originally horizontal when the load was 
applied. Each wire has a cross-sectional area of 0.025 in’. 


*4-12. The load is supported by the four 304 stainless 
steel wires that are connected to the rigid members AB and 
DC. Determine the angle of tilt of each member after the 
500-Ib load is applied. The members were originally 
horizontal, and each wire has a cross-sectional area of 
0.025 in’. 


Probs. 4-11/12 


e4-13. The bar has a length L and cross-sectional area A. 
Determine its elongation due to the force P and its own 
weight. The material has a specific weight y (weight/volume) 
and a modulus of elasticity E. 


P 


Prob. 4-13 
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4-14. The post is made of Douglas fir and has a diameter 
of 60 mm. If it is subjected to the load of 20 KN and the soil 
provides a frictional resistance that is uniformly distributed 
along its sides of w = 4kN/m, determine the force F at its 
bottom needed for equilibrium. Also, what is the displacement 
of the top of the post A with respect to its bottom B? 
Neglect the weight of the post. 


4-15. The post is made of Douglas fir and has a diameter 
of 60 mm. If it is subjected to the load of 20 KN and the soil 
provides a frictional resistance that is distributed along its 
length and varies linearly from w = 0 at y=0 tow= 
3kN/m at y = 2m, determine the force F at its bottom 
needed for equilibrium. Also, what is the displacement of 
the top of the post A with respect to its bottom B? Neglect 
the weight of the post. 


Probs. 4-14/15 


*4-16. The linkage is made of two pin-connected A-36 
steel members, each having a cross-sectional area of 1.5 in’. 
If a vertical force of P = 50 kip is applied to point A, 
determine its vertical displacement at A. 


e4-17. The linkage is made of two pin-connected A-36 
steel members, each having a cross-sectional area of 1.5 in2. 
Determine the magnitude of the force P needed to displace 
point A 0.025 in. downward. 


I 1.5 ft-+—-1.5 ft >| 


Probs. 4-16/17 


4-18. The assembly consists of two A-36 steel rods and a 
rigid bar BD. Each rod has a diameter of 0.75 in. If a force 
of 10 kip is applied to the bar as shown, determine the 
vertical displacement of the load. 


4-19. The assembly consists of two A-36 steel rods and a 
rigid bar BD. Each rod has a diameter of 0.75 in. If a force 
of 10 kip is applied to the bar, determine the angle of tilt of 
the bar. 


10 kip 


Probs. 4-18/19 


*4-20. The rigid bar is supported by the pin-connected 
rod CB that has a cross-sectional area of 500 mm? and is 
made of A-36 steel. Determine the vertical displacement of 
the bar at B when the load is applied. 


— 
{-— Bo, 


Prob. 4-20 


134 CHAPTER 4 AXIAL LOAD 


e421. A spring-supported pipe hanger consists of two 
springs which are originally unstretched and have a stiffness 
of k = 60 kN/m, three 304 stainless steel rods, AB and CD, 
which have a diameter of 5 mm, and EF, which has a 
diameter of 12 mm, and a rigid beam GH. If the pipe and 
the fluid it carries have a total weight of 4 KN, determine the 
displacement of the pipe when it is attached to the support. 


4-22. A spring-supported pipe hanger consists of two 
springs, which are originally unstretched and have a 
stiffness of k = 60 kN/m, three 304 stainless steel rods, AB 
and CD, which have a diameter of 5 mm, and EF, which has 
a diameter of 12 mm, and a rigid beam GH. If the pipe is 
displaced 82 mm when it is filled with fluid, determine the 
weight of the fluid. 


0.25 m 0.25 m 


Probs. 4—21/22 


4-23. The rod has a slight taper and length L. It is 
suspended from the ceiling and supports a load P at its end. 
Show that the displacement of its end due to this load is 
6 = PL/(wEror,). Neglect the weight of the material. The 
modulus of elasticity is E. 


i) 


—— 
" 
tp 


Prob. 4—23 


*4-24. Determine the relative displacement of one end of 
the tapered plate with respect to the other end when it is 
subjected to an axial load P. 


P 


Ao y 


t 


—— = ¥, 


7-4 


1, 


Prob. 4-24 


4-25. Determine the elongation of the A-36 steel member 
when it is subjected to an axial force of 30 KN. The member 
is 10 mm thick. Use the result of Prob. 4-24. 


+——0.5m 


Prob. 4—25 


4-26. The casting is made of a material that has a specific 
weight y and modulus of elasticity E. If it is formed into a 
pyramid having the dimensions shown, determine how far 
its end is displaced due to gravity when it is suspended in 
the vertical position. 


ie? 
0 


Prob. 4-26 
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4-27. The circular bar has a variable radius of r = roe 
and is made of a material having a modulus of elasticity 
of E. Determine the displacement of end A when it is 
subjected to the axial force P. 


Prob. 4-27 


*4-28. The pedestal is made in a shape that has a radius 
defined by the function r = 2/(2 + y"?) ft, where y is 
in feet. If the modulus of elasticity for the material is 
E = 14(10°) psi, determine the displacement of its top 
when it supports the 500-1b load. 


Prob. 4-28 


e4-29. The support is made by cutting off the two 
opposite sides of a sphere that has a radius ro. If the original 
height of the support is ro/2, determine how far it shortens 
when it supports a load P. The modulus of elasticity is E. 


Prob. 4-29 


4-30. The weight of the kentledge exerts an axial force of 
P = 1500 kN on the 300-mm diameter high strength 
concrete bore pile. If the distribution of the resisting skin 
friction developed from the interaction between the soil 
and the surface of the pile is approximated as shown, and 
the resisting bearing force F is required to be zero, 
determine the maximum intensity po kKN/m for equilibrium. 
Also, find the corresponding elastic shortening of the pile. 
Neglect the weight of the pile. 


Prob. 4-30 
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4.3 Principle of Superposition 


The principle of superposition is often used to determine the stress 
or displacement at a point in a member when the member is subjected 
to a complicated loading. By subdividing the loading into components, 
the principle of superposition states that the resultant stress or 
displacement at the point can be determined by algebraically summing 
the stress or displacement caused by each load component applied 
separately to the member. 

The following two conditions must be satisfied if the principle of 
superposition is to be applied. 


1. The loading must be linearly related to the stress or displacement 
that is to be determined. For example, the equations 7 = P/A and 
6 = PL/AE involve a linear relationship between P and o or 6. 


2. The loading must not significantly change the original geometry or 
configuration of the member. If significant changes do occur, the 
direction and location of the applied forces and their moment 
arms will change. For example, consider the slender rod shown in 
Fig. 4-10a, which is subjected to the load P. In Fig. 4-105, P is replaced 
by two of its components, P = P, + P,. If P causes the rod to deflect 
a large amount, as shown, the moment of the load about its support, 
Pd, will not equal the sum of the moments of its component loads, 
Pd # Pd, + Pyd>, because d, # d, # d. 


This principle will be used throughout this text whenever we assume 
Hooke’s law applies and also, the bodies that are considered will be such 
that the loading will produce deformations that are so small that the 
change in position and direction of the loading will be insignificant and 
can be neglected. 


(a) 
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4.4 Statically Indeterminate Axially 
Loaded Member 


Consider the bar shown in Fig. 4-11a which is fixed supported at both A 
of its ends. From the free-body diagram, Fig. 4-11, equilibrium requires 


+7>F =0; F,+F,-P=0 


This type of problem is called statically indeterminate, since the 
equilibrium equation(s) are not sufficient to determine the two reactions 
on the bar. 

In order to establish an additional equation needed for solution, it is 
necessary to consider how points on the bar displace. Specifically, an B 
equation that specifies the conditions for displacement is referred to (a) 
as a compatibility or kinematic condition. In this case, a suitable 
compatibility condition would require the displacement of one end of a 
the bar with respect to the other end to be equal to zero, since the end f oe 
supports are fixed. Hence, the compatibility condition becomes 


5d4/p = 0 | 
|! 


This equation can be expressed in terms of the applied loads by using | . 
a load-displacement relationship, which depends on the material 

behavior. For example, if linear-elastic behavior occurs, 6 = PL/AE can 
be used. Realizing that the internal force in segment AC is + Fy, and in 
segment CB the internal force is — Fz, Fig. 4-11c, the above equation can 


be written as { t 
F, E; B 


Assuming that AE is constant, then Fy = F3(Lceg/Lyc), so that using 
the equilibrium equation, the equations for the reactions become 


L¢ Lac 
Fz= o( £22) and F, = o( 24°) 


Since both of these results are positive, the direction of the reactions is 
shown correctly on the free-body diagram. 
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Most concrete columns are reinforced with 
steel rods; and since these two materials work 
together in supporting the applied load, the 
forces in each material become statically 
indeterminate. 


Important Points 


The principle of superposition is sometimes used to simplify 
stress and displacement problems having complicated loadings. 
This is done by subdividing the loading into components, then 
algebracially adding the results. 

Superposition requires that the loading be linearly related to the 
stress or displacement, and the loading does not significantly 
change the original geometry of the member. 

A problem is statically indeterminate if the equations of equilibrium 
are not sufficient to determine all the reactions on a member. 
Compatibility conditions specify the displacement constraints 
that occur at the supports or other points on a member. 


Procedure for Analysis 


The support reactions for statically indeterminate problems are 
determined by satisfying equilibrium, compatibility, and force- 
displacement requirements for the member. 


Equilibrium. 


Draw a free-body diagram of the member in order to identify all 
the forces that act on it. 

The problem can be classified as statically indeterminate if the 
number of unknown reactions on the free-body diagram is greater 
than the number of available equations of equilibrium. 


Write the equations of equilibrium for the member. 


Compatibility. 


Consider drawing a displacement diagram in order to investigate 
the way the member will elongate or contract when subjected to 
the external loads. 


Express the compatibility conditions in terms of the 
displacements caused by the loading. 


Use a load-displacement relation, such as 6 = PL/AE, to relate 
the unknown displacements to the reactions. 


Solve the equilibrium and compatibility equations for the 
reactions. If any of the results has a negative numerical value, it 
indicates that this force acts in the opposite sense of direction to 
that indicated on the free-body diagram. 
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EXAMPLE |4.5 


The steel rod shown in Fig. 4—12a has a diameter of 10 mm. It is fixed 
to the wall at A, and before it is loaded, there is a gap of 0.2 mm between 
the wall at B’ and the rod. Determine the reactions at A and B’ if the 
rod is subjected to an axial force of P = 20 kN as shown. Neglect the 
size of the collar at C.Take E,, = 200 GPa. 


SOLUTION 


Equilibrium. As shown on the free-body diagram, Fig. 4-12b, we 

will assume that force P is large enough to cause the rod’s end B to 

contact the wall at B’. The problem is statically indeterminate since P=20kN 
there are two unknowns and only one equation of equilibrium. rene | q 


45 YF, = 0; —F 4 — Fz + 20(10°)N =0 a (b) 


Compatibility. The force P causes point B to move to B’, with no 
further displacement. Therefore the compatibility condition for the 


rod is 
Fy <— 
ee Fp —>{— Fra 


This displacement can be expressed in terms of the unknown (c) 
reactions using the load—displacement relationship, Eq. 4-2, applied 
to segments AC and CB, Fig. 4-12c. Working in units of newtons and 
meters, we have 


Fulsc _ Falcs 
AE AE 


8z/a = 0.0002 m = 


F ,(0.4 m) 
ar(0.005 m)*[200(10°) N/m7] 


0.0002 m = 


7 F (0.8 m) 
ar(0.005 m)7[200(10°) N/m7] 


F (0.4m) — F,(0.8m) = 3141.59N-m (2) 

Solving Eqs. 1 and 2 yields 
F, = 16.0kN Fp = 4.05 kN Ans. 
Since the answer for Fz is positive, indeed end B contacts the wall at 


B' as originally assumed. 


NOTE: If Fs, were a negative quantity, the problem would be 
statically determinate, so that Fz = 0 and Fy = 20 KN. 
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EXAMPLE |4.6 


The aluminum post shown in Fig. 4-13a is reinforced with a brass 
core. If this assembly supports an axial compressive load of P = 9 kip, 
applied to the rigid cap, determine the average normal stress in 
the aluminum and the brass. Take £,, = 10(10°)ksi and 
Hee = 1S (0? csi, 


SOLUTION 


Equilibrium. The free-body diagram of the post is shown in 
Fig. 4-135. Here the resultant axial force at the base is represented by 
the unknown components carried by the aluminum, F,), and brass, 
F,,- The problem is statically indeterminate. Why? 

Vertical force equilibrium requires 


+T=F, = 0; Skip ak ee — 0 (1) 


Dee Compatibility. The rigid cap at the top of the post causes both the 
| E aluminum and brass to displace the same amount. Therefore, 


6a = Sor 


| Using the load—displacement relationships, 
| Fab _ Fyb 
Agk al Ane br 

4 5 


[| 
Bey 
F, _ in.)? — (1 in.)7] |[ 10(103) ksi 

(b) in.)? 15(103) ksi 


ey = 21s: 


Solving Eqs. 1 and 2 simultaneously yields 


F,, = 6 kip Fy, = 3 kip 


= 0.955 ksi ; ae : . 
os = Since the results are positive, indeed the stress will be compressive. 


The average normal stress in the aluminum and brass is therefore 
6 kip 
m((2in.)? — (1 in.)?] 


Oa = 0.637 ksi 


Cal = = 0.637 ksi Ans. 
3 kip 
a(1 in.) 


NOTE: Using these results, the stress distributions are shown in 
Fig. 4-13c. 


Op = = 0.955 ksi Ans. 
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EXAMPLE |4.7 


The three A-36 steel bars shown in Fig. 4-14a are pin connected to a 
rigid member. If the applied load on the member is 15 KN, determine 
the force developed in each bar. Bars AB and EF each have a cross- 
sectional area of 50 mm”, and bar CD has a cross-sectional area of 
30 mm’. 


SOLUTION 


Equilibrium. The free-body diagram of the rigid member is shown 
in Fig. 4-14b. This problem is statically indeterminate since there are 
three unknowns and only two available equilibrium equations. 


+T3IF, =0; F,+Fo+ Fz —-15kN=0 (1) 


(+2Mc = 0; —F,(0.4m) + 15kN(0.2m) + F,(04m)=0 (2) 


Compatibility. The applied load will cause the horizontal line ACE 
shown in Fig. 4-14c to move to the inclined line A’C’E’. The 
displacements of points A, C, and E can be related by similar triangles. 
Thus the compatibility equation that relates these displacements is 


64— 6: 8c — oF 
0.8 m 0.4m 


1 1 
Soi 6 
6c Aa 50k 


Using the load-displacement relationship, Eq. 4-2, we have 


Fob af Lae ar as | 


= + 
(30mm7)E,  21(50mm7)Ey 21 (50 mm?) Ey, 


Solving Eqs. 1-3 simultaneously yields 


F4 = 9.52kN 
Fo = 3.46kN 
Fy, = 2.02kN 
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EXAMPLE |4.8 


Final 
position 


Initial 
position 


(c) 


Fig. 4-15 


The bolt shown in Fig. 4-15a is made of 2014-T6 aluminum alloy and is 
tightened so it compresses a cylindrical tube made of Am 1004-T61 
magnesium alloy. The tube has an outer radius of 4 in., and it is assumed 
that both the inner radius of the tube and the radius of the bolt are j in. 
The washers at the top and bottom of the tube are considered to be 
rigid and have a negligible thickness. Initially the nut is hand tightened 
snugly; then, using a wrench, the nut is further tightened one-half turn. 
If the bolt has 20 threads per inch, determine the stress in the bolt. 


SOLUTION 

Equilibrium. The free-body diagram of a section of the bolt and the 
tube, Fig. 4-155, is considered in order to relate the force in the bolt 
F,, to that in the tube, F,. Equilibrium requires 


+TIF, = 0; F,— F,=0 (1) 


Compatibility. When the nut is tightened on the bolt, the tube 
will shorten 6,, and the bolt will elongate 6,, Fig. 4-15c. Since the 
nut undergoes one-half turn, it advances a distance of Olen in.) = 
0.025 in. along the bolt. Thus, the compatibility of these displacements 
requires 
(+1) 6, = 0.025 in. — 6, 
Taking the moduli of elasticity from the table on the inside back 
cover, and applying Eq. 4—2, yields 
F,(3 in.) 
a[(0.5 in.)? — (0.25 in.)7][6.48(10°) ksi] 
F,(3 in.) 
77(0.25 in.)*[10.6(10°) ksi] 
0.78595 F, = 25 — 1.4414F, 


0.025 in. — 


Solving Eqs. 1 and 2 simultaneously, we get 

F, = F, = 11.22 kip 
The stresses in the bolt and tube are therefore 
F, 11.22 kip 
Ap (0.25 in.)? 
F, 11.22 kip 
A, — a[(0.5in.)? — (0.25 in.)?] 
These stresses are less than the reported yield stress for each material, 


(oy)a1 = 60 ksi and (ay)mg = 22 ksi (see the inside back cover), and 
therefore this “elastic” analysis is valid. 


Op = = 57.2 ksi 


= 19.1 ksi 


Op a 
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4.5 The Force Method of Analysis 
for Axially Loaded Members 


It is also possible to solve statically indeterminate problems by writing 
the compatibility equation using the principle of superposition. This 
method of solution is often referred to as the flexibility or force method 
of analysis. To show how it is applied, consider again the bar in 
Fig. 4-16a. If we choose the support at B as “redundant” and temporarily 
remove its effect on the bar, then the bar will become statically 
determinate as in Fig. 4-16b. By using the principle of superposition, we 
must add back the unknown redundant load Fz, as shown in Fig. 4-16c. 
If load P causes B to be displaced downward by an amount dp, the (a) 
reaction Fz must displace end B of the bar upward by an amount dz, 
such that no displacement occurs at B when the two loadings are 
superimposed. Thus, 


No displacement at B 


(+1) 0 = dp — 3 


This equation represents the compatibility equation for displacements at 
point B, for which we have assumed that displacements are positive 


downward. 
Applying the load-displacement relationship to each case, we have 
dp = PLyac/AE and 63 = FzL/AE. Consequently, Displacement ar aouian 
redundant force at B 
is removed 
PL Fel 
0= AC B (b) 
AE AE 
aaa 
Fz = P| —— 
p= (= 


From the free-body diagram of the bar, Fig. 4-11), the reaction at A 
can now be determined from the equation of equilibrium, 


- Lac 2 
+ te = 0 P + F,-P=0 
L Displacement at B when 
only the redundant force at 


B is applied 


Since Log = L — Lyc, then 
(c) 


“2 
Fy, = P| — 
s= (= 


These results are the same as those obtained in Sec. 4.4, except that here 
we have applied the condition of compatibility to obtain one reaction 
and then the equilibrium condition to obtain the other. Fig. 4-16 
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Procedure for Analysis 


The force method of analysis requires the following steps. 
Compatibility. 


® Choose one of the supports as redundant and write the equation of compatibility. To do this, the known 
displacement at the redundant support, which is usually zero, is equated to the displacement at the 
support caused only by the external loads acting on the member plus (vectorially) the displacement at this 
support caused only by the redundant reaction acting on the member. 


Express the external load and redundant displacements in terms of the loadings by using a load— 
displacement relationship, such as 6 = PL/AE. 


Once established, the compatibility equation can then be solved for the magnitude of the redundant force. 


Equilibrium. 


e Draw a free-body diagram and write the appropriate equations of equilibrium for the member using the 
calculated result for the redundant. Solve these equations for any other reactions. 


EXAMPLE |4.9 


The A-36 steel rod shown in Fig. 4-17a has a diameter of 10 mm. It is 

fixed to the wall at A, and before it is loaded there is a gap between 

the wall at B’ and the rod of 0.2 mm. Determine the reactions at A 
P=20kN 0.2 and B’. Neglect the size of the collar at C. Take E,, = 200 GPa. 


a 
—— B SOLUTION 
800 mm 
400 m: 


Compatibility. Here we will consider the support at B’ as 
redundant. Using the principle of superposition, Fig. 4-17b, we have 


P=20KN 02 mm (4) 0.0002 m = 5p — 5, (1) 


The deflections 6p and 6g are determined from Eq. 4-2. 
Initial 3 
P=20kN II __ position | -5° Pie [20(10) N](0.4 m) 
I ’ AE ~~ 27(0.005 m)?[200(10°) N/m?] 
Final Pola F(1.20 m) 
® position ra) B= = 
AE a(0.005 m)?[200(10°) N/m7] 


= 0.5093(1073) m 


= 76.3944(10-°) Fz 


Substituting into Eq. 1, we get 
0.0002 m = 0.5093(107*) m — 76.3944(10°°) Fz 
Fz = 4.05(10°) N = 4.05 kN Ans. 
Equilibrium. From the free-body diagram, Fig. 4-17c, 
SYF,=0; —F4+20kN—4.05kKN=0 F,=16.0kN Ans. 
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E [PROBLEMS 


4-31. The column is constructed from high-strength 
concrete and six A-36 steel reinforcing rods. If it is subjected 
to an axial force of 30 kip, determine the average normal 
stress in the concrete and in each rod. Each rod has a 
diameter of 0.75 in. 


*4-32. The column is constructed from high-strength 
concrete and six A-36 steel reinforcing rods. If it is subjected 
to an axial force of 30 kip, determine the required diameter 
of each rod so that one-fourth of the load is carried by the 
concrete and three-fourths by the steel. 


4 in. 


30 kip 


Probs. 4—31/32 


e4-33. The steel pipe is filled with concrete and subjected 
to a compressive force of 80 kN. Determine the average 
normal stress in the concrete and the steel due to this 
loading. The pipe has an outer diameter of 80 mm and an 
inner diameter of 70 mm. E,, = 200 GPa, E, = 24 GPa. 


80 kN 


| 
eds 


mm 


Prob. 4-33 


4-34. The 304 stainless steel post A has a diameter of 
d = 2 in. and is surrounded by a red brass C83400 tube B. 
Both rest on the rigid surface. If a force of 5 kip is applied 
to the rigid cap, determine the average normal stress 
developed in the post and the tube. 


4-35. The 304 stainless steel post A is surrounded by a red 
brass C83400 tube B. Both rest on the rigid surface. If a 
force of 5 kip is applied to the rigid cap, determine the 
required diameter d of the steel post so that the load is 
shared equally between the post and tube. 


5 kip 
| B 
8 in. {3 in. 
TT os in, 
Probs. 4-34/35 


*4-36. The composite bar consists of a 20-mm-diameter 
A-36 steel segment AB and 50-mm-diameter red brass 
C83400 end segments DA and CB. Determine the average 
normal stress in each segment due to the applied load. 


e4-37. The composite bar consists of a 20-mm-diameter 
A-36 steel segment AB and 50-mm-diameter red brass 
C83400 end segments DA and CB. Determine the 
displacement of A with respect to B due to the applied 
load. 


500 mm +250 mm 
20 mm 
100 kN 


— 
100kN B 


A  75kN 


Probs. 4—36/37 
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4-38. The A-36 steel column, having a cross-sectional area 
of 18 in’, is encased in high-strength concrete as shown. If 
an axial force of 60 kip is applied to the column, determine 
the average compressive stress in the concrete and in the 
steel. How far does the column shorten? It has an original 
length of 8 ft. 


4-39. The A-36 steel column is encased in high-strength 
concrete as shown. If an axial force of 60 kip is applied to 
the column, determine the required area of the steel so that 
the force is shared equally between the steel and concrete. 
How far does the column shorten? It has an original length 
of 8 ft. 


60 kip 


Probs. 4—38/39 


*4-40. The rigid member is held in the position shown by 
three A-36 steel tie rods. Each rod has an unstretched length 
of 0.75 m and a cross-sectional area of 125 mm?. Determine 
the forces in the rods if a turnbuckle on rod EF undergoes 
one full turn. The lead of the screw is 1.5 mm. Neglect the 
size of the turnbuckle and assume that it is rigid. Note: The 
lead would cause the rod, when unloaded, to shorten 1.5 mm 
when the turnbuckle is rotated one revolution. 


Prob. 4—40 


e4-41. The concrete post is reinforced using six steel 
reinforcing rods, each having a diameter of 20 mm. 
Determine the stress in the concrete and the steel if the post 
is subjected to an axial load of 900 KN. Ey, = 200 GPa, 
E, = 25 GPa. 


4-42. The post is constructed from concrete and six A-36 
steel reinforcing rods. If it is subjected to an axial force of 
900 KN, determine the required diameter of each rod so that 
one-fifth of the load is carried by the steel and four-fifths by 
the concrete. Ey, = 200 GPa, E, = 25 GPa. 


Probs. 4—41/42 


4-43. The assembly consists of two red brass C83400 
copper alloy rods AB and CD of diameter 30 mm, a stainless 
304 steel alloy rod EF of diameter 40 mm, and a rigid cap G. 
If the supports at A, C and F are rigid, determine the 
average normal stress developed in rods AB, CD and EF. 


t D 
30 mm G 


Prob. 4—43 
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*4-44, The two pipes are made of the same material and 
are connected as shown. If the cross-sectional area of BC is 
A and that of CD is 2A, determine the reactions at B and D 
when a force P is applied at the junction C. 


Prob. 4—44 


e445. The bolt has a diameter of 20 mm and passes 
through a tube that has an inner diameter of 50 mm and an 
outer diameter of 60 mm. If the bolt and tube are made of 
A-36 steel, determine the normal stress in the tube and bolt 
when a force of 40 KN is applied to the bolt. Assume the end 
caps are rigid. 


Prob. 4—45 


4-46. If the gap between C and the rigid wall at D is 
initially 0.15 mm, determine the support reactions at A and 
D when the force P = 200 KN is applied. The assembly 
is made of A36 steel. 


-—0.15 mm 


Prob. 4—46 


4-47. Two A-36 steel wires are used to support the 650-lb 
engine. Originally, AB is 32 in. long and A’B’ is 32.008 in. 
long. Determine the force supported by each wire when the 
engine is suspended from them. Each wire has a cross- 
sectional area of 0.01 in’. 


Prob. 4—47 


*4-48. Rod AB has a diameter d and fits snugly between 
the rigid supports at A and B when it is unloaded. The 
modulus of elasticity is E. Determine the support reactions 
at A and B if the rod is subjected to the linearly distributed 
axial load. 


Po 


Prob. 4—48 
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e4-49, The tapered member is fixed connected at its ends 
A and B and is subjected to a load P = 7 kip at x = 30in. 
Determine the reactions at the supports. The material is 
2 in. thick and is made from 2014-T6 aluminum. 


4-50. The tapered member is fixed connected at its ends 
A and B and is subjected to a load P. Determine the location 
x of the load and its greatest magnitude so that the average 
normal stress in the bar does not exceed Oayow = 4 ksi. The 
member is 2 in. thick. 


6 in. P<— {3 in. 


x 60 in. ~ 


Probs. 4—49/50 


4-51. The rigid bar supports the uniform distributed load 
of 6 kip/ft. Determine the force in each cable if each cable 
has a cross-sectional area of 0.05 in’, and E = 31(10°) ksi. 


*4-52. The rigid bar is originally horizontal and is 
supported by two cables each having a cross-sectional area 
of 0.05in?, and E = 31(10°) ksi. Determine the slight 
rotation of the bar when the uniform load is applied. 


Probs. 4—51/52 


e4-53. The press consists of two rigid heads that are held 
together by the two A-36 steel 5-in.-diameter rods. A 6061- 
T6-solid-aluminum cylinder is placed in the press and the 
screw is adjusted so that it just presses up against the 
cylinder. If it is then tightened one-half turn, determine 
the average normal stress in the rods and in the cylinder. 
The single-threaded screw on the bolt has a lead of 0.01 in. 
Note: The lead represents the distance the screw advances 
along its axis for one complete turn of the screw. 


4-54. The press consists of two rigid heads that are held 
together by the two A-36 steel 5-in.-diameter rods. A 6061- 
T6-solid-aluminum cylinder is placed in the press and the 
screw is adjusted so that it just presses up against the 
cylinder. Determine the angle through which the screw can 
be turned before the rods or the specimen begin to yield. 
The single-threaded screw on the bolt has a lead of 0.01 in. 
Note: The lead represents the distance the screw advances 
along its axis for one complete turn of the screw. 


x 12 in. | 


kk 10 in. + 


Probs. 4—53/54 


4-55. The three suspender bars are made of A-36 steel 
and have equal cross-sectional areas of 450 mm’. 
Determine the average normal stress in each bar if the rigid 
beam is subjected to the loading shown. 


1m -- 1m 1m -- 1m—| 


Prob. 4-55 
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*4-56. The rigid bar supports the 800-lb load. Determine 
the normal stress in each A-36 steel cable if each cable has a 
cross-sectional area of 0.04 in’. 


e4-57. The rigid bar is originally horizontal and is 
supported by two A-36 steel cables each having a cross- 
sectional area of 0.04 in’. Determine the rotation of the bar 
when the 800-Ib load is applied. 


Probs. 4—56/57 


4-58. The horizontal beam is assumed to be rigid and 
supports the distributed load shown. Determine the vertical 
reactions at the supports. Each support consists of a wooden 
post having a diameter of 120 mm and an unloaded 
(original) length of 1.40 m.Take E,, = 12 GPa. 


4-59. The horizontal beam is assumed to be rigid and 
supports the distributed load shown. Determine the angle 
of tilt of the beam after the load is applied. Each support 
consists of a wooden post having a diameter of 120 mm and 
an unloaded (original) length of 1.40 m. Take £,, = 12 GPa. 


18 kN/m 


. 2m -+—1m—| 


Probs. 4—58/59 


*4-60. The assembly consists of two posts AD and CF 
made of A-36 steel and having a cross-sectional area of 
1000 mm”, and a 2014-T6 aluminum post BE having a cross- 
sectional area of 1500 mm”. If a central load of 400 KN is 
applied to the rigid cap, determine the normal stress in each 
post. There is a small gap of 0.1 mm between the post BE 
and the rigid member ABC. 


400 kN 
t 0.5m | 0.5m | 

| 

A B c 

0.4m 

Di E | Fa | 

| 
Prob. 4-60 


e4-61. The distributed loading is supported by the three 
suspender bars. AB and EF are made of aluminum and CD 
is made of steel. If each bar has a cross-sectional area of 
450mm’, determine the maximum intensity w of the 
distributed loading so that an allowable stress of (Gatiow)st = 
180 MPa in the steel and (Gajow)al = 94MPa in the 
aluminum is not exceeded. Ey = 200 GPa, FE.) = 70 GPa. 
Assume ACE is rigid. 


Prob. 4-61 
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4-62. The rigid link is supported by a pin at A, a steel wire 
BC having an unstretched length of 200 mm and cross- 
sectional area of 22.5 mm’, and a short aluminum block 
having an unloaded length of 50 mm and cross-sectional 
area of 40 mm”. If the link is subjected to the vertical load 
shown, determine the average normal stress in the wire and 
the block. E,, = 200 GPa, E,, = 70 GPa. 


4-63. The rigid link is supported by a pin at A, a steel wire 
BC having an unstretched length of 200 mm and cross- 
sectional area of 22.5 mm/?, and a short aluminum block 
having an unloaded length of 50 mm and cross-sectional area 
of 40 mm”. If the link is subjected to the vertical load shown, 
determine the rotation of the link about the pin A. Report 
the answer in radians. E,, = 200 GPa, E,,; = 70 GPa. 


Probs. 4—62/63 


*4-64. The center post B of the assembly has an original 
length of 124.7 mm, whereas posts A and C have a length of 
125 mm. If the caps on the top and bottom can be 
considered rigid, determine the average normal stress in 
each post. The posts are made of aluminum and have a 
cross-sectional area of 400 mm’. E,, = 70 GPa. 


Prob. 4-64 


e4-65. The assembly consists of an A-36 steel bolt and a 
C83400 red brass tube. If the nut is drawn up snug against 
the tube so that L = 75mm, then turned an additional 
amount so that it advances 0.02 mm on the bolt, determine 
the force in the bolt and the tube. The bolt has a diameter of 
7 mm and the tube has a cross-sectional area of 100 mm’. 


4-66. The assembly consists of an A-36 steel bolt and a 
C83400 red brass tube. The nut is drawn up snug against 
the tube so that L = 75mm. Determine the maximum 
additional amount of advance of the nut on the bolt so that 
none of the material will yield. The bolt has a diameter of 
7 mm and the tube has a cross-sectional area of 100 mm’. 


< L >| 


Probs. 4—65/66 


4-67. The three suspender bars are made of the same 
material and have equal cross-sectional areas A. Determine 
the average normal stress in each bar if the rigid beam ACE 
is subjected to the force P. 


4.6 Thermal Stress 


A change in temperature can cause a body to change its dimensions. 
Generally, if the temperature increases, the body will expand, whereas if 
the temperature decreases, it will contract. Ordinarily this expansion or 
contraction is linearly related to the temperature increase or decrease 
that occurs. If this is the case, and the material is homogeneous and 
isotropic, it has been found from experiment that the displacement of a 
member having a length L can be calculated using the formula 


6p AEE (44) 


where 


a = aproperty of the material, referred to as the linear coefficient 
of thermal expansion. The units measure strain per degree of 
temperature. They are 1/°F (Fahrenheit) in the FPS system, 
and 1/°C (Celsius) or 1/K (Kelvin) in the SI system. Typical 
values are given on the inside back cover 


AT = the algebraic change in temperature of the member 


i 
II 


the original length of the member 
dr = the algebraic change in the length of the member 


The change in length of a statically determinate member can easily be 
calculated using Eq. 44, since the member is free to expand or contract 
when it undergoes a temperature change. However, in a statically 
indeterminate member, these thermal displacements will be constrained 
by the supports, thereby producing thermal stresses that must be 
considered in design. Determining these thermal stresses is possible 
using the methods outlined in the previous sections. The following 
examples illustrate some applications. 
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ae nt 


Most traffic bridges are designed with a 


expansion joints to accommodate the 
thermal movement of the deck and thus 
avoid any thermal stress. 


Long extensions of ducts and pipes that 
carry fluids are subjected to variations in 
climate that will cause them to expand 
and contract. Expansion joints, such as the 
one shown, are used to mitigate thermal 
stress in the material. 
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EXAMPLE |4.10 


The A-36 steel bar shown in Fig. 4-18a is constrained to just fit 
between two fixed supports when 7, = 60°F. If the temperature is 
raised to T, = 120°F, determine the average normal thermal stress 
developed in the bar. 


SOLUTION 


Equilibrium. The free-body diagram of the bar is shown in 
Fig. 4-18b. Since there is no external load, the force at A is equal but 
opposite to the force at B; that is, 


+TXF, = 0; F,=F,R=F 


The problem is statically indeterminate since this force cannot be 
determined from equilibrium. 


Compatibility. Since 5,4), = 0, the thermal displacement 6; at A 
that occurs, Fig. 4-18c, is counteracted by the force F that is required 
to push the bar 6, back to its original position. The compatibility 
condition at A becomes 


(#1) Gain — 0 = 6; — op 


Applying the thermal and load-displacement relationships, we 
have 


FL 
= wane 
. AE 


Thus, from the data on the inside back cover, 
F = aATAE 
[6.60(10°°) /°F](120°F — 60°F)(0.5 in.)7[29(103) kip/in?] 
= 2871 kip 


Since F also represents the internal axial force within the bar, the 
average normal compressive stress is thus 


F 2.871 kip 
A (0.5 in.) 


= ILS ai Ans. 


NOTE: From the magnitude of F, it should be apparent that changes 
in temperature can cause large reaction forces in statically 
indeterminate members. 
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EXAMPLE |4.11 


The rigid beam shown in Fig. 4-19a is fixed to the top of the three + 300 mm—j--300 mm—1159 kN /m 
posts made of A-36 steel and 2014-T6 aluminum. The posts each have | | | | | | | | | | | 

a length of 250 mm when no load is applied to the beam, and the 
temperature is 7, = 20°C. Determine the force supported by each 
post if the bar is subjected to a uniform distributed load of 150 kN/m 
and the temperature is raised to T, = 80°C. 


SOLUTION 


Equilibrium. The free-body diagram of the beam is shown in Fig. 4-19b. 
Moment equilibrium about the beam’s center requires the forces in the 
steel posts to be equal. Summing forces on the free-body diagram, 
we have 


+TIF, = 0; 2Fy + Fa — 90(10°) N = 0 (1) 


Compatibility. Due to load, geometry, and material symmetry, the 
top of each post is displaced by an equal amount. Hence, 
(+4) Bs = Sat (2) 

The final position of the top of each post is equal to its displacement 
caused by the temperature increase, plus its displacement caused by 
the internal axial compressive force, Fig. 4-19c. Thus, for the steel and 
aluminum post, we have 
( als | ) 8st a 
( alg J ) dal a 
Applying Eq. 2 gives 

—(6s)r ate (Ss) F = —(8a)r te (Sai) F 

Using Eqs. 4-2 and 44 and the material properties on the inside back 
cover, we get 


(Sst) fe 
Initial Position 7 sez 
a 


Set = Sat (Sst)r Final Position 


F(0.250 m) 
ar(0.020 m)?[200(10°) N/m7] 

F (0.250 m) 
a(0.030 m)?[73.1(10°) N/m7] 
Fy = 1.216F 4 — 165.9(10°) (3) 


—[12(10~°)/°C](80°C — 20°C) (0.250 m) + 


= —[23(10°°)/°C](80°C — 20°C)(0.250 m) + 


To be consistent, all numerical data has been expressed in terms 
of newtons, meters, and degrees Celsius. Solving Eqs. 1 and 3 
simultaneously yields 


Fy = —-16.4kN Fy = 123kN Ans. 


The negative value for F,, indicates that this force acts opposite to 
that shown in Fig. 4-19b. In other words, the steel posts are in tension 
and the aluminum post is in compression. 
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EXAMPLE |4.12 


A 2014-T6 aluminum tube having a cross-sectional area of 600 mm? is 
used as a sleeve for an A-36 steel bolt having a cross-sectional area of 
400 mm’, Fig. 4-20a. When the temperature is T, = 15°C, the nut 
holds the assembly in a snug position such that the axial force in the 
bolt is negligible. If the temperature increases to T 2 = 80°C, 
determine the force in the bolt and sleeve. 


SOLUTION 


Equilibrium. The free-body diagram of a top segment of the 
assembly is shown in Fig. 4-206. The forces F;, and F, are produced 
since the sleeve has a higher coefficient of thermal expansion than the 
bolt, and therefore the sleeve will expand more when the temperature 
is increased. It is required that 


+T=F, = 0; (1) 


Compatibility. The temperature increase causes the sleeve and bolt 
to expand (6,)7 and (6,)7, Fig. 4-20c. However, the redundant forces 
F,, and F, elongate the bolt and shorten the sleeve. Consequently, the 
end of the assembly reaches a final position, which is not the same as 
its initial position. Hence, the compatibility condition becomes 


(+4) 5 = (85)r + (85)r = (5s)r — (8s)F 


il Applying Eqs. 4-2 and 4-4, and using the mechanical properties from 
the table on the inside back cover, we have 
[12(107°)/°C](80°C — 15°C)(0.150 m) + 
F,(0.150 m) 
(400 mm7)(10~° m?/mm7)[200(10°) N/m7] 
Initial = OVC om ° 
Boater = Jr = [23(10 ”)/°C](80°C — 15°C) (0.150 m) 
‘s)T 


6 
| dr oe = F,(0.150 m) 
position (600 mm7)(10~° m?/mm7)[73.1(10°) N/m7] 
Using Eq. 1 and solving gives 


F, = F, = 20.3kN Ans. 


NOTE: Since linear elastic material behavior was assumed in this 
analysis, the average normal stresses should be checked to make sure 
that they do not exceed the proportional limits for the material. 
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P [PROBLEMS 


*4-68. A steel surveyor’s tape is to be used to measure the 
length of a line. The tape has a rectangular cross section of 
0.05 in. by 0.2 in. and a length of 100 ft when 7, = 60°F and 
the tension or pull on the tape is 20 lb. Determine the 
true length of the line if the tape shows the reading to 
be 463.25 ft when used with a pull of 35 Ib at T, = 90°F. The 
ground on which it is placed is flat. ag = 9.60(10°°)/°F, 
Eg. = 29(103) ksi. 


Prob. 4-68 


e4-69. Three bars each made of different materials are 
connected together and placed between two walls when the 
temperature is T, = 12°C. Determine the force exerted 
on the (rigid) supports when the temperature becomes 
T, = 18°C. The material properties and cross-sectional 
area of each bar are given in the figure. 


Steel Brass Copper 
Ey, = 200 GPa Ey, =100GPa = Eq, = 120 GPa 
ag = 12(10-°) °C ay = 21110) °C. ey = 17(107°) °C 


Acy = 515 mm? 


Ag = 200mm? Abr = 450 mm? — 


Ie 300 mm- +|-— 200 mm - +| 
00 mm 


Prob. 4-69 


4-70. The rod is made of A-36 steel and has a diameter of 
0.25 in. If the rod is 4 ft long when the springs are compressed 
0.5 in. and the temperature of the rod is T = 40°F, determine 
the force in the rod when its temperature is T = 160°F. 


k = 1000 Ib/in. k = 1000 Ib/in. |. 


|/_— 4  ——+ 


Prob. 4-70 


4-71. A 6-ft-long steam pipe is made of A-36 steel with 
oy = 40ksi. It is connected directly to two turbines A 
and B as shown. The pipe has an outer diameter of 4 in. 
and a wall thickness of 0.25 in. The connection was made 
at T, = 70°F. If the turbines’ points of attachment are 
assumed rigid, determine the force the pipe exerts on 
the turbines when the steam and thus the pipe reach a 
temperature of T, = 275°F. 


*4-72. A 6-ft-long steam pipe is made of A-36 steel with 
oy = 40 ksi. It is connected directly to two turbines A and 
B as shown. The pipe has an outer diameter of 4 in. and a 
wall thickness of 0.25 in. The connection was made at 
T, = 70°F. If the turbines’ points of attachment are 
assumed to have a stiffness of k = 80(10°) kip/in., determine 
the force the pipe exerts on the turbines when the steam 
and thus the pipe reach a temperature of T, = 275°F. 


ima 


Probs. 4—-71/72 


e473. The pipe is made of A-36 steel and is connected to 
the collars at A and B. When the temperature is 60° F, there 
is no axial load in the pipe. If hot gas traveling through the 
pipe causes its temperature to rise by AT = (40 + 15x)°F, 
where x is in feet, determine the average normal stress in the 
pipe. The inner diameter is 2 in., the wall thickness is 0.15 in. 


4-74. The bronze C86100 pipe has an inner radius of 
0.5 in. and a wall thickness of 0.2 in. If the gas flowing 
through it changes the temperature of the pipe uniformly 
from T, = 200°F at A to Tg = 60°F at B, determine the 
axial force it exerts on the walls. The pipe was fitted between 
the walls when T = 60°F. 


~~] —————— a 
8 ft 
Probs. 4—73/74 
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4-75. The 40-ft-long A-36 steel rails on a train track are laid 
with a small gap between them to allow for thermal 
expansion. Determine the required gap 6 so that the rails just 
touch one another when the temperature is increased from 
T, = —20°F toT, = 90°F. Using this gap, what would be the 
axial force in the rails if the temperature were to rise to 
T; = 110°F? The cross-sectional area of each rail is 5.10 in”. 


1-6 6 th 
Bp 


— 


Prob. 4-75 


*4-76. The device is used to measure a change in temper- 
ature. Bars AB and CD are made of A-36 steel and 2014-T6 
aluminum alloy respectively. When the temperature is 
at 75°F, ACE is in the horizontal position. Determine the 
vertical displacement of the pointer at E when the 
temperature rises to 150°F. 


k— 0.25 in. —- 3 in. >| 


Prob. 4-76 


e4-77. The bar has a cross-sectional area A, length L, 
modulus of elasticity E, and coefficient of thermal 
expansion a. The temperature of the bar changes uniformly 
along its length from T 4 at A to T, at B so that at any point 
x along the bar T = T, + x(Tg — T,4)/L. Determine the 
force the bar exerts on the rigid walls. Initially no axial force 
is in the bar and the bar has a temperature of Ty. 


Ta Tp 


Prob. 4-77 


4-78. The A-36 steel rod has a diameter of 50 mm and is 
lightly attached to the rigid supports at A and B when 
T, = 80°C. If the temperature becomes T, = 20°C and an 
axial force of P = 200 KN is applied to its center, determine 
the reactions at A and B. 


4-79. The A-36 steel rod has a diameter of 50 mm and is 
lightly attached to the rigid supports at A and B when 
T, = 50°C. Determine the force P that must be applied to 
the collar at its midpoint so that, when T, = 30°C, the 
reaction at B is zero. 


0.5m ie 0.5m 


Probs. 4—78/79 


*4-80. The rigid block has a weight of 80 kip and is to be 
supported by posts A and B, which are made of A-36 steel, 
and the post C, which is made of C83400 red brass. If all the 
posts have the same original length before they are loaded, 
determine the average normal stress developed in each post 
when post C is heated so that its temperature is increased 
by 20°F. Each post has a cross-sectional area of 8 in. 


A Cc B 


— —— ft—| 


Prob. 4-80 


e4-81. The three bars are made of A-36 steel and form 
a pin-connected truss. If the truss is constructed when 
T, = 50°F, determine the force in each bar when 
T> = 110°F. Each bar has a cross-sectional area of 2 in’. 


4-82. The three bars are made of A-36 steel and form 
a pin-connected truss. If the truss is constructed when 
T, = 50°F, determine the vertical displacement of joint A 
when JT, = 150°F. Each bar has a cross-sectional area of 
2 in’. 


. 3 ft -. 3 ft 
Probs. 4-81/82 


4-83. The wires AB and AC are made of steel, and wire 
AD is made of copper. Before the 150-Ib force is applied, 
AB and AC are each 60 in. long and AD is 40 in. long. If 
the temperature is increased by 80°F, determine the 
force in each wire needed to support the load. Take 
Eg = 29(10°) ksi, Ey = 17(10°) ksi, ay = 8(10~°)/°F, 
Qe, = 9.60(10°)/°F. Each wire has a cross-sectional area of 
0.0123 in’. 


Prob. 4-83 
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*4-84, The AM1004-T61 magnesium alloy tube AB is 
capped with a rigid plate E. The gap between E and end C of 
the 6061-T6 aluminum alloy solid circular rod CD is 0.2 mm 
when the temperature is at 30° C. Determine the normal 
stress developed in the tube and the rod if the temperature 
rises to 80° C. Neglect the thickness of the rigid cap. 


e4-85. The AM1004-T61 magnesium alloy tube AB is 
capped with a rigid plate. The gap between E and end C of 
the 6061-T6 aluminum alloy solid circular rod CD is 0.2 mm 
when the temperature is at 30° C. Determine the highest 
temperature to which it can be raised without causing 
yielding either in the tube or the rod. Neglect the thickness 
of the rigid cap. 


25 mam 9-20 mm 


Section a-a 


A B 25mm 
a 
0.2 mm 
<—300 mm >| |+ 450 mm >| 
Probs. 4-84/85 


4-86. The steel bolt has a diameter of 7 mm and fits 
through an aluminum sleeve as shown. The sleeve has an 
inner diameter of 8 mm and an outer diameter of 10 mm. 
The nut at A is adjusted so that it just presses up against 
the sleeve. If the assembly is originally at a temperature 
of JT, = 20°C and then is heated to a temperature of 
Tz = 100°C, determine the average normal stress in the 
bolt and the sleeve. Ey = 200 GPa, F,,; = 70 GPa, ay = 
14(10°)/°C, ag, = 23(10°*)/°C. 


Prob. 4-86 
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This saw blade has grooves cut into it in 
order to relieve both the dynamic stress that 
develops within it as it rotates and the 
thermal stress that develops as it heats up. 
Note the small circles at the end of each 
groove. These serve to reduce the stress 
concentrations that develop at the end of 
each groove. 


4.7 Stress Concentrations 


In Sec. 4.1, it was pointed out that when an axial force is applied to a 
member, it creates a complex stress distribution within the localized 
region of the point of load application. Not only do complex stress 
distributions arise just under a concentrated loading, they can also arise 
at sections where the member’s cross-sectional area changes. For 
example, consider the bar in Fig. 4-21a, which is subjected to an axial 
force P. Here the once horizontal and vertical grid lines deflect into an 
irregular pattern around the hole centered in the bar. The maximum 
normal stress in the bar occurs on section a—a, which is taken through the 
bar’s smallest cross-sectional area. Provided the material behaves in a 
linear-elastic manner, the stress distribution acting on this section can be 
determined either from a mathematical analysis, using the theory of 
elasticity, or experimentally by measuring the strain normal to section 
a-a and then calculating the stress using Hooke’s law, o = Ee. 
Regardless of the method used, the general shape of the stress 
distribution will be like that shown in Fig. 4-21. In a similar manner, if 
the bar has a reduction in its cross section, achieved using shoulder fillets 
as in Fig. 4-22a, then again the maximum normal stress in the bar will 
occur at the smallest cross-sectional area, section a—a, and the stress 
distribution will look like that shown in Fig. 4-22b. 


7 Omax 


Distorted Average stress distribution 


(a) (c) 


Fig. 4-21 
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In both of these cases, force equilibrium requires the magnitude of the 
resultant force developed by the stress distribution to be equal to P. In 
other words, 


P= i o dA (4-5) 


This integral graphically represents the total volume under each of the 
stress-distribution diagrams shown in Fig. 4-21b or Fig. 4-22b. The 
resultant P must act through the centroid of each volume. 

In engineering practice, the actual stress distributions in Fig. 4-21b and 
Fig. 4-22b do not have to be determined. Instead, only the maximum 
stress at these sections must be known, and the member is then designed — giese concentrations often arise at sharp 
to resist this stress when the axial load P is applied. Specific values of this corners on heavy machinery. Engineers 
maximum normal stress can be determined by experimental methods or can mitigate this effect by using stiffeners 
by advanced mathematical techniques using the theory of elasticity. The Welded to the corners. 
results of these investigations are usually reported in graphical form using 
a stress-concentration factor K.We define K as a ratio of the maximum 
stress to the average normal stress acting at the cross section; i.e., 


coe (4-6) 


Tavg 


Provided K is known, and the average normal stress has been calculated 
from @jyg = P/A, where A is the smallest cross-sectional area, 
Figs. 4-21c and 4—22c, then the maximum normal stress at the cross 
section iS Omax = K(P/A). 


a 
Undistorted (b) 


Tavg 


Distorted Average stress distribution 


(a) (c) 


Fig. 4-22 
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(a) 


(b) 


Specific values of K are generally reported in handbooks related to 
stress analysis.* Examples are given in Figs. 4-24 and 4-25. Note that K 
is independent of the bar’s material properties; rather, it depends only 
on the bar’s geometry and the type of discontinuity. As the size r of 
the discontinuity is decreased, the stress concentration is increased. 
For example, if a bar requires a change in cross section, it has 
been determined that a sharp corner, Fig. 4—-23a, produces a stress- 
concentration factor greater than 3. In other words, the maximum 
normal stress will be three times greater than the average normal stress 
on the smallest cross section. However, this can be reduced to, say, 1.5 by 
introducing a fillet, Fig. 4-23b. A further reduction can be made by 
means of small grooves or holes placed at the transition, Fig. 4-23c and 
4-23d. In all of these cases these designs help to reduce the rigidity of the 
material surrounding the corners, so that both the strain and the stress 
are more evenly spread throughout the bar. 

The stress-concentration factors given in Figs. 4-24 and 4-25 were 
determined on the basis of a static loading, with the assumption that 
the stress in the material does not exceed the proportional limit. If the 
material is very brittle, the proportional limit may be at the fracture 
stress, and so for this material, failure will begin at the point of stress 
concentration. Essentially a crack begins to form at this point, and a 
higher stress concentration will develop at the tip of this crack. This, 
in turn, causes the crack to propagate over the cross section, resulting 
in sudden fracture. For this reason, it is very important to use stress- 
concentration factors in design when using brittle materials. On the 
other hand, if the material is ductile and subjected to a static load, it is 
often not necessary to use stress-concentration factors since any stress 
that exceeds the proportional limit will not result in a crack. Instead, 
the material will have reserve strength due to yielding and strain- 
hardening. In the next section we will discuss the effects caused by this 
phenomenon. 

Stress concentrations are also responsible for many failures of 
structural members or mechanical elements subjected to fatigue 
loadings. For these cases, a stress concentration will cause the material to 
crack if the stress exceeds the material’s endurance limit, whether or not 
the material is ductile or brittle. Here, the material /ocalized at the tip of 
the crack remains in a brittle state, and so the crack continues to grow, 
leading to a progressive fracture. As a result, one must seek ways to limit 
the amount of damage that can be caused by fatigue. 


*See Lipson, C. and R. C. Juvinall, Handbook of Stress and Strength, Macmillan. 
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Important Points 


Stress concentrations occur at sections where the cross-sectional 
area suddenly changes. The more severe the change, the larger 
the stress concentration. 


For design or analysis, it is only necessary to determine the 
maximum stress acting on the smallest cross-sectional area. This 
is done using a stress concentration factor, K, that has been 
determined through experiment and is only a function of the 
geometry of the specimen. 


Normally the stress concentration in a ductile specimen that is 
subjected to a static loading will not have to be considered in 
design; however, if the material is brittle, or subjected to fatigue 
loadings, then stress concentrations become important. 


Failure of this steel pipe in tension occurred 
at its smallest cross-sectional area, which is 
through the hole. Notice how the material 
yielded around the fractured surface. 
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*4.8 Inelastic Axial Deformation 


Up to this point we have only considered loadings that cause the 
material of a member to behave elastically. Sometimes, however, a 
member may be designed so that the loading causes the material to yield 
and thereby permanently deform. Such members are often made from a 
highly ductile metal such as annealed low-carbon steel having a 
stress-strain diagram that is similar to that of Fig. 3-6 and for simplicity 
can be modeled as shown in Fig. 4-26b. A material that exhibits this 
behavior is referred to as being elastic perfectly plastic or elastoplastic. 

To illustrate physically how such a material behaves, consider the bar 
in Fig. 4~26a, which is subjected to the axial load P. If the load causes an 
elastic stress o = 0, to be developed in the bar, then applying Eq. 4-5, 
equilibrium requires P = i o, dA = oA. Furthermore, the stress a; 
causes the bar to strain e€, as indicated on the stress-strain diagram, 
Fig. 4-26b. If P is now increased to P, such that it causes yielding of the 
material, that is, 7 = oy, then again P, = [oy dA = oyA. The load 
P,, is called the plastic load since it represents the maximum load that can 
be supported by an elastoplastic material. For this case, the strains are 
not uniquely defined. Instead, at the instant oy is attained, the bar is first 
subjected to the yield strain ey, Fig. 4-26b, after which the bar will 
continue to yield (or elongate) such that the strains €, then €3, etc., are 
generated. Since our “model” of the material exhibits perfectly plastic 
material behavior, this elongation will continue indefinitely with no 
increase in load. In reality, however, the material will, after some 
yielding, actually begin to strain-harden so that the extra strength it 
attains will stop any further straining. As a result, any design based on 
this behavior will be safe, since strain-hardening provides the potential 
for the material to support an additional load if necessary. 


O71 
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Consider now the case of a bar having a hole through it as shown in 
Fig. 4-27a. As the magnitude of P is increased, a stress concentration 
occurs in the material at the edge of the hole, on section a—a. The stress 
here will reach a maximum value of, say, Oma, = 0, and have a 
corresponding elastic strain of €,, Fig. 4-27b. The stresses and 
corresponding strains at other points on the cross section will be smaller, 
as indicated by the stress distribution shown in Fig. 4-27c. Equilibrium 
requires P = [odA. In other words, P is geometrically equivalent to 
the “volume” contained within the stress distribution. If the load is now 
increased to P’, so that o,,,, = oy, then the material will begin to yield 
outward from the hole, until the equilibrium condition P’ = [odA is 
satisfied, Fig. 4-27d. As shown, this produces a stress distribution that has 
a geometrically greater “volume” than that shown in Fig. 4-27c. A further 
increase in load will cause the material over the entire cross section to 
yield eventually. When this happens, no greater load can be sustained by 
the bar. This plastic load P, is shown in Fig. 4-27e. It can be calculated 
from the equilibrium condition 


| 


P, = | oyda=oyA ey, 
A 


O71 


where A is the bar’s cross-sectional area at section a—a. 
The following examples illustrate numerically how these concepts é 

apply to other types of problems for which the material has elastoplastic ee 

behavior. (b) 


Fig. 4-27 
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*4.9 Residual Stress 


If an axially loaded member or group of such members forms a statically 
indeterminate system that can support both tensile and compressive 
loads, then excessive external loadings, which cause yielding of the 
material, will create residual stresses in the members when the loads 
are removed. The reason for this has to do with the elastic recovery of the 
material that occurs during unloading. To show this, consider a prismatic 
member made from an elastoplastic material having the stress-strain 
diagram shown in Fig. 428. If an axial load produces a stress ay in the 
material and a corresponding plastic strain ec, then when the load is 
removed, the material will respond elastically and follow the line CD in 
order to recover some of the plastic strain. A recovery to zero stress at 
point O’ will be possible only if the member is statically determinate, 
since the support reactions for the member must be zero when the load is 
removed. Under these circumstances the member will be permanently 
deformed so that the permanent set or strain in the member is €y. 

If the member is statically indeterminate, however, removal of the 
external load will cause the support forces to respond to the elastic 
recovery CD. Since these forces will constrain the member from full 
recovery, they will induce residual stresses in the member. To solve a 
problem of this kind, the complete cycle of loading and then unloading 
of the member can be considered as the superposition of a positive load 
(loading) on a negative load (unloading). The loading, O to C, results in a 
plastic stress distribution, whereas the unloading, along CD, results only 
in an elastic stress distribution. Superposition requires the loads to 
cancel; however, the stress distributions will not cancel, and so residual 
stresses will remain. 


EXAMPLE |4.13 


The bar in Fig. 4-29a is made of steel that is assumed to be elastic 
perfectly plastic, with oy = 250 MPa. Determine (a) the maximum 
value of the applied load P that can be applied without causing the 
steel to yield and (b) the maximum value of P that the bar can support. 
Sketch the stress distribution at the critical section for each case. 


SOLUTION 

Part (a). When the material behaves elastically, we must use a 
stress-concentration factor determined from Fig. 4-24 that is unique 
for the bar’s geometry. Here 


iF 4mm 

= = 0.125 
h (40mm — 8mm) 
w 


40 mm 
= = 12 
h (40mm — 8mm) 2 


From the figure K ~ 1.75. The maximum load, without causing 
yielding, occurs when Omax= oy. The average normal stress is 
Taye = P/A. Using Eq. 4-6, we have 


PB 
y= x(**) 


250(10°) Pa = 1.75 


O max = KO ayg; 
Py 

(0.002 m)(0.032 m) 

Py = 9.14kN Ans. 


This load has been calculated using the smallest cross section. The 
resulting stress distribution is shown in Fig. 4-29). For equilibrium, 
the “volume” contained within this distribution must equal 9.14 kN. 


Part (b). The maximum load sustained by the bar will cause all the 
material at the smallest cross section to yield. Therefore, as P is 
increased to the plastic load P,, it gradually changes the stress 
distribution from the elastic state shown in Fig. 4-29b to the plastic 
state shown in Fig. 4—29c. We require 


250(10°) Pa = 
Se Se rT 
P, = 16. 


Here P,, equals the “volume” contained within the stress distribution, 
which in this case is P, = oy A. 


4.9 RESIDUAL STRESS 
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EXAMPLE |4.14 


» A C P=60kN Be 


> 
= 


Se 
 |——-_ 300 mm —_—_| 
100 mm 
(a) 


C P=60kN 


(b) 


The rod shown in Fig. 4—30a has a radius of 5 mm and is made of 
an elastic perfectly plastic material for which oy = 420 MPa, FE = 
70 GPa, Fig. 4-30c. If a force of P = 60 KN is applied to the rod and 
then removed, determine the residual stress in the rod. 


SOLUTION 
The free-body diagram of the rod is shown in Fig. 4-305. Application 
of the load P will cause one of three possibilities, namely, both 
segments AC and CB remain elastic, AC is plastic while CB is elastic, 
or both AC and CB are plastic.* 

An elastic analysis, similar to that discussed in Sec. 4.4, will produce 
Fy, = 45 kN and Fz, = 15 kN at the supports. However, this results in 
a stress of 


45 kN 
= = 573 MPa (compression) > = 420 MPa 
“ac ~ "(0.005 m)" (comp ye: 


15kN 
ar(0.005 m)? 


OcB = 191 MPa (tension) 


Since the material in segment AC will yield, we will assume that AC 
becomes plastic, while CB remains elastic. 
For this case, the maximum possible force developed in AC is 
(F,4)y = oyA = 420(10°) kN/m?[7(0.005 m)?] = 33.0 kN 
and from the equilibrium of the rod, Fig. 4-315, 
Fz = 60 kN — 33.0 kN = 27.0kN 
The stress in each segment of the rod is therefore 
OAc = oy = 420 MPa (compression) 


27.0 kN 
a(0.005 m)? 


OcR = = 344 MPa (tension) < 420 MPa (OK) 


*The possibility of CB becoming plastic before AC will not occur because when point C 
moves, the strain in AC (since it is shorter) will always be larger than the strain in CB. 


Residual Stress. In order to obtain the residual stress, it is also 
necessary to know the strain in each segment due to the loading. Since 
CB responds elastically, 


Felon (27.0 KN) (0.300 m) 
AE (0.005 m)"[70(10°) kN/m?] 


bc = = 0.001474 m 


8c 0.001474 m 
Pe ee so a00un 


= +0.004913 


be 0.001474 m 
Te rae mee 
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Here the yield strain is 


oy _ 420(10°) N/m? 


= 0.006 


“YE -70(10°) N/m? 


Therefore, when P is applied, the stress-strain behavior for the 
material in segment CB moves from O to A’, Fig. 4—-30c, and the stress— 
strain behavior for the material in segment AC moves from O to B’. If 
the load P is applied in the reverse direction, in other words, the load 
is removed, then an elastic response occurs and a reverse force of 
Fy, =45kN and Fg =15kN must be applied to each segment. 
As calculated previously, these forces now produce stresses 
oO ac = 573 MPa (tension) and ocgz = 191 MPa (compression), and as 
a result the residual stress in each member is 


(o-4c), = —420 MPa + 573 MPa = 153 MPa Ans. 


(ocp), = 344 MPa — 191 MPa = 153 MPa Ans. 


This residual stress is the same for both segments, which is to be 
expected. Also note that the stress-strain behavior for segment AC 
moves from B’ to D’ in Fig. 4-30c, while the stress—strain behavior for 
the material in segment CB moves from A’ to C’ when the load is 
removed. 


€¢p = 0.004913 


420 


(c) 
Fig. 4-30 (cont.) 
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EXAMPLE |4.15 


Two steel wires are used to lift the 
weight of 3 kip, Fig. 4-31a. Wire AB has 
an unstretched length of 20.00 ft and 
wire AC has an unstretched length of 
20.03 ft. If each wire has a cross- 
sectional area of 0.05 in?, and the steel 
20.00 ft | | 20.03 ft can be considered elastic perfectly 
plastic as shown by the o-e graph in 
Fig. 4-315, determine the force in each 
64p = O.03ift + O4c wire and its elongation. 
B 


Initial position 


Sac = SOLUTION 

pinalve vance the weight is supported by both 
(d) wires, then the stress in the wires 
depends on the corresponding strain. 
There are three possibilities, namely, the strains in both wires are 
elastic, wire AB is plastically strained while wire AC is elastically 
strained, or both wires are plastically strained. We will assume that AC 

remains elastic and AB is plastically strained. 
Investigation of the free-body diagram of the suspended weight, 
Fig. 4-31c, indicates that the problem is statically indeterminate. The 

equation of equilibrium is 


+T=F, =0; Tap + Tac — 3kip = 0 (1) 


Since AB becomes plastically strained then it must support its 
maximum load. 


Tap = oyAgp — 90 ksi (0105 in’) = 2.50 kip Ans. 


e (in./in.) 


Therefore, from Eq. 1, 
Tac = 9.500 kip Ans. 


Note that wire AC remains elastic as assumed since the stress in the 
wire is 7 4c = 0.500 kip/0.05 in? = 10 ksi < 50 ksi. The corresponding 
elastic strain is determined by proportion, Fig. 4-315; 1.e., 


Esc _ 0.0017 
10ksi 50 ksi 
Ec = 0.000340 


The elongation of AC is thus 
bac = (0.000340) (20.03 ft) = 0.00681 ft 
And from Fig. 4-31d, the elongation of AB is then 
dap = 0.03 ft + 0.00681 ft = 0.0368 ft 
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[PROBLEMS 


4-87. Determine the maximum normal stress developed 
in the bar when it is subjected to a tension of P = 8 KN. 


*4-88. If the allowable normal stress for the bar is 
Callow = 120 MPa, determine the maximum axial force P 
that can be applied to the bar. 


40 mm 


Probs. 4-87/88 


e4-89. The member is to be made from a steel plate that is 
0.25 in. thick. If a 1-in. hole is drilled through its center, de- 
termine the approximate width w of the plate so that it can 
support an axial force of 3350 lb. The allowable stress is 
Oallow — 22 ksi. 


0.25 in. 


al 


3350 lb <—— 3350 Ib 


1 in. 


Prob. 4-89 


4-90. The A-36 steel plate has a thickness of 12 mm. If 
there are shoulder fillets at B and C, and @ayjoy = 150 MPa, 
determine the maximum axial load P that it can support. 
Calculate its elongation, neglecting the effect of the fillets. 


r=30mm 


60 mm 


Prob. 4-90 


4-91. Determine the maximum axial force P that can be 
applied to the bar. The bar is made from steel and has an 
allowable stress of Oayow = 21 ksi. 


*4-92. Determine the maximum normal stress developed 
in the bar when it is subjected to a tension of P = 2 kip. 


0.125 in. 
[12s in. 


1.875 in. 


r = 0.25 in. 
0.75 in. 


Probs. 4—91/92 


e4-93, Determine the maximum normal stress developed 
in the bar when it is subjected to a tension of P = 8 KN. 


5mm 
f 30 mm 


Prob. 4-93 


4-94. The resulting stress distribution along section AB 
for the bar is shown. From this distribution, determine the 
approximate resultant axial force P applied to the bar. Also, 
what is the stress-concentration factor for this geometry? 


0.5 in. 


7 lin. 
bef . 
sig l 


Prob. 4-94 
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4-95. The resulting stress distribution along section AB 
for the bar is shown. From this distribution, determine the 
approximate resultant axial force P applied to the bar. Also, 
what is the stress-concentration factor for this geometry? 


0.5 in. 


Prob. 4-95 
*4-96. The resulting stress distribution along section AB 
for the bar is shown. From this distribution, determine the 
approximate resultant axial force P applied to the bar. Also, 
what is the stress-concentration factor for this geometry? 


10 mm 


20 mm 


-—30 MPa 


Prob. 4-96 


°4-97, The 300-kip weight is slowly set on the top of a post 
made of 2014-T6 aluminum with an A-36 steel core. If both 
materials can be considered elastic perfectly plastic, 
determine the stress in each material. 


Aluminum 
2 in. 


Steel 


Prob. 4-97 


4-98. The bar has a cross-sectional area of 0.5 in? and is 
made of a material that has a stress-strain diagram that 
can be approximated by the two line segments shown. 
Determine the elongation of the bar due to the applied 


loading. 
| A B 8kip_ C Skip 
} 5 ft +-— 2 ft — 


o(ksi) 


iz 


20 


e (in./in.) 
0.001 0.021 


Prob. 4-98 


4-99. The rigid bar is supported by a pin at A and two 
steel wires, each having a diameter of 4 mm. If the yield 
stress for the wires is ay = 530 MPa, and F,, = 200 GPa, 
determine the intensity of the distributed load w that can 
be placed on the beam and will just cause wire EB to 
yield. What is the displacement of point G for this case? 
For the calculation, assume that the steel is elastic 
perfectly plastic. 


*4-100. The rigid bar is supported by a pin at A and two 
steel wires, each having a diameter of 4 mm. If the yield 
stress for the wires is ay = 530 MPa, and F,, = 200 GPa, 
determine (a) the intensity of the distributed load w that 
can be placed on the beam that will cause only one of the 
wires to start to yield and (b) the smallest intensity of 
the distributed load that will cause both wires to yield. For 
the calculation, assume that the steel is elastic perfectly 
plastic. 


METI 


{| 


le 250 >| 
t mm rer mm 


|-—— 400 mm 


+ 


Probs. 4—99/100 


e4-101. The rigid lever arm is supported by two A-36 steel 
wires having the same diameter of 4 mm. If a force of 
P =3 KN is applied to the handle, determine the force 
developed in both wires and their corresponding elongations. 
Consider A-36 steel as an elastic-perfectly plastic material. 


4-102. The rigid lever arm is supported by two A-36 steel 
wires having the same diameter of 4 mm. Determine the 
smallest force P that will cause (a) only one of the wires to 
yield; (b) both wires to yield. Consider A-36 steel as an 
elastic-perfectly plastic material. 


Probs. 4—101/102 


4-103. The three bars are pinned together and subjected 
to the load P. If each bar has a cross-sectional area A, length 
L, and is made from an elastic perfectly plastic material, for 
which the yield stress is ay, determine the largest load 
(ultimate load) that can be supported by the bars, i-e., the 
load P that causes all the bars to yield. Also, what is the 
horizontal displacement of point A when the load reaches 
its ultimate value? The modulus of elasticity is E. 
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*4-104. The rigid beam is supported by three 25-mm 
diameter A-36 steel rods. If the beam supports the force of 
P = 230 kN, determine the force developed in each rod. 
Consider the steel to be an elastic perfectly-plastic material. 


e4-105. The rigid beam is supported by three 25-mm 
diameter A-36 steel rods. If the force of P = 230 KN is 
applied on the beam and removed, determine the residual 
stresses in each rod. Consider the steel to be an elastic 
perfectly-plastic material. 


th 


= 400 ee 400 - 400 mm—| 


Probs. 4—104/105 


4-106. The distributed loading is applied to the rigid 
beam, which is supported by the three bars. Each bar has a 
cross-sectional area of 1.25 in? and is made from a material 
having a stress-strain diagram that can be approximated by 
the two line segments shown. If a load of w = 25 kip/ft is 
applied to the beam, determine the stress in each bar and 
the vertical displacement of the beam. 


4-107. The distributed loading is applied to the rigid 
beam, which is supported by the three bars. Each bar has 
a cross-sectional area of 0.75 in? and is made from a 
material having a stress-strain diagram that can be 
approximated by the two line segments shown. Determine 
the intensity of the distributed loading w needed to cause 
the beam to be displaced downward 1.5 in. 


Prob. 4-103 


o(ksi) 
60 
36 
0.0012 (f° 
Probs. 4—106/107 
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*4-108. The rigid beam is supported by the three posts A, 
B, and C of equal length. Posts A and C have a diameter of 
75 mm and are made of aluminum, for which E,; = 70 GPa 
and (ay)a; = 20 MPa. Post B has a diameter of 20 mm and 
is made of brass, for which F,, = 100GPa and 
(7y)pr = 590 MPa. Determine the smallest magnitude of P 
so that (a) only rods A and C yield and (b) all the posts yield. 


e4-109. The rigid beam is supported by the three posts 
A, B, and C. Posts A and C have a diameter of 60 mm 
and are made of aluminum, for which F,, = 70 GPa and 
(ay)a1 = 20MPa. Post B is made of brass, for which 
Ey, = 100 GPa and (ay), = 590 MPa. If P = 130 kN, 
determine the largest diameter of post B so that all the 
posts yield at the same time. 


2 m—|—2 m—~--2 m—}.—-2 m—| 


Probs. 4—108/109 
4-110. The wire BC has a diameter of 0.125 in. and the 
material has the stress-strain characteristics shown in the 
figure. Determine the vertical displacement of the handle at 


D if the pull at the grip is slowly increased and reaches a 
magnitude of (a) P = 450 lb, (b) P = 600 Ib. 


; 50 in. ~.~— 30 in.— 
P 
a (ksi) 
80 
10 |—_7F 
e (in. /in.) 
0.007 0.12 


Prob. 4-110 


4-111. The bar having a diameter of 2 in. is fixed 
connected at its ends and supports the axial load P. If the 
material is elastic perfectly plastic as shown by the 
stress—strain diagram, determine the smallest load P needed 
to cause segment CB to yield. If this load is released, 
determine the permanent displacement of point C. 


*4-112. Determine the elongation of the bar in 
Prob. 4-111 when both the load P and the supports are 
removed. 


20 


e (in. /in.) 


0.001 


Probs. 4—111/112 


e4-113. A material has a stress-strain diagram that can be 
described by the curve o = ce”. Determine the deflection 
6 of the end of a rod made from this material if it has a 
length L, cross-sectional area A, and a specific weight y. 


Prob. 4-113 


CHAPTER REVIEW 


When a loading is applied at a point on a body, it 
tends to create a stress distribution within the body 
that becomes more uniformly distributed at regions 
removed from the point of application of the load. 
This is called Saint-Venant’s principle. 
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The relative displacement at the end of an axially 
loaded member relative to the other end is 
determined from 


A Li2\(s2)) ob 
7 / AE 


If a series of concentrated external axial forces are 
applied to a member and AF is also constant for 
the member, then 


6= 320 
AE 
For application, it is necessary to use a sign 
convention for the internal load P and displacement 
6. We considered tension and elongation as positive 
values. Also, the material must not yield, but rather 
it must remain linear elastic. 


Superposition of load and displacement is possible 
provided the material remains linear elastic and 
no significant changes in the geometry of the 
member occur after loading. 


The reactions on a statically indeterminate bar can 
be determined using the equilibrium equations 
and compatibility conditions that specify the 
displacement at the supports. These displacements 
are related to the loads using a load—displacement 
relationship such as 6 = PL/AE. 


174 CHAPTER 4 AXIAL LOAD 


A change in temperature can cause a member 
made of homogeneous isotropic material to change 
its length by 


= aATL 


If the member is confined, this change will produce 
thermal stress in the member. 


Holes and sharp transitions at a cross section will 
create stress concentrations. For the design of a 
member made of brittle material one obtains the 
stress concentration factor K from a graph, which 
has been determined from experiment. This value is 
then multiplied by the average stress to obtain the 
maximum stress at the cross section. 


Omax — KoOayg 


If the loading in a bar made of ductile material 
causes the material to yield, then the stress 
distribution that is produced can be determined 
from the strain distribution and the stress-strain 
diagram. Assuming the material is perfectly plastic, 
yielding will cause the stress distribution at the 
cross section of a hole or transition to even out and 
become uniform. 


If a member is constrained and an external loading 
causes yielding, then when the load is released, it 
will cause residual stress in the member. 
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gz CONCEPTUAL PROBLEMS 


p4-1 
P4-1. The concrete footing A was poured when this column P4-2. The row of bricks, along with mortar and an internal 
was put in place. Later the rest of the foundation slab was steel reinforcing rod, was intended to serve as a lintel beam to 
poured. Can you explain why the 45° cracks occurred at each support the bricks above this ventilation opening on an 
corner? Can you think of a better design that would avoid exterior wall of a building. Explain what may have caused the 


such cracks? bricks to fail in the manner shown. 
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[ REVIEW PROBLEMS 


4-114. The 2014-T6 aluminum rod has a diameter of 0.5 in. 
and is lightly attached to the rigid supports at A and B when 
T, = 70°F. If the temperature becomes T, = —10°F, and 
an axial force of P = 16 lb is applied to the rigid collar as 
shown, determine the reactions at A and B. 


4-115. The 2014-T6 aluminum rod has a diameter of 
0.5 in. and is lightly attached to the rigid supports at A 
and B when 7, = 70°F. Determine the force P that must 
be applied to the collar so that, when T = 0°F, the 
reaction at B is zero. 


— ie Sin. bh 


Probs. 114/115 


*4-116. The rods each have the same 25-mm diameter 
and 600-mm length. If they are made of A-36 steel, 
determine the forces developed in each rod when the 
temperature increases to 50° C. 


Prob. 4-116 


e4-117. Two A-36 steel pipes, each having a cross- 
sectional area of 0.32 in’, are screwed together using a 
union at B as shown. Originally the assembly is adjusted so 
that no load is on the pipe. If the union is then tightened 
so that its screw, having a lead of 0.15 in., undergoes two full 
turns, determine the average normal stress developed in the 
pipe. Assume that the union at B and couplings at A and C 
are rigid. Neglect the size of the union. Note: The lead would 
cause the pipe, when unloaded, to shorten 0.15 in. when the 
union is rotated one revolution. 


Prob. 4-117 


4-118. The brass plug is force-fitted into the rigid casting. 
The uniform normal bearing pressure on the plug is 
estimated to be 15 MPa. If the coefficient of static friction 
between the plug and casting is uw, = 0.3, determine the 
axial force P needed to pull the plug out. Also, calculate the 
displacement of end B relative to end A just before the plug 
starts to slip out. F,, = 98 GPa. 


150 mm 


}+-—100 mm — + 


Prob. 4-118 


4-119. The assembly consists of two bars AB and CD of 
the same material having a modulus of elasticity E,; and 
coefficient of thermal expansion a1, and a bar EF having a 
modulus of elasticity EF, and coefficient of thermal 
expansion a. All the bars have the same length L and 
cross-sectional area A. If the rigid beam is originally 
horizontal at temperature 7, determine the angle it makes 
with the horizontal when the temperature is increased 
to T>. 


Prob. 4-119 
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*4-120. The rigid link is supported by a pin at A and two 
A-36 steel wires, each having an unstretched length of 12 in. 
and cross-sectional area of 0.0125 in’. Determine the force 
developed in the wires when the link supports the vertical 
load of 350 lb. 


350 Ib 


Prob. 4-120 


The torsional stress and angle of twist of this soil auger depend upon the output of 
the machine turning the bit as well as the resistance of the soil in contact with the 
shaft. 


Torsion 


CHAPTER OBJECTIVES 


In this chapter we will discuss the effects of applying a torsional 
loading to a long straight member such as a shaft or tube. Initially we 
will consider the member to have a circular cross section. We will show 
how to determine both the stress distribution within the member and 
the angle of twist when the material behaves in a linear elastic manner 
and also when it is inelastic. Statically indeterminate analysis of shafts 
and tubes will also be discussed, along with special topics that include 
those members having noncircular cross sections. Lastly, stress 
concentrations and residual stress caused by torsional loadings will be 
given special consideration. 


5.1. Torsional Deformation 
of a Circular Shaft 


Torque is a moment that tends to twist a member about its longitudinal 
axis. Its effect is of primary concern in the design of axles or drive shafts 
used in vehicles and machinery. We can illustrate physically what 
happens when a torque is applied to a circular shaft by considering 
the shaft to be made of a highly deformable material such as rubber, 
Fig. 5—la. When the torque is applied, the circles and longitudinal grid 
lines originally marked on the shaft tend to distort into the pattern 
shown in Fig. 5—1b. Note that twisting causes the circles to remain circles, 
and each longitudinal grid line deforms into a helix that intersects the 
circles at equal angles. Also, the cross sections from the ends along the 
shaft will remain flat—that is, they do not warp or bulge in or out—and 
radial lines remain straight during the deformation, Fig. 5—1b. From these 
observations we can assume that if the angle of twist is small, the length 
of the shaft and its radius will remain unchanged. 


179 


180 


Circles remain 
circular 
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If the shaft is fixed at one end and a torque is applied to its other end, 
the dark green shaded plane in Fig. 5—2 will distort into a skewed form as 
shown. Here a radial line located on the cross section at a distance x from 
the fixed end of the shaft will rotate through an angle d(x). The angle 
(x), so defined, is called the angle of twist. It depends on the position x 
and will vary along the shaft as shown. 

In order to understand how this distortion strains the material, we will 
now isolate a small element located at a radial distance p (rho) from the 
axis of the shaft, Fig. 5—3. Due to the deformation as noted in Fig. 5—2, the 
front and rear faces of the element will undergo a rotation—the back 
face by $(x), and the front face by f(x) + Ad. Asa result, the difference 
in these rotations, Ad, causes the element to be subjected to a shear 
strain. To calculate this strain, note that before deformation the angle 
between the edges AB and AC is 90°; after deformation, however, the 
edges of the element are AD and AC and the angle between them is 6’. 
T From the definition of shear strain, Eq. 2-4, we have 


Longitudinal 
lines become 
twisted aT 


Radial lines 
remain straight 


After deformation 


(b) 
Fig. 5-1 


Deformed 
plane 


Notice the deformation of the rectangular The angle of twist (x) increases as x increases. 
element when this rubber bar is subjected 


to a torque. 


Fig. 5-2 
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This angle, y, is indicated on the element. It can be related to the length 
Ax of the element and the angle Ad between the shaded planes by 
considering the length of arc BD, that is 


BD = pAd = Axy 


Therefore, if we let Ax — dx and Ad > dd, 


1S eo . (S-1) 


Since dx and d¢ are the same for all elements located at points on the 
cross section at x, then df/dx is constant over the cross section, and 
Eq. 5-1 states that the magnitude of the shear strain for any of these 
elements varies only with its radial distance p from the axis of the shaft. 
In other words, the shear strain within the shaft varies linearly along any 
radial line, from zero at the axis of the shaft to a maximum yjy,,,, at its 
outer boundary, Fig. 5—4. Since db/dx = y/p = Ymax/c, then 


= (2 ms (5-2) 


The results obtained here are also valid for circular tubes. They 
depend only on the assumptions regarding the deformations mentioned 
above. 


The shear strain at points on 
the cross section increases linearly 


with p, i.c., y= (p/C)Ymax- 


Fig. 5-4 


Undeformed 


plane 


Shear strain of element 


Fig. 5-3 
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5.2 The Torsion Formula 


When an external torque is applied to a shaft it creates a corresponding 
internal torque within the shaft. In this section, we will develop an 
equation that relates this internal torque to the shear stress distribution 
on the cross section of a circular shaft or tube. 

If the material is linear-elastic, then Hooke’s law applies, 7 = Gy, and 
consequently a linear variation in shear strain, as noted in the previous 
section, leads to a corresponding linear variation in shear stress along 
any radial line on the cross section. Hence, 7 will vary from zero at the 
shaft’s longitudinal axis to a maximum value, 7,,,,;, at its outer surface. 
This variation is shown in Fig. 5-5 on the front faces of a selected number 
of elements, located at an intermediate radial position p and at the outer 
radius c. Due to the proportionality of triangles, we can write 


= (2 rms (5-3) 


This equation expresses the shear-stress distribution over the cross section 
in terms of the radial position p of the element. Using it, we can now apply 
the condition that requires the torque produced by the stress distribution 
over the entire cross section to be equivalent to the resultant internal 
torque T at the section, which holds the shaft in equilibrium, Fig. 5-5. 


Shear stress varies linearly along 
each radial line of the cross section. 


Fig. 5-5 


Specifically, each element of area dA, located at p, is subjected 
to a force of dF =7dA. The torque produced by this force is 
dT = p(7 dA). We therefore have for the entire cross section 


T = i) p(r dA) = | o( 2) rns 44 (5-4) 


Since Tmax/C is constant, 


Tmax 
T=-— i p dA (5-5) 
A 


Cc 


The integral depends only on the geometry of the shaft. It represents 
the polar moment of inertia of the shaft’s cross-sectional area about the 
shaft’s longitudinal axis. We will symbolize its value as J, and therefore 
the above equation can be rearranged and written in a more compact 
form, namely, 


Tmax — aa (5-6) 


Tmax = the maximum shear stress in the shaft, which occurs at the 
outer surface 


A 
II 


the resultant internal torque acting at the cross section. Its value 
is determined from the method of sections and the equation of 
moment equilibrium applied about the shaft’s longitudinal axis 


J = the polar moment of inertia of the cross-sectional area 
c = the outer radius of the shaft 


Combining Eqs. 5-3 and 5-6, the shear stress at the intermediate 
distance p can be determined from 


T= — (5-7) 


Either of the above two equations is often referred to as the torsion 
formula. Recall that it is used only if the shaft is circular and the material 
is homogeneous and behaves in a linear elastic manner, since the 
derivation is based on Hooke’s law. 
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dp 


Fig. 5-6 


(a) 


Shear stress varies linearly along 
each radial line of the cross section. 


(b) 
Fig. 5-7 


Solid Shaft. If the shaft has a solid circular cross section, the polar 
moment of inertia J can be determined using an area element in the form 
of a differential ring or annulus having a thickness dp and circumference 
27, Fig. 5—6. For this ring, dA = 27p dp, and so 


c c 1 
J= Je dA = ; p°(27p dp) = 2m f p dp = 2m Zo" 
A 0 0 a2 


i) = Se 


Cc 


0 


(5-8) 


Note that J is a geometric property of the circular area and is always 
positive. Common units used for its measurement are mm‘ or in’. 

The shear stress has been shown to vary linearly along each radial line 
of the cross section of the shaft. However, if an element of material on 
the cross section is isolated, then due to the complementary property of 
shear, equal shear stresses must also act on four of its adjacent faces as 
shown in Fig. 5—7a. Hence, not only does the internal torque T develop a 
linear distribution of shear stress along each radial line in the plane of 
the cross-sectional area, but also an associated shear-stress distribution 
is developed along an axial plane, Fig. 5—7b. It is interesting to note that 
because of this axial distribution of shear stress, shafts made from wood 
tend to split along the axial plane when subjected to excessive torque, 
Fig. 5-8. This is because wood is an anisotropic material. Its shear 
resistance parallel to its grains or fibers, directed along the axis of the 
shaft, is much less than its resistance perpendicular to the fibers, directed 
in the plane of the cross section. 


Failure of a wooden shaft due to torsion. 


Fig. 5-8 


Tubular Shaft. Ifashaft has a tubular cross section, with inner radius c; 
and outer radius c,, then from Eq. 5-8 we can determine its polar moment 
of inertia by subtracting J for a shaft of radius c; from that determined 
for a shaft of radius c,. The result is 


r= 2d cf) (5-9) 


Like the solid shaft, the shear stress distributed over the tube’s 
cross-sectional area varies linearly along any radial line, Fig. 5-9a. 
Furthermore, the shear stress varies along an axial plane in this same 
manner, Fig. 5-95. 


Absolute Maximum Torsional Stress. If the absolute 
maximum torsional stress is to be determined, then it becomes important 
to find the location where the ratio Tc//J is a maximum. In this regard, it 
may be helpful to show the variation of the internal torque T at each 
section along the axis of the shaft by drawing a torque diagram, which is 
a plot of the internal torque T versus its position x along the shaft’s length. 
As a sign convention, 7 will be positive if by the right-hand rule the thumb 
is directed outward from the shaft when the fingers curl in the direction 
of twist as caused by the torque, Fig. 5-5. Once the internal torque 
throughout the shaft is determined, the maximum ratio of Tc/J can then 
be identified. 
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This tubular drive shaft for a truck 
was subjected to an excessive torque, 
resulting in failure caused by yielding of 
the material. 


Shear stress varies linearly along 
each radial line of the cross section. 


Fig. 5-9 


(b) 
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Important Points 


When a shaft having a circular cross section is subjected to a torque, the cross section remains plane while 
radial lines rotate. This causes a shear strain within the material that varies linearly along any radial line, 
from zero at the axis of the shaft to a maximum at its outer boundary. 


For linear elastic homogeneous material the shear stress along any radial line of the shaft also varies 
linearly, from zero at its axis to a maximum at its outer boundary. This maximum shear stress must not 
exceed the proportional limit. 


Due to the complementary property of shear, the linear shear stress distribution within the plane of the 
cross section is also distributed along an adjacent axial plane of the shaft. 


The torsion formula is based on the requirement that the resultant torque on the cross section is equal to the 
torque produced by the shear stress distribution about the longitudinal axis of the shaft. It is required that 
the shaft or tube have a circular cross section and that it is made of homogeneous material which has 
linear-elastic behavior. 


Procedure for Analysis 


The torsion formula can be applied using the following procedure. 


Internal Loading. 


Section the shaft perpendicular to its axis at the point where the shear stress is to be determined, and use 
the necessary free-body diagram and equations of equilibrium to obtain the internal torque at the section. 


Section Property. 


Calculate the polar moment of inertia of the cross-sectional area. For a solid section of radius c, J = ac*/2, 
and for a tube of outer radius c, and inner radius c;, J = a(c} — c})/2. 


Shear Stress. 


Specify the radial distance p, measured from the center of the cross section to the point where the shear 
stress is to be found. Then apply the torsion formula + = Tp/J, or if the maximum shear stress is to be 
determined use 7,,,, = Tc/J. When substituting the data, make sure to use a consistent set of units. 


The shear stress acts on the cross section in a direction that is always perpendicular to p. The force it 
creates must contribute a torque about the axis of the shaft that is in the same direction as the internal 
resultant torque T acting on the section. Once this direction is established, a volume element located at the 
point where 7 is determined can be isolated, and the direction of 7 acting on the remaining three adjacent 
faces of the element can be shown. 


5.2 THE TORSION FORMULA 


EXAMPLE |5.1 


The solid shaft of radius c is subjected to a torque T, Fig. 5—10a. 
Determine the fraction of T that is resisted by the material contained 
within the outer region of the shaft, which has an inner radius of c/2 
and outer radius c. 


SOLUTION 

The stress in the shaft varies linearly, such that T = (p/cC)Tmax, Eq. 5-3. 
Therefore, the torque dT’ on the ring (area) located within the 
lighter-shaded region, Fig. 5-10), is 


aT' = p(t dA) = p(p/c)Tmax(27p dp) 


For the entire lighter-shaded area the torque is 


2 @ 
i = TT max | Pr dp 
c c/2 


157 3 
— il 
32 Tmax€ ( ) 


This torque T’ can be expressed in terms of the applied torque T 
by first using the torsion formula to determine the maximum stress in 
the shaft. We have 

ie ile 
(a/2)c* 


2 
Tmax — 3 
TC 


Substituting this into Eq. 1 yields 


T' = or Ans. 
NOTE: Here, approximately 94% of the torque is resisted by the 
lighter-shaded region, and the remaining 6% (or x) of T is resisted 
by the inner “core” of the shaft, p = 0 to p = c/2. As a result, the 
material located at the outer region of the shaft is highly effective in 
resisting torque, which justifies the use of tubular shafts as an efficient 
means for transmitting torque, and thereby saving material. 
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EXAMPLE |5.2 


The shaft shown in Fig. 5—-1la is supported by two bearings and is 
subjected to three torques. Determine the shear stress developed at 
points A and B, located at section a—a of the shaft, Fig. 5—11c. 


12.5 kip-in. 42.5 kip-in. 


sa) .. 
oe a 

B. 

Gv (b) ; 


SOLUTION 


‘ ae I Internal Torque. The bearing reactions on the shaft are 
zero, provided the shaft’s weight is neglected. Furthermore, 
Cae the applied torques satisfy moment equilibrium about the 

shaft’s axis. 
The internal torque at section a—a will be determined from 
the free-body diagram of the left segment, Fig. 5-11b. We have 


3.77 ksi 


2M, =0; 42.5 kip:in. — 30 kip-in.— T = 0 T = 12.5 kip-in. 


Section Property. The polar moment of inertia for the shaft is 


J= 5 (0.75 in.)* = 0.497 in’ 


Shear Stress. Since point A is at p = c = 0.75 in., 


Te (12.5 kip: in.)(0.75 in. 
we = ( E M a ae 
J (0.497 in?) 


Likewise for point B, at p = 0.15 in., we have 


gE 12.5 kip: in.)(0.15 in. 
TR= _ ( z MO ) = 3.77 ksi Ans. 
df (0.497 in”) 


NOTE: The directions of these stresses on each element at A and B, 
Fig. 5—11c, are established from the direction of the resultant internal 
torque T, shown in Fig. 5—11b. Note carefully how the shear stress acts 
on the planes of each of these elements. 


EXAMPLE |5.3 


The pipe shown in Fig. 5—12a has an inner diameter of 80 mm and an 
outer diameter of 100 mm. If its end is tightened against the support at 
A using a torque wrench at B, determine the shear stress developed in 
the material at the inner and outer walls along the central portion of 
the pipe when the 80-N forces are applied to the wrench. 


SOLUTION 


Internal Torque. A section is taken at an intermediate location C 
along the pipe’s axis, Fig. 5-12b. The only unknown at the section is 
the internal torque T. We require 


=M, =0; 80N(0.3m) + 80N(0.2m) -T=0 
T=40N-m 


Section Property. The polar moment of inertia for the pipe’s 
cross-sectional area is 


J= 7 1(0.05 m)* — (0.04 m)4] = 5.796(10~°) m4 


Shear Stress. For any point lying on the outside surface of the pipe, 
p = Cy = 0.05 m, we have 


Tc, 40N-:m (0.05 m) 
= See ew choles Ans. 
df 5.796(10°°) m 


To wa 


And for any point located on the inside surface, p = c; = 0.04 m, so 
that 


Tc; 40N-m (0.04 m) 
7H = ame = eo bine Ans. 
£ 5.796(10°) m 


NOTE: ‘To show how these stresses act at representative points D 
and E on the cross-section, we will first view the cross section from the 
front of segment CA of the pipe, Fig. 5—12a. On this section, Fig. 5—12c, 
the resultant internal torque is equal but opposite to that shown in 
Fig. 5-12b. The shear stresses at D and E contribute to this torque and 
therefore act on the shaded faces of the elements in the directions 
shown. As a consequence, notice how the shear-stress components act 
on the other three faces. Furthermore, since the top face of D and the 
inner face of E are in stress-free regions taken from the pipe’s outer 
and inner walls, no shear stress can exist on these faces or on the other 
corresponding faces of the elements. 


5.2 THE TORSION FORMULA 


80 N 


Ke 
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The chain drive transmits the torque 
developed by the electric motor to the shaft. 
The stress developed in the shaft depends 
upon the power transmitted by the motor 
and the rate of rotation of the connecting 
shaft. P = To. 


5.3 Power Transmission 


Shafts and tubes having circular cross sections are often used to transmit 
power developed by a machine. When used for this purpose, they are 
subjected to a torque that depends on the power generated by the 
machine and the angular speed of the shaft. Power is defined as the work 
performed per unit of time. Also, the work transmitted by a rotating shaft 
equals the torque applied times the angle of rotation. Therefore, if during 
an instant of time dt an applied torque T causes the shaft to rotate dé, 
then the instantaneous power is 


T do 
p= 
dt 


Since the shaft’s angular velocity is w = d6@/dt, we can express the 
power as 


P=To (5-10) 


In the SI system, power is expressed in watts when torque is 
measured in newton-meters (N-m) and @ is in radians per second 
(rad/s) (1 W = 1 N-:m/s). In the FPS system, the basic units of power 
are foot-pounds per second (ft: lb/s); however, horsepower (hp) is 
often used in engineering practice, where 


Lhp = 550 ft: lb/s 


For machinery, the frequency of a shaft’s rotation, f, is often reported. 
This is a measure of the number of revolutions or cycles the shaft 
makes per second and is expressed in hertz (1 Hz = 1 cycle/s). Since 
1 cycle = 27 rad, then w = 27f, and so the above equation for power 
becomes 


P = 2nfT (5-11) 


Shaft Design. When the power transmitted by a shaft and its 
frequency of rotation are known, the torque developed in the shaft can be 
determined from Eq. 5-11, that is, T = P/27f. Knowing T and the 
allowable shear stress for the material, 7,5, we can determine the size of 
the shaft’s cross section using the torsion formula, provided the material 
behavior is linear elastic. Specifically, the design or geometric parameter 
J/c becomes 


= (5-12) 


Tallow 


‘ae 
c 


For a solid shaft, J = (a/2)c*, and thus, upon substitution, a unique value 
for the shaft’s radius c can be determined. If the shaft is tubular, so that 
J = (a/2)(c4 — c4), design permits a wide range of possibilities for the 
solution. This is because an arbitrary choice can be made for either c, or 
c; and the other radius can then be determined from Eq. 5-12. 


5.3 POWER TRANSMISSION 


EXAMPLE |5.4 


A solid steel shaft AB shown in Fig. 5-13 is to be used to transmit 
5 hp from the motor M to which it is attached. If the shaft rotates 
at w = 175 rpm and the steel has an allowable shear stress of 
Tallow = 14.5 ksi, determine the required diameter of the shaft to the 
nearest ¢ in. 


Fig. 5-13 


SOLUTION 

The torque on the shaft is determined from Eq. 5-10, that is, P = Tw. 
Expressing P in foot-pounds per second and w in radians/second, 
we have 


& ft- Ib/s 
et hp 


a 175 rev ae ma)(1 mn) = 18.33 rad/s 


) = 2750 ft « Ib/s 


min 1 rev 60s 


Thus, 

P=Ta; 2750 ft-lb/s = T(18.33 rad/s) 
T = 150.1 ft- 1b 

Applying Eq. 5-12 yields 


JI acd EF 


eo Tallow 
or \'¥/3  (2(150.1 ft-1b)(12 in./ft) \/3 
a (=) 7 ( (14 500 Ib/in?) 
c = 0.429 in. 


Since 2c = 0.858 in., select a shaft having a diameter of 


d= : in. = 0.875 in. 
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] FUNDAMENTAL PROBLEMS 


F5-L. The solid circular shaft is subjected to an internal F5-4. Determine the maximum shear stress developed in 
torque of T = 5 kN:m. Determine the shear stress the 40-mm diameter shaft. 

developed at points A and B. Represent each state of stress 
on a volume element. 


F5-4 


F5-1 F5-5. Determine the maximum shear stress developed in 


F5-2. The hollow circular shaft is subjected to an internal the shaft at section aa. 


torque of T = 10kN-m. Determine the shear stress 
developed at points A and B. Represent each state of stress 
on a volume element. 


600 N-m 
30 mm 
40mm 
40 mm 
Beran Section a—-a 
F5-2 
F . F5-5 
F5-3. The shaft is hollow from A to B and solid from B to 
C. Determine the maximum shear stress developed in the F5-6. Determine the shear stress developed at point A on 
shaft. The shaft has an outer diameter of 80 mm, and the the surface of the shaft. Represent the state of stress on 
thickness of the wall of the hollow segment is 10 mm. a volume element at this point. The shaft has a radius of 
40 mm. 


F5-3 F5-6 


i PROBLEMS 
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e5-1. A shaft is made of a steel alloy having an allowable 
shear stress Of Tajow = 12 ksi. If the diameter of the shaft is 
1.5 in., determine the maximum torque T that can be 
transmitted. What would be the maximum torque T’ if a 
1-in.-diameter hole is bored through the shaft? Sketch the 
shear-stress distribution along a radial line in each case. 


Prob. 5-1 


5-2. The solid shaft of radius r is subjected to a torque T. 
Determine the radius r’ of the inner core of the shaft that 
resists one-half of the applied torque (7/2). Solve the 
problem two ways: (a) by using the torsion formula, (b) by 
finding the resultant of the shear-stress distribution. 


Prob. 5-2 


5-3. The solid shaft is fixed to the support at C and 
subjected to the torsional loadings shown. Determine the 
shear stress at points A and B and sketch the shear stress on 
volume elements located at these points. 


10kN-m 
c 75mm 
< 4kN-m 
N 
50 mm Sey 75 mm 


Prob. 5-3 


*5-4, The tube is subjected to a torque of 750N-m. 
Determine the amount of this torque that is resisted by the 
gray shaded section. Solve the problem two ways: (a) by 
using the torsion formula, (b) by finding the resultant of the 
shear-stress distribution. 


750 N-m 


25mm Prob. 5-4 


5-5. The copper pipe has an outer diameter of 40 mm and 
an inner diameter of 37 mm. If it is tightly secured to the wall 
at A and three torques are applied to it as shown, determine 
the absolute maximum shear stress developed in the pipe. 


Prob. 5-5 


5-6. The solid shaft has a diameter of 0.75 in. If it is 
subjected to the torques shown, determine the maximum 
shear stress developed in regions BC and DE of the shaft. 
The bearings at A and F allow free rotation of the shaft. 


5-7. The solid shaft has a diameter of 0.75 in. If it is 
subjected to the torques shown, determine the maximum 
shear stress developed in regions CD and EF of the shaft. 
The bearings at A and F allow free rotation of the shaft. 


Probs. 5-6/7 
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*5-8. The solid 30-mm-diameter shaft is used to transmit 
the torques applied to the gears. Determine the absolute 
maximum shear stress on the shaft. 


300 N-m 


500 N-m 


500 mm 


Prob. 5-8 


e5-9. The shaft consists of three concentric tubes, each 
made from the same material and having the inner and 
outer radii shown. If a torque of T = 800 N- mis applied to 
the rigid disk fixed to its end, determine the maximum shear 
stress in the shaft. 


T= 800 N-m 


r, = 32mm 
r, = 38mm 


Prob. 5-9 


5-10. The coupling is used to connect the two shafts 
together. Assuming that the shear stress in the bolts is 
uniform, determine the number of bolts necessary to make 
the maximum shear stress in the shaft equal to the shear 
stress in the bolts. Each bolt has a diameter d. 


T 


Wap’ 
i 


Prob. 5-10 


5-11. The assembly consists of two sections of galvanized 
steel pipe connected together using a reducing coupling at B. 
The smaller pipe has an outer diameter of 0.75 in. and an 
inner diameter of 0.68 in., whereas the larger pipe has an 
outer diameter of 1 in. and an inner diameter of 0.86 in. If 
the pipe is tightly secured to the wall at C, determine the 
maximum shear stress developed in each section of the pipe 
when the couple shown is applied to the handles of the 
wrench. 


15 Ib 


Prob. 5-11 


*5-12. The motor delivers a torque of 50 N- m to the shaft 
AB. This torque is transmitted to shaft CD using the gears 
at E and F. Determine the equilibrium torque T’ on shaft 
CD and the maximum shear stress in each shaft. The 
bearings B, C, and D allow free rotation of the shafts. 


e5-13. Ifthe applied torque on shaft CD is T’ = 75 N-m, 
determine the absolute maximum shear stress in each shaft. 
The bearings B, C, and D allow free rotation of the shafts, 
and the motor holds the shafts fixed from rotating. 


Probs. 5-12/13 


5-14. The solid 50-mm-diameter shaft is used to transmit 
the torques applied to the gears. Determine the absolute 
maximum shear stress in the shaft. 


Prob. 5-14 


5-15. The solid shaft is made of material that has an 
allowable shear stress of Tayow = 10 MPa. Determine the 
required diameter of the shaft to the nearest mm. 


*5-16. The solid shaft has a diameter of 40 mm. 
Determine the absolute maximum shear stress in the shaft 
and sketch the shear-stress distribution along a radial line 
of the shaft where the shear stress is maximum. 
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e5-17. The rod has a diameter of 1 in. and a weight of 
10 lb/ft. Determine the maximum torsional stress in the rod 
at a section located at A due to the rod’s weight. 


5-18. The rod has a diameter of 1 in. and a weight of 
15 lb/ft. Determine the maximum torsional stress in the rod 
at a section located at B due to the rod’s weight. 


Probs. 5-17/18 


5-19. Two wrenches are used to tighten the pipe. If P = 
300 N is applied to each wrench, determine the maximum 
torsional shear stress developed within regions AB and BC. 
The pipe has an outer diameter of 25 mm and inner 
diameter of 20 mm. Sketch the shear stress distribution for 
both cases. 


*5-20. Two wrenches are used to tighten the pipe. If the 
pipe is made from a material having an allowable shear stress 
of Tallow = 85 MPa, determine the allowable maximum force 
P that can be applied to each wrench. The pipe has an outer 
diameter of 25 mm and inner diameter of 20 mm. 


Probs. 5-15/16 


Probs. 5-19/20 
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e5-21. The 60-mm-diameter solid shaft is subjected to the 
distributed and concentrated torsional loadings shown. 
Determine the absolute maximum and minimum shear 
stresses on the outer surface of the shaft and specify their 
locations, measured from the fixed end A. 


5-22. The solid shaft is subjected to the distributed and 
concentrated torsional loadings shown. Determine the 
required diameter d of the shaft to the nearest mm if the 
allowable shear stress for the material is Tayow = 50 MPa. 


Probs. 5-21/22 


5-23. Consider the general problem of a circular shaft 
made from m segments each having a radius of c,,. If there 
are n torques on the shaft as shown, write a computer 
program that can be used to determine the maximum shear 
stress at any specified location x along the shaft. Show an 
application of the program using the values L, = 2 ft, 
qq = 2 in., Ly = 4 ft, €3. > 1 in., T, = 800 Ib: ft, d, — 0, 
T, = —600 lb-ft, d, = S ft. 


Prob. 5-23 


*5-24, The copper pipe has an outer diameter of 2.50 in. 
and an inner diameter of 2.30 in. If it is tightly secured to the 
wall at C and a uniformly distributed torque is applied to it 
as shown, determine the shear stress developed at points A 
and B. These points lie on the pipe’s outer surface. Sketch 
the shear stress on volume elements located at A and B. 


e5-25. The copper pipe has an outer diameter of 2.50 in. 
and an inner diameter of 2.30 in. If it is tightly secured to 
the wall at C and it is subjected to the uniformly distributed 
torque along its entire length, determine the absolute 
maximum shear stress in the pipe. Discuss the validity of 
this result. 


B 
125 lb-ft /ft { Gr 
7 


Probs. 5-—24/25 


4 in. 


5-26. A cylindrical spring consists of a rubber annulus 
bonded to a rigid ring and shaft. If the ring is held fixed and 
a torque T is applied to the shaft, determine the maximum 
shear stress in the rubber. 


Prob. 5-26 


5-27. The A-36 steel shaft is supported on smooth 
bearings that allow it to rotate freely. If the gears are 
subjected to the torques shown, determine the maximum 
shear stress developed in the segments AB and BC. The 
shaft has a diameter of 40 mm. 


*5-28. The A-36 steel shaft is supported on smooth 
bearings that allow it to rotate freely. If the gears are 
subjected to the torques shown, determine the required 
diameter of the shaft to the nearest mm if Taye, = 60 MPa. 


200 N-m 


Probs. 5-27/28 


e5-29. When drilling a well at constant angular velocity, 
the bottom end of the drill pipe encounters a torsional 
resistance T 4. Also, soil along the sides of the pipe creates a 
distributed frictional torque along its length, varying 
uniformly from zero at the surface B to t, at A. Determine 
the minimum torque 7’ that must be supplied by the drive 
unit to overcome the resisting torques, and compute 
the maximum shear stress in the pipe. The pipe has an outer 
radius r, and an inner radius 7;. 


Prob. 5-29 
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5-30. The shaft is subjected to a distributed torque along 
its length of t = (10x?) N- m/m, where x is in meters. If the 
maximum stress in the shaft is to remain constant at 
80 MPa, determine the required variation of the radius c of 
the shaft for0 = x = 3m. 


Prob. 5-30 


5-31. The solid steel shaft AC has a diameter of 25 mm and 
is supported by smooth bearings at D and E. It is coupled to 
a motor at C, which delivers 3 kW of power to the shaft 
while it is turning at 50 rev/s. If gears A and B remove 1 kW 
and 2 kW, respectively, determine the maximum shear stress 
developed in the shaft within regions AB and BC. The shaft 
is free to turn in its support bearings D and E. 


3kW 


Prob. 5-31 


*5-32. The pump operates using the motor that has a 
power of 85 W. If the impeller at B is turning at 150 rev/min, 
determine the maximum shear stress developed in the 
20-mm-diameter transmission shaft at A. 


Prob. 5-32 
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e5-33. The gear motor can develop 2 hp when it turns at 
450 rev/min. If the shaft has a diameter of 1 in., determine 
the maximum shear stress developed in the shaft. 


5-34. The gear motor can develop 3 hp when it turns at 
150 rev/min. If the allowable shear stress for the shaft is 
Tallow = 12 ksi, determine the smallest diameter of the shaft 
to the nearest k in. that can be used. 


Probs. 5-33/34 


5-35. The 25-mm-diameter shaft on the motor is made 
of a material having an allowable shear stress of 
Tallow = 75 MPa. If the motor is operating at its maximum 
power of 5 kW, determine the minimum allowable rotation 
of the shaft. 


*5-36. The drive shaft of the motor is made of a material 
having an allowable shear stress of Tajow = 75 MPa. If the 
outer diameter of the tubular shaft is 20 mm and the wall 
thickness is 2.5 mm, determine the maximum allowable 
power that can be supplied to the motor when the shaft is 
operating at an angular velocity of 1500 rev/min. 


e5-37. A ship has a propeller drive shaft that is turning at 
1500 rev/min while developing 1800 hp. If it is 8 ft long and 
has a diameter of 4 in., determine the maximum shear stress 
in the shaft caused by torsion. 


5-38. The motor A develops a power of 300 W and turns 
its connected pulley at 90 rev/min. Determine the required 
diameters of the steel shafts on the pulleys at A and B if the 
allowable shear stress is Tayow = 85 MPa. 


Prob. 5-38 


5-39. The solid steel shaft DF has a diameter of 25 mm 
and is supported by smooth bearings at D and E. It is 
coupled to a motor at F, which delivers 12 kW of power to 
the shaft while it is turning at 50 rev/s. If gears A, B, and C 
remove 3 kW, 4 kW, and 5 kW respectively, determine the 
maximum shear stress developed in the shaft within regions 
CF and BC. The shaft is free to turn in its support bearings 
D and E. 


*5-40. Determine the absolute maximum shear stress 
developed in the shaft in Prob. 5-39. 


Probs. 5-35/36 


Probs. 5-39/40 


°5-41. The A-36 steel tubular shaft is 2 m long and has an 
outer diameter of 50 mm. When it is rotating at 40 rad/s, it 
transmits 25 kW of power from the motor M to the pump 
P.Determine the smallest thickness of the tube if the 
allowable shear stress is Tayjow = 80 MPa. 


5-42. The A-36 solid tubular steel shaft is 2 m long and has 
an outer diameter of 60 mm. It is required to transmit 
60 kW of power from the motor M to the pump P. 
Determine the smallest angular velocity the shaft can have 
if the allowable shear stress is Tajjow = 80 MPa. 


Probs. 5—41/42 


5-43. A steel tube having an outer diameter of 2.5 in. is 
used to transmit 35 hp when turning at 2700 rev/min. 
Determine the inner diameter d of the tube to the nearest 
7 in. if the allowable shear stress is Tajjoy = 10 ksi. 


Prob. 5-43 
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*5-44, The drive shaft AB of an automobile is made of a 
steel having an allowable shear stress of Taj), = 8 ksi. If the 
outer diameter of the shaft is 2.5 in. and the engine delivers 
200 hp to the shaft when it is turning at 1140 rev/min, 
determine the minimum required thickness of the shaft’s 
wall. 


e5-45. The drive shaft AB of an automobile is to be 
designed as a thin-walled tube. The engine delivers 150 hp 
when the shaft is turning at 1500 rev/min. Determine the 
minimum thickness of the shaft’s wall if the shaft’s outer 
diameter is 2.5 in. The material has an allowable shear stress 
of Tallow — 7 ksi. 


Probs. 5—44/45 


5-46. The motor delivers 15 hp to the pulley at A while 
turning at a constant rate of 1800 rpm. Determine to the 
nearest in. the smallest diameter of shaft BC if the 
allowable shear stress for steel is Tajow = 12 ksi. The belt 
does not slip on the pulley. 


Prob. 5-46 
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Oil wells are commonly drilled to depths 
exceeding a thousand meters. As a result, the 
total angle of twist of a string of drill pipe can 
be substantial and must be determined. 


i 


hi 


T, 


_— T, 


(a) 


e- 


5.4 Angle of Twist 


Occasionally the design of a shaft depends on restricting the amount of 
rotation or twist that may occur when the shaft is subjected to a torque. 
Furthermore, being able to compute the angle of twist for a shaft is 
important when analyzing the reactions on statically indeterminate 
shafts. 

In this section we will develop a formula for determining the angle of 
twist (phi) of one end of a shaft with respect to its other end. The shaft 
is assumed to have a circular cross section that can gradually vary along 
its length, Fig. 5-14a. Also, the material is assumed to be homogeneous 
and to behave in a linear-elastic manner when the torque is applied. 
Like the case of an axially loaded bar, we will neglect the localized 
deformations that occur at points of application of the torques and 
where the cross section changes abruptly. By Saint-Venant’s principle, 
these effects occur within small regions of the shaft’s length and 
generally they will have only a slight effect on the final result. 

Using the method of sections, a differential disk of thickness dx, 
located at position x, is isolated from the shaft, Fig. 5-145. The internal 
resultant torque is T(x), since the external loading may cause it to vary 
along the axis of the shaft. Due to T(x), the disk will twist, such that the 
relative rotation of one of its faces with respect to the other face is dd, 
Fig. 5-14b. As a result an element of material located at an arbitrary 
radius p within the disk will undergo a shear strain y. The values of y and 
d@ are related by Eq. 5-1, namely, 


db = ye (5-13) 


es 


(b) 


Fig. 5-14 


Since Hooke’s law, y = 7/G, applies and the shear stress can be 
expressed in terms of the applied torque using the torsion formula 
7 = T(x)p/J(x), then y = T(x)p/J(x)G. Substituting this into Eq. 5-13, 
the angle of twist for the disk is 


Integrating over the entire length L of the shaft, we obtain the angle of 
twist for the entire shaft, namely, 


LT(x) dx 


Here 


@ = the angle of twist of one end of the shaft with respect to the 
other end, measured in radians 


T(x) = the internal torque at the arbitrary position x, found from the 
method of sections and the equation of moment equilibrium 
applied about the shaft’s axis 

J(x) = the shaft’s polar moment of inertia expressed as a function of 
position x 


G = the shear modulus of elasticity for the material 


Constant Torque and Cross-Sectional Area. Usually in 
engineering practice the material is homogeneous so that G is constant. 
Also, the shaft’s cross-sectional area and the external torque are 
constant along the length of the shaft, Fig. 5—15. If this is the case, the 
internal torque T(x) = T, the polar moment of inertia J/(x) = J, and 
Eq. 5-14 can be integrated, which gives 


TL 


Ua 


(5-15) 


The similarities between the above two equations and those for an axially 
loaded bar (68 = P(x) dx/A(x)E and & = PL/AE) should be noted. 


Fig. 5-15 
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When computing both the stress and the 
angle of twist of this soil auger, it is necessary 
to consider the variable torsional loading 
which acts along its length. 
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range 


Movable unit 
on rails 


Fig. 5-16 


Equation 5-15 is often used to determine the shear modulus of 
elasticity G of a material. To do so, a specimen of known length and 
diameter is placed in a torsion testing machine like the one shown in 
Fig. 5-16. The applied torque T and angle of twist ¢ are then measured 
along the length L. Using Eq. 5-15, G = TL/J¢. Usually, to obtain a 
more reliable value of G, several of these tests are performed and the 
average value is used. 


Multiple Torques. If the shaft is subjected to several different 
torques, or the cross-sectional area or shear modulus changes abruptly 
from one region of the shaft to the next, Eq. 5—15 can be applied to each 
segment of the shaft where these quantities are all constant. The angle of 
twist of one end of the shaft with respect to the other is then found from 
the vector addition of the angles of twist of each segment. For this case, 


= De (5-16) 


Sign Convention. In order to apply this equation, we must develop 
a sign convention for both the internal torque and the angle of twist of 
one end of the shaft with respect to the other end. To do this, we will use 
the right-hand rule, whereby both the torque and angle will be positive, 
provided the thumb is directed outward from the shaft when the fingers 
curl to give the tendency for rotation, Fig. 5-17. 

To illustrate the use of this sign convention, consider the shaft shown 
in Fig. S-18a. The angle of twist of end A with respect to end D is to be 
determined. Three segments of the shaft must be considered, since the 


Positive sign convention 
for T and ¢. 


Fig. 5-17 


internal torque will change at B and at C. Using the method of sections, 
the internal torques are found for each segment, Fig. 5-18). By the 
right-hand rule, with positive torques directed away from the sectioned 
end of the shaft, we have T4g = +80N-:m, Tpc = —70N:-m, and 
Tcp = —10N:m. These results are also shown on the torque diagram 
for the shaft, Fig. 5—18c. Applying Eq. 5-16, we have 


(+80N-m)L4g  (-70N-m)Lgc  (-10N-m) Lep 
dajp = a a 
JIG JG JIG 


If the other data is substituted and the answer is found as a positive 
quantity, it means that end A will rotate as indicated by the curl of the 
right-hand fingers when the thumb is directed away from the shaft, 
Fig. 5—18a. The double subscript notation is used to indicate this relative 
angle of twist (4p); however, if the angle of twist is to be determined 
relative to a fixed support, then only a single subscript will be used. For 
example, if D is a fixed support, then the angle of twist will be denoted 


as Pa- 
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= 


80 N-m 


@ 


Tap = 80N-m 


Tcep = 10N-m 
(b) 


Fig. 5-18 
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Important Point 


e When applying Eq. 5-14 to determine the angle of twist, it is 
important that the applied torques do not cause yielding of the 
material and that the material is homogeneous and behaves in a 
linear elastic manner. 


Procedure for Analysis 


The angle of twist of one end of a shaft or tube with respect to the 
other end can be determined using the following procedure. 


Internal Torque. 


e The internal torque is found at a point on the axis of the shaft 
by using the method of sections and the equation of moment 
equilibrium, applied along the shaft’s axis. 


If the torque varies along the shaft’s length, a section should be 
made at the arbitrary position x along the shaft and the internal 
torque represented as a function of x, 1.e., T(x). 


If several constant external torques act on the shaft between its 
ends, the internal torque in each segment of the shaft, between 
any two external torques, must be determined. The results can be 
represented graphically as a torque diagram. 


Angle of Twist. 


e When the circular cross-sectional area of the shaft varies along 
the shaft’s axis, the polar moment of inertia must be expressed as 
a function of its position x along the axis, J(x). 


If the polar moment of inertia or the internal torque suddenly changes 
between the ends of the shaft, then @ = [(T(x)/J(x)G) dx or 
& = TL/JG must be applied to each segment for which J, G, and 
T are continuous or constant. 


e When the internal torque in each segment is determined, be 
sure to use a consistent sign convention for the shaft, such as 
the one discussed in Fig. 5-17. Also make sure that a consistent 
set of units is used when substituting numerical data into the 
equations. 
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EXAMPLE |5.5 


The gears attached to the fixed-end steel shaft are subjected to the 
torques shown in Fig. 5—19a. If the shear modulus of elasticity is 80 GPa 
and the shaft has a diameter of 14 mm, determine the displacement of 
the tooth P on gear A. The shaft turns freely within the bearing at B. 


SOLUTION 

Internal Torque. By inspection, the torques in segments AC, CD, 
and DE are different yet constant throughout each segment. 
Free-body diagrams of appropriate segments of the shaft along with 
the calculated internal torques are shown in Fig. 5-19b. Using the 
right-hand rule and the established sign convention that positive 
torque is directed away from the sectioned end of the shaft, we have 


Tac = +150N:-m Tcp = —130N:m Tpr = -170N-m 


These results are also shown on the torque diagram, Fig. 5—-19c. 
Angle of Twist. The polar moment of inertia for the shaft is 


J= 5 (0.007 m)* = 3.771(107°) m4 


Applying Eq. 5-16 to each segment and adding the results 


algebraically, we have 
T (N-m) 


pee bia (+150 N-m)(0.4 m) 
Pa 276 3.771(10°-°) m* [80(10°) N/m?] 


Tac = 150N-m 


150N-m 


3 


Tep = 130N-m 


(-130 N-m)(0.3 m) 
+ 
3.771(10°°) m* [80(10°) N/m7)] 
(-170 N-m)(0.5 m) 
+ 
3.771(10-°) m* [80(10°) N/m7)] 


= —0.2121 rad 


Since the answer is negative, by the right-hand rule the thumb is 
directed toward the end E of the shaft, and therefore gear A will 
rotate as shown in Fig. 5-19d. 

The displacement of tooth P on gear A is 


Sp = dar = (0.2121 rad)(100 mm) = 21.2 mm Ans. 


NOTE: Remember that this analysis is valid only if the shear stress 
does not exceed the proportional limit of the material. 
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EXAMPLE |5.6 


The two solid steel shafts shown in Fig. 5—20a are coupled together 
using the meshed gears. Determine the angle of twist of end A of shaft 
AB when the torque T = 45 N- mis applied. Take G = 80 GPa. Shaft 
AB is free to rotate within bearings F and F, whereas shaft DC is fixed 
at D. Each shaft has a diameter of 20 mm. 


bp = 0.0134 rad 


SOLUTION 


Internal Torque. Free-body diagrams for each shaft are shown 
in Fig. 5—20b and 5-20c. Summing moments along the x axis of 
shaft AB yields the tangential reaction between the gears of F = 
45 N-m/0.15 m = 300 N. Summing moments about the x axis of shaft 
DC, this force then creates a torque of (Tp), = 300 N (0.075 m) = 
22.5 N-mon shaft DC. 

Angle of Twist. To solve the problem, we will first calculate the 


rotation of gear C due to the torque of 22.5N-m in shaft DC, 
Fig. 5—20c. This angle of twist is 


$c 7G (a/2)(0.010 m)*[80(10°) N/m?] 


= +0.0269 rad 


Since the gears at the end of the shaft are in mesh, the rotation dc 
of gear C causes gear B to rotate dz, Fig. 5—20b, where 
(0.15 m) = (0.0269 rad) (0.075 m) 
dg = 0.0134 rad 


We will now determine the angle of twist of end A with respect to 
end B of shaft AB caused by the 45 N- m torque, Fig. 5—20b. We have 


Taplap (+45 N-m)(2 m) 
$e Gg = (ar/2)(0.010 m)*[80(10°) N/m2] eRe 


The rotation of end A is therefore determined by adding ¢, and 
¢4/p, Since both angles are in the same direction, Fig. 5-20b. We have 


ga = bp + hag = 0.0134 rad + 0.0716 rad = +0.0850 rad Ans. 


EXAMPLE |5.7 


The 2-in.-diameter solid cast-iron post shown in Fig. 5—21a is buried 
24 in. in soil. If a torque is applied to its top using a rigid wrench, 
determine the maximum shear stress in the post and the angle of twist 
at its top. Assume that the torque is about to turn the post, and the soil 
exerts a uniform torsional resistance of ¢lb+in./in. along its 24-in. 
buried length. G = 5.5(10°) ksi. 


SOLUTION 


Internal Torque. The internal torque in segment AB of the post is 
constant. From the free-body diagram, Fig. 5—21b, we have 


=M, = 0; T ap = 25 |b (12 in.) = 300 Ib: in. 
The magnitude of the uniform distribution of torque along the buried 
segment BC can be determined from equilibrium of the entire post, 
Fig. 5—21c. Here 
=M,=0 25 Ib (12 in.) — ¢(24 in.) = 0 

t = 12.5 1b-in./in. 
Hence, from a free-body diagram of a section of the post located at 
the position x, Fig. 5—21d, we have 
=M, = 0; Tac — 12.5x = 0 

T Bc = 255 


Maximum Shear Stress. The largest shear stress occurs in region 
AB, since the torque is largest there and J is constant for the post. 
Applying the torsion formula, we have 

Tase (300 1b-in.)(1 im) 


ia = ; = 191 psi Ans. 
: J (7/2)(1 in.) : : 


Angle of Twist. The angle of twist at the top can be determined 
relative to the bottom of the post, since it is fixed and yet is about to 
turn. Both segments AB and BC twist, and so in this case we have 


ae T aslap i i ae T gc dx 
a IG c IG 


(300 Ibn.) 36 in. — 
0 


JG JG 
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_ 10800 lb: in? . 12.5[(24)?/2] Ib - in? > ¢ = 12.5 Ib-in. /in. 


IG IG 
_ 14 400 Ib: in* 
(a/2)(1 in.)*5500(10°) Ib/in? 


= 0.00167 rad 
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eal FUNDAMENTAL PROBLEMS 


F5-7. The 60-mm-diameter A-36 steel shaft is subjected to F5-10. A series of gears are mounted on the 40-mm- 
the torques shown. Determine the angle of twist of end A diameter A-36 steel shaft. Determine the angle of twist of 
with respect to C. gear B relative to gear A. 


600 N-m 


2kN-m 


F5-7 
os F5-8. Determine the angle of twist of wheel B with 


respect to wheel A. The shaft has a diameter of 40 mm and 
is made of A-36 steel. F5-10 


F5-11. The 80-mm-diameter shaft is made of A-36 steel. If 
it is subjected to the uniform distributed torque, determine 
the angle of twist of end A with respect to B. 


F5-9. The hollow 6061-T6 aluminum shaft has an outer and F5-11 


inner radius of co = 40 ian and c; = 30 mm, respectively. F5-12. The 80-mm-diameter shaft is made of A-36 steel. If 
Determine the angle of twist of end A. The flexible support at it is subjected to the triangular distributed load, determine 
B has a torsional stiffness of k = 90 KN: m/rad. the angle of twist of end A with respect to C. 


F5-9 
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[PROBLEMS 


5-47. The propellers of a ship are connected to a A-36 
steel shaft that is 60 m long and has an outer diameter of 
340 mm and inner diameter of 260 mm. If the power output is 
4.5 MW when the shaft rotates at 20 rad/s, determine the 
maximum torsional stress in the shaft and its angle of twist. 


*5-48. A shaft is subjected to a torque T. Compare the 
effectiveness of using the tube shown in the figure with that 
of a solid section of radius c. To do this, compute the percent 
increase in torsional stress and angle of twist per unit length 
for the tube versus the solid section. 


Prob. 5-48 


°5-49, The A-36 steel axle is made from tubes AB and CD 
and a solid section BC. It is supported on smooth bearings 
that allow it to rotate freely. If the gears, fixed to its ends, are 
subjected to 85-N- m torques, determine the angle of twist 
of gear A relative to gear D. The tubes have an outer 
diameter of 30 mm and an inner diameter of 20 mm. The 
solid section has a diameter of 40 mm. 


Prob. 5-49 


5-50. The hydrofoil boat has an A-36 steel propeller 
shaft that is 100 ft long. It is connected to an in-line diesel 
engine that delivers a maximum power of 2500 hp and 
causes the shaft to rotate at 1700 rpm. If the outer 
diameter of the shaft is 8 in. and the wall thickness is ; in., 
determine the maximum shear stress developed in the 
shaft. Also, what is the “wind up,” or angle of twist in the 
shaft at full power? 


Prob. 5-50 


5-51. The engine of the helicopter is delivering 600 hp 
to the rotor shaft AB when the blade is rotating at 
1200 rev/min. Determine to the nearest ; in. the diameter 
of the shaft AB if the allowable shear stress 1s Tajjoy = 8 ksi 
and the vibrations limit the angle of twist of the shaft to 
0.05 rad. The shaft is 2 ft long and made from L2 steel. 


*5-52. The engine of the helicopter is delivering 600 hp 
to the rotor shaft AB when the blade is rotating at 
1200 rev/min. Determine to the nearest 4 in. the diameter of 
the shaft AB if the allowable shear stress is Tajjoy = 10.5 ksi 
and the vibrations limit the angle of twist of the shaft to 
0.05 rad. The shaft is 2 ft long and made from L2 steel. 


Probs. 5-51/52 
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e5-53. The 20-mm-diameter A-36 steel shaft is subjected 
to the torques shown. Determine the angle of twist of the 
end B. 


80 N-m 


Prob. 5-53 


5-54. The assembly is made of A-36 steel and consists of a 
solid rod 20 mm in diameter fixed to the inside of a tube 
using a rigid disk at B. Determine the angle of twist at D. 
The tube has an outer diameter of 40 mm and wall thickness 
of 5mm. 


5-55. The assembly is made of A-36 steel and consists of a 
solid rod 20 mm in diameter fixed to the inside of a tube 
using a rigid disk at B. Determine the angle of twist at C. 
The tube has an outer diameter of 40 mm and wall thickness 
of 5mm. 


*5-56. The splined ends and gears attached to the A-36 
steel shaft are subjected to the torques shown. Determine 
the angle of twist of end B with respect to end A. The shaft 
has a diameter of 40 mm. 


300 N-m 


500 N-m 


Prob. 5-56 


e5-57. The motor delivers 40 hp to the 304 stainless steel 
shaft while it rotates at 20 Hz. The shaft is supported on 
smooth bearings at A and B, which allow free rotation of 
the shaft. The gears C and D fixed to the shaft remove 25 hp 
and 15 hp, respectively. Determine the diameter of the 
shaft to the nearest ; in. if the allowable shear stress is 
Tallow = 8 ksi and the allowable angle of twist of C with 
respect to D is 0.20°. 


5-58. The motor delivers 40 hp to the 304 stainless steel 
solid shaft while it rotates at 20 Hz. The shaft has a diameter 
of 1.5 in. and is supported on smooth bearings at A and B, 
which allow free rotation of the shaft. The gears C and D 
fixed to the shaft remove 25 hp and 15 hp, respectively. 
Determine the absolute maximum stress in the shaft and 
the angle of twist of gear C with respect to gear D. 


Probs. 5-54/55 


Probs. 5-57/58 


5-59. The shaft is made of A-36 steel. It has a diameter of 
1 in. and is supported by bearings at A and D, which allow 
free rotation. Determine the angle of twist of B with respect 
to D. 


*5-60. The shaft is made of A-36 steel. It has a diameter of 
1 in. and is supported by bearings at A and D, which allow 
free rotation. Determine the angle of twist of gear C with 
respect to B. 


60 lb-ft 


Probs. 5-59/60 


e5-61. The two shafts are made of A-36 steel. Each has a 
diameter of 1 in., and they are supported by bearings at A, 
B, and C, which allow free rotation. If the support at D is 
fixed, determine the angle of twist of end B when the 
torques are applied to the assembly as shown. 


5-62. The two shafts are made of A-36 steel. Each has a 
diameter of 1 in., and they are supported by bearings at A, 
B, and C, which allow free rotation. If the support at D is 
fixed, determine the angle of twist of end A when the 
torques are applied to the assembly as shown. 


Probs. 5-61/62 
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5-63. The device serves as a compact torsional spring. It is 
made of A-36 steel and consists of a solid inner shaft CB 
which is surrounded by and attached to a tube AB using a 
rigid ring at B. The ring at A can also be assumed rigid 
and is fixed from rotating. If a torque of T = 2 kip- in. is 
applied to the shaft, determine the angle of twist at the end C 
and the maximum shear stress in the tube and shaft. 


*5-64. The device serves as a compact torsion spring. It is 
made of A-36 steel and consists of a solid inner shaft CB 
which is surrounded by and attached to a tube AB using a 
rigid ring at B. The ring at A can also be assumed rigid and 
is fixed from rotating. If the allowable shear stress for the 
material is Tajow = 12 ksi and the angle of twist at C is 
limited to tow = 3°, determine the maximum torque T 
that can be applied at the end C. 


12 in. BI 


T 


°5-65. The A-36 steel assembly consists of a tube having 
an outer radius of 1 in. and a wall thickness of 0.125 in. Using 
a rigid plate at B, it is connected to the solid 1-in-diameter 
shaft AB. Determine the rotation of the tube’s end C if a 
torque of 200 Ib - in. is applied to the tube at this end. The 
end A of the shaft is fixed supported. 


Probs. 5-63/64 


Prob. 5-65 
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5-66. The 60-mm diameter shaft ABC is supported by two 
journal bearings, while the 80-mm diameter shaft EH is 
fixed at E and supported by a journal bearing at H. If 
T, = 2 kN-m and T, = 4 kN-m, determine the angle of 
twist of gears A and C. The shafts are made of A-36 steel. 


5-67. The 60-mm diameter shaft ABC is supported by two 
journal bearings, while the 80-mm diameter shaft EH is fixed 
at E and supported by a journal bearing at H. If the angle 
of twist at gears A and C is required to be 0.04 rad, 
determine the magnitudes of the torques T; and T>. The 
shafts are made of A-36 steel. 


Probs. 5—66/67 


*5-68. The 30-mm-diameter shafts are made of L2 tool 
steel and are supported on journal bearings that allow the 
shaft to rotate freely. If the motor at A develops a torque of 
T = 45 N:-mon the shaft AB, while the turbine at EF is fixed 
from turning, determine the amount of rotation of gears B 
and C. 


°5-69. The shafts are made of A-36 steel and each has a 
diameter of 80 mm. Determine the angle of twist at end E. 


5-70. The shafts are made of A-36 steel and each has a 
diameter of 80 mm. Determine the angle of twist of gear D. 


Probs. 5-69/70 


5-71. Consider the general problem of a circular shaft 
made from m segments, each having a radius of c,, and shear 
modulus G,,,. If there are n torques on the shaft as shown, 
write a computer program that can be used to determine 
the angle of twist of its end A. Show an application of the 
program using the values L,;=05m, c, = 0.02m, 
G, = 30GPa, L,=15m, c, = 0.05m, G, = 15 GPa, 
T, = —450 N-m, d, = 0.25 m, T, = 600 N-m, d; = 0.8m. 


Prob. 5-68 


Prob. 5-71 


*5-72. The 80-mm diameter shaft is made of 6061-T6 
aluminum alloy and subjected to the torsional loading 
shown. Determine the angle of twist at end A. 


Prob. 5-72 


e5-73. The tapered shaft has a length L and a radius r at 
end A and 2r at end B. If it is fixed at end B and is subjected 
to a torque 7, determine the angle of twist of end A. The 
shear modulus is G. 


Prob. 5-73 


5-74. The rod ABC of radius c is embedded into a medium 
where the distributed torque reaction varies linearly from 
zero at C to fy at B. If couple forces P are applied to the lever 
arm, determine the value of fg for equilibrium. Also, find the 
angle of twist of end A. The rod is made from material 
having a shear modulus of G. 


Prob. 5-74 
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5-75. When drilling a well, the deep end of the drill pipe 
is assumed to encounter a torsional resistance T,. 
Furthermore, soil friction along the sides of the pipe creates 
a linear distribution of torque per unit length, varying from 
zero at the surface B to fy) at A. Determine the necessary 
torque T that must be supplied by the drive unit to turn 
the pipe. Also, what is the relative angle of twist of one end 
of the pipe with respect to the other end at the instant the 
pipe is about to turn? The pipe has an outer radius r, and an 
inner radius r;. The shear modulus is G. 


Prob. 5-75 


*5-76. A cylindrical spring consists of a rubber annulus 
bonded to a rigid ring and shaft. If the ring is held fixed and 
a torque T is applied to the rigid shaft, determine the angle 
of twist of the shaft. The shear modulus of the rubber is G. 
Hint: As shown in the figure, the deformation of the 
element at radius r can be determined from rd@ = dry. Use 
this expression along with + = 7/(2mr’h) from Prob. 5-26, 
to obtain the result. 


dr YY ydr = rd 
— 
<< 


y 
dd 


Prob. 5-76 
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5.5 Statically Indeterminate 
Torque-Loaded Members 
A torsionally loaded shaft may be classified as statically indeterminate 
if the moment equation of equilibrium, applied about the axis of the 
shaft, is not adequate to determine the unknown torques acting on 
the shaft. An example of this situation is shown in Fig. 5—22a. As shown 


on the free-body diagram, Fig. 5—22b, the reactive torques at the 
supports A and B are unknown. We require that 


=M, = 0; T=T,=T;=0 


In order to obtain a solution, we will use the method of analysis 
discussed in Sec. 4.4. The necessary condition of compatibility, or the 
kinematic condition, requires the angle of twist of one end of the shaft 
with respect to the other end to be equal to zero, since the end supports 
are fixed. Therefore, 


a/B =0 


Provided the material is linear elastic, we can apply the load—displacement 
relation ¢ = TL/JG to express the compatibility condition in terms of the 
unknown torques. Realizing that the internal torque in segment AC is +T 4 
and in segment CB it is —T,, Fig. 5—22c, we have 


TaLac _ Talse _ 


0 


JG JG 
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Solving the above two equations for the reactions, realizing that 
L= Lac ao Lc, we get 


Procedure for Analysis 


The unknown torques in statically indeterminate shafts are determined 
by satisfying equilibrium, compatibility, and torque-displacement 
requirements for the shaft. 


Equilibrium. 


e Draw a free-body diagram of the shaft in order to identify all 
the external torques that act on it. Then write the equation of 
moment equilibrium about the axis of the shaft. 


Compatibility. 


e Write the compatibility equation between two points along the 
shaft. Give consideration as to how the supports constrain the 
shaft when it is twisted. 


Express the angles of twist in the compatibility condition in 
terms of the torques, using a torque-displacement relation, such 
as @ = TL/JG. 

Solve the equilibrium and compatibility equations for the 
unknown reactive torques. If any of the magnitudes have a 
negative numerical value, it indicates that this torque acts in 
the opposite sense of direction to that shown on the free-body 
diagram. 


The shaft of this cutting machine is fixed at 
its ends and subjected to a torque at its 
center, allowing it to act as a torsional spring. 
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EXAMPLE [5.8 


The solid steel shaft shown in Fig. 5—23a has a diameter of 20 mm. If it 
is subjected to the two torques, determine the reactions at the fixed 
supports A and B. 


A : 
500 N-m SE- 
0.3m SE 
800 Nem 
‘m ( Z A Se 
15m Lae 
2 x 


2m Tz 
(a) (b) 


SOLUTION 

Equilibrium. By inspection of the free-body diagram, Fig. 5-235, it 
is seen that the problem is statically indeterminate since there is 
only one available equation of equilibrium and there are two 
unknowns. We require 


=M,=0; —Tz+ 800N-m—500N-m-—T7,=0 (1) 


Compatibility. Since the ends of the shaft are fixed, the angle of 
twist of one end of the shaft with respect to the other must be zero. 
Hence, the compatibility equation becomes 


dap = 0 


This condition can be expressed in terms of the unknown torques by 
using the load—displacement relationship, 6 = TL/JG. Here there 
are three regions of the shaft where the internal torque is constant. 
On the free-body diagrams in Fig. 5-23c we have shown the internal 
torques acting on the left segments of the shaft which are sectioned in 
each of these regions. This way the internal torque is only a function of 
Tz. Using the sign convention established in Sec. 5.4, we have 


-T,(0.2m) (800-—T,)(15m) (300 - T;)(0.3m) 
[ca JG : IG 


so that 
Tz = 645 N-m Ans. 
Using Eq. 1, 
Ta, = —345N-m Ans. 


The negative sign indicates that T, acts in the opposite direction of 
that shown in Fig. 5—23b. 
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EXAMPLE |5.9 


The shaft shown in Fig. 5—-24a is made from a steel tube, which is 
bonded to a brass core. If a torque of T = 250 lb-ft is applied at 
its end, plot the shear-stress distribution along a radial line of its 
cross-sectional area. Take Gy = 11.4(10°) ksi, Gy, = 5.20(10°) ksi. 


SOLUTION 


Equilibrium. A free-body diagram of the shaft is shown in Fig, 5—24b. 
The reaction at the wall has been represented by the unknown amount 
of torque resisted by the steel, 7, and by the brass, 7,,. Working in 
units of pounds and inches, equilibrium requires 

—Ty — Ty, + (250 Ib- ft)(12 in./ft) = 0 (1) 


Compatibility. We require the angle of twist of end A to be vee 


the same for both the steel and brass since they are bonded 
together. Thus, 


1 in. 
OF Os = T = 250 lb-ft 
Applying the load-displacement relationship, 6 = TL/JG, 
Peek a 
(a/2)[(1 in.)* — (0.5 in.)*]11.4(10%) kip/in? 
ell, 


(1/2)(0.5 in.)*5.20(10°) kip/in? wa 


Ts = 32.88T », (2) 


Solving Eqs. 1 and 2, we get 
Ty = 2911.5 lb- in. = 242.6 lb-ft 
T= B8oilbein. = 738 Ib ft ae 
The shear stress in the brass core varies from zero at its center to a 


maximum at the interface where it contacts the steel tube. Using the 
torsion formula, 


(88.5 Ib - in.)(0.5 in.) 
(a/2)(0.5 in.)* 
For the steel, the minimum and maximum shear stresses are 
(2911.5 1b: in.) (0.5 in.) 
(a/2)[(1 in.)* — (0.5 in.)*] 
(2911.5 Ib-in.)(1 in.) 
(a/2)[(1 in.)* — (0.5 in.)*] 


The results are plotted in Fig. 5—24c. Note the discontinuity of shear 
stress at the brass and steel interface. This is to be expected, since the 
materials have different moduli of rigidity; i.e., steel is stiffer than 
brass (G,, > Gy,) and thus it carries more shear stress at the interface. 
Although the shear stress is discontinuous here, the shear strain is not. 
Rather, the shear strain is the same for both the brass and the steel. 


CME a = 451 psi 


= 989 psi Shear-stress distribution 


(c) 
= 1977 psi Fig. 5-24 


Ge min — 


ay) max — 
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[J] PROBLEMS 


e5-77. The A-36 steel shaft has a diameter of 50 mm and is 
fixed at its ends A and B. If it is subjected to the torque, 
determine the maximum shear stress in regions AC and CB 
of the shaft. 


fi 300 N-m 
0.4m ve 
x 
a 
0.8 
a 


Prob. 5-77 


os 5-78. The A-36 steel shaft has a diameter of 60 mm and is 
fixed atits ends A and B. Ifit is subjected to the torques shown, 
determine the absolute maximum shear stress in the shaft. 


200 N-m 
aa 
1 
500 N-m D " 
XX 1.5m 
J 
C 


Prob. 5-78 
5-79. The steel shaft is made from two segments: AC has a 
diameter of 0.5 in, and CB has a diameter of 1 in. If it is 
fixed at its ends A and B and subjected to a torque of 
500 lb: ft, determine the maximum shear stress in the shaft. 
Gg = 10.8(10°) ksi. 


A 


0.5 in. 
ae uw 
: D 
5 in. a SS 500 Ib-ft 
8 in. 6 


12 in. 


Prob. 5-79 


*5-80. The shaft is made of A-36 steel, has a diameter of 
80 mm, and is fixed at B while A is loose and can rotate 
0.005 rad before becoming fixed. When the torques are 
applied to C and D, determine the maximum shear stress in 
regions AC and CD of the shaft. 


°5-81. The shaft is made of A-36 steel and has a diameter 
of 80 mm. It is fixed at B and the support at A has a torsional 
stiffness of k = 0.5 MN-m/rad. If it is subjected to the gear 
torques shown, determine the absolute maximum shear stress 
in the shaft. 


Probs. 5-80/81 


5-82. The shaft is made from a solid steel section AB and 
a tubular portion made of steel and having a brass core. 
If it is fixed to a rigid support at A, and a torque of 
T = 50 lb-ft is applied to it at C, determine the angle of 
twist that occurs at C and compute the maximum shear 
stress and maximum shear strain in the brass and steel. 
Take Gy = 11.5(10°) ksi, Gp, = 5.6(10°) ksi. 


T = 50 |b-ft 


Prob. 5-82 


5.5 STATICALLY INDETERMINATE TORQUE-LOADED MEMBERS 


5-83. The motor A develops a torque at gear B of 450 Ib ft, 
which is applied along the axis of the 2-in.-diameter steel shaft 
CD. This torque is to be transmitted to the pinion gears at E 
and F. If these gears are temporarily fixed, determine the 
maximum shear stress in segments CB and BD of the shaft. 
Also, what is the angle of twist of each of these segments? The 
bearings at C and D only exert force reactions on the shaft 
and do not resist torque. Gy, = 12(103) ksi. 


450 lb-ft 


Prob. 5-83 


*5-84. A portion of the A-36 steel shaft is subjected to a 
linearly distributed torsional loading. If the shaft has the 
dimensions shown, determine the reactions at the fixed 
supports A and C. Segment AB has a diameter of 1.5 in. and 
segment BC has a diameter of 0.75 in. 


e5-85. Determine the rotation of joint B and the absolute 
maximum shear stress in the shaft in Prob. 5-84. 


300 Ib-in. /in. 


Probs. 5-84/85 


5-86. The two shafts are made of A-36 steel. Each has a 
diameter of 25 mm and they are connected using the gears 
fixed to their ends. Their other ends are attached to fixed 
supports at A and B. They are also supported by journal 
bearings at C and D, which allow free rotation of the shafts 
along their axes. If a torque of 500 N- m is applied to the 
gear at E as shown, determine the reactions at A and B. 
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5-87. Determine the rotation of the gear at FE in 
Prob. 5-86. 


Probs. 5-86/87 


*5-88. The shafts are made of A-36 steel and have the 
same diameter of 4 in. If a torque of 15 kip - ft is applied to 
gear B, determine the absolute maximum shear stress 
developed in the shaft. 


e5-89. The shafts are made of A-36 steel and have the 
same diameter of 4 in. If a torque of 15 kip - ft is applied to 
gear B, determine the angle of twist of gear B. 


Probs. 5-88/89 
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5-90. The two 3-ft-long shafts are made of 2014-T6 
aluminum. Each has a diameter of 1.5 in. and they are 
connected using the gears fixed to their ends. Their other 
ends are attached to fixed supports at A and B. They are 
also supported by bearings at C and D, which allow free 
rotation of the shafts along their axes. If a torque of 600 Ib - ft 
is applied to the top gear as shown, determine the maximum 
shear stress in each shaft. 


600 lb-ft 


Prob. 5-90 


5-91. The A-36 steel shaft is made from two segments: AC 
has a diameter of 0.5 in. and CB has a diameter of 1 in. If 
the shaft is fixed at its ends A and B and subjected to a 
uniform distributed torque of 60 lb-in./in. along segment 
CB, determine the absolute maximum shear stress in the 
shaft. 


Prob. 5-91 


*5-92. If the shaft is subjected to a uniform distributed 
torque of tf = 20 kN-m/m, determine the maximum shear 
stress developed in the shaft. The shaft is made of 2014-T6 
aluminum alloy and is fixed at A and C. 


Section a—a 


Prob. 5-92 


e5-93. The tapered shaft is confined by the fixed supports 
at A and B. If a torque T is applied at its mid-point, 
determine the reactions at the supports. 


L/2 
if2 
Prob. 5-93 


5-94. The shaft of radius c is subjected to a distributed 
torque f, measured as torque/length of shaft. Determine the 
reactions at the fixed supports A and B. 


Prob. 5-94 


5.6 


*5.6 Solid Noncircular Shafts 


It was demonstrated in Sec. 5.1 that when a torque is applied to a shaft 
having a circular cross section—that is, one that is axisymmetric—the 
shear strains vary linearly from zero at its center to a maximum at its 
outer surface. Furthermore, due to the uniformity of the shear strain at 
all points on the same radius, the cross sections do not deform, but rather 
remain plane after the shaft has twisted. Shafts that have a noncircular 
cross section, however, are not axisymmetric, and so their cross sections 
will bulge or warp when the shaft is twisted. Evidence of this can be seen 
from the way grid lines deform on a shaft having a square cross section 
when the shaft is twisted, Fig. 5-25. As a consequence of this deformation 
the torsional analysis of noncircular shafts becomes considerably more 
complicated and will not be considered in this text. 

Using a mathematical analysis based on the theory of elasticity, 
however, it is possible to determine the shear-stress distribution within a 
shaft of square cross section. Examples of how this shear stress varies 
along two radial lines of the shaft are shown in Fig. 5—26a. Because these 
shear-stress distributions vary in a complex manner, the shear strains 
they create will warp the cross section as shown in Fig. 5-26). In 
particular notice that the corner points of the shaft must be subjected to 
zero shear stress and therefore zero shear strain. The reason for this 
can be shown by considering an element of material located at one of 
these points, Fig. 5-26c. One would expect the top face of this element 
to be subjected to a shear stress in order to aid in resisting the applied 
torque T. This, however, cannot occur since the complementary shear 
stresses 7 and 7’, acting on the outer surface of the shaft, must be zero. 


Undeformed 


Deformed 


Fig. 5-25 


SOLID NONCIRCULAR SHAFTS 


d 
ett 


Shear stress distribution 
along two radial lines 


(a) 


Warping of 
cross-sectional area 


(b) 


(c) 


Fig. 5-26 
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The drill shaft is connected to the soil 
auger using a shaft having a square cross 
section. 


Notice the deformation of the square element when this rubber bar is subjected to a 
torque. 


The results of the analysis for square cross sections, along with other 
results from the theory of elasticity, for shafts having triangular and 
elliptical cross sections, are reported in Table 5-1. In all cases the 
maximum shear stress occurs at a point on the edge of the cross section 
that is closest to the center axis of the shaft. In Table 5-1 these points 
are indicated as “dots” on the cross sections. Also given are formulas 
for the angle of twist of each shaft. By extending these results to a shaft 
having an arbitrary cross section, it can also be shown that a shaft having 
a circular cross section is most efficient, since it is subjected to both 
a smaller maximum shear stress and a smaller angle of twist than a 
corresponding shaft having a noncircular cross section and subjected to 
the same torque. 


TABLE 5-1 


Shape of 
cross section Tmax e 


Square 
a 4.81 T 7.10 TL 
a a'G 
a 


Equilateral triangle 


7 : 20T 46 TL 
@ a’G 
a 
b 2T (a +b)TL 
b arab? rabG 
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EXAMPLE |5.10 


The 6061-T6 aluminum shaft shown in Fig. 5-27 has a cross-sectional 
area in the shape of an equilateral triangle. Determine the largest 
torque T that can be applied to the end of the shaft if the allowable 
shear stress is Tallow = 8 ksi and the angle of twist at its end is restricted 
to datlow = 0.02 rad. How much torque can be applied to a shaft of 
circular cross section made from the same amount of material? 


SOLUTION 

By inspection, the resultant internal torque at any cross section along 
the shaft’s axis is also T. Using the formulas for 7, and ¢ in 
Table 5-1, we require 


20T 


20T 
Tallow =~ 33 8(10%) lb/in? = 


(Sine? 
T = 1350 Ib-in. 
Also, 
46T L 46T (4 ft)(12 in./ft 
Gen ea ass ae = 
T = 170 |b- in. Ans. 
By comparison, the torque is limited due to the angle of twist. 


allow — 


Circular Cross Section. If the same amount of aluminum is to be 
used in making the same length of shaft having a circular cross 
section, then the radius of the cross section can be calculated. We have 


i! : ae 
Aseles e hanele Ge = 7 (15 in.)(1.5 sin 60°) 


c = 0.557 in. 

The limitations of stress and angle of twist then require 
raow = "8; 8(108) fin? = TOT) 

J (7/2)(0.557 in.) 

T = 2170 lb-in. 

T(4 ft)(12 in./ft) 
(21/2) (0.557 in.)*[3.7(10°) Ib/in?] 
T = 233 |b- in. Ans. 
Again, the angle of twist limits the applied torque. 


IRIE, 
=== ip 
Patiow 1Ge 0.02 ra 


NOTE: Comparing this result (233 Ib-in.) with that given above 
(170 Ib - in.), it is seen that a shaft of circular cross section can support 
37% more torque than the one having a triangular cross section. 
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(b) 
Fig. 5-28 


*5.7 Thin-Walled Tubes Having Closed 
Cross Sections 


Thin-walled tubes of noncircular cross section are often used to 
construct light-weight frameworks such as those used in aircraft. In some 
applications, they may be subjected to a torsional loading. In this section 
we will analyze the effects of applying a torque to a thin-walled tube 
having a closed cross section, that is, a tube that does not have any breaks 
or slits along its length. Such a tube, having a constant yet arbitrary cross- 
sectional shape, and variable thickness f¢, is shown in Fig. 5—28a. Since the 
walls are thin, we will obtain the average shear stress by assuming that this 
stress is uniformly distributed across the thickness of the tube at any given 
point. Before we do this, however, we will first discuss some preliminary 
concepts regarding the action of shear stress over the cross section. 


Shear Flow. Shown in Figs. 5-28a and 5—28b is a small element 
of the tube having a finite length s and differential width dx. At 
one end the element has a thickness t,4, and at the other end the 
thickness is tg. Due to the internal torque T, shear stress is 
developed on the front face of the element. Specifically, at end A 
the shear stress is 74, and at end B it is 7g. These stresses can be 
related by noting that equivalent shear stresses 74 and 7g must also 
act on the longitudinal sides of the element. Since these sides have 
a constant width dx, the forces acting on them are dF 4 = T4(t,4 dx) 
and dF, = T,(tg dx). Equilibrium requires these forces to be of 
equal magnitude but opposite direction, so that 


Tala = Tplp 


This important result states that the product of the average shear stress 
times the thickness of the tube is the same at each point on the tube’s 
cross-sectional area. This product is called shear flow,* q, and in general 
terms we can express it as 


CO se (5-17) 


Since q is constant over the cross section, the /argest average shear stress 
must occur where the tube’s thickness is the smallest. 


*The terminology “flow” is used since g is analogous to water flowing through a tube of 
rectangular cross section having a constant depth and variable width w. Although the 
water’s velocity v at each point along the tube will be different (like T,,9), the flow g = vw 
will be constant. 
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Now if a differential element having a thickness 1, length ds, and 
width dx is isolated from the tube, Fig. 5—28c, it is seen that the front 
face over which the average shear stress acts is dA = t ds. Hence, 
dF = Tayg(t ds) = q ds, or q = dF/ds. In other words, the shear flow 
measures the force per unit length along the tube’s cross-sectional area. 

It is important to realize that the shear-stress components shown in 
Fig. 5—28c are the only ones acting on the tube. Components acting in 
the other direction, as shown in Fig. 5—28d, cannot exist. This is 
because the top and bottom faces of the element are at the inner and 
outer walls of the tube, and these boundaries must be free of stress. 
Instead, as noted above, the applied torque causes the shear flow and 
the average stress to always be directed tangent to the wall of the tube, 
such that it contributes to the resultant internal torque T. 


Average Shear Stress. The average shear stress can be 
related to the torque T by considering the torque produced 
by this shear stress about a selected point O within the tube’s 
boundary, Fig. 5-28e. As shown, the shear stress develops a force 
dF = TaygdA = Tayg(t ds) on an element of the tube. This force acts 
tangent to the centerline of the tube’s wall, and if the moment arm is 
h, the torque is 


dT = h(dF) = h(taygt ds) 


For the entire cross section, we require 


T= P hragt ds 


Here the “line integral” indicates that integration must be performed 
around the entire boundary of the area. Since the shear flow q = Tyygt 
is constant, it can be factored out of the integral, so that 


r= raat Ph ds 


A graphical simplification can be made for evaluating the integral 
by noting that the mean area, shown by the blue colored triangle in 
Fig. 5-28e, is dA,, = (1/2)h ds. Thus, 


T= 2ravgt f dn = 2TaygtAm 


Stress-free boundary 
(bottom) 


(d) 


() 
Fig. 5-28 (cont.) 


(top) 
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Solving for 7,yy, we have 


(5-18) 


Here 


Tayg — the average shear stress acting over a particular thickness of the 


tube 
T = the resultant internal torque at the cross section 


t 


the thickness of the tube where 7,,, is to be determined 


A, = the mean area enclosed within the boundary of the centerline of 
the tube’s thickness. A,, is shown shaded in Fig. 5—28f 


Since q = Taygt, then the shear flow throughout the cross section 
becomes 


Oe are (5-19) 


Angle of Twist. The angle of twist of a thin-walled tube of length L 
can be determined using energy methods, and the development of the 
necessary equation is given as a problem later in the text.* If the material 
behaves in a linear elastic manner and G is the shear modulus, then this 
angle ¢, given in radians, can be expressed as 


TL ds 
db = _ 


= 5-20 
4A7,GJ t 2) 


Here again the integration must be performed around the entire boundary 
of the tube’s cross-sectional area. 


Important Points 


e Shear flow q is the product of the tube’s thickness and the 
average shear stress. This value is the same at all points along the 
tube’s cross section. As a result, the largest average shear stress 
on the cross section occurs where the thickness is smallest. 


Both shear flow and the average shear stress act tangent to the 
wall of the tube at all points and in a direction so as to contribute 
to the resultant internal torque. 


*See Prob. 14-12. 
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EXAMPLE |5.11 


Calculate the average shear stress in a thin-walled tube having a 
circular cross section of mean radius r,, and thickness ¢, which is 
subjected to a torque T, Fig. 5—29a. Also, what is the relative angle of 
twist if the tube has a length L? 


SOLUTION 
Average Shear Stress. The mean area for the tube is A,, = 7r%,. 
Applying Eq. 5-18 gives 
el eee 
"xe A, Ini 
We can check the validity of this result by applying the torsion 
formula. In this case, using Eq. 5-9, we have 


Ans. 


df 


oF ri)(To th, 


is 
2 
us 
2 
is 
2 


5 T 
Sinlcey,, rs rand! =r. — 7.) = 5 (2Fm)(2rm)t = Dart 


tre Slize i 


J Qar;,t  2tr?, 


so that Ue = 


which agrees with the previous result. 

The average shear-stress distribution acting throughout the tube’s 
cross section is shown in Fig. 5—29b. Also shown is the shear-stress 
distribution acting on a radial line as calculated using the torsion 
formula. Notice how each 7,,, acts in a direction such that it contributes 
to the resultant torque T at the section. As the tube’s thickness 
decreases, the shear stress throughout the tube becomes more uniform. 


Angle of Twist. Applying Eq. 5-20, we have 


TL ds fME, 
Dr ares = ds 
4A2G J t — A(ar,)°Gt 


The integral represents the length around the centerline boundary, 
which is 27r,,. Substituting, the final result is 


aes 
2ar;,Gt 


p 


Show that one obtains this same result using Eq. 5-15. 


Actual shear-stress 
distribution 
(torsion formula) 
Sia aay 


——<$—<—SS SS 
Average shear-stress 
distribution 
(thin-wall approximation) 


(b) 
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EXAMPLE |5.12 


TORSION 


The tube is made of C86100 bronze and has a rectangular cross 
section as shown in Fig. 5—30a. If it is subjected to the two torques, 
determine the average shear stress in the tube at points A and B. Also, 
what is the angle of twist of end C? The tube is fixed at E. 


SOLUTION 

Average Shear Stress. If the tube is sectioned through points A 
and B, the resulting free-body diagram is shown in Fig. 5-30b. The 
internal torque is 35 N- m. As shown in Fig. 5-30d, the mean area is 


Am = (0.035 m)(0.057 m) = 0.00200 m? 


Applying Eq. 5-18 for point A,t,4 = 5 mm, so that 


N- 
a So = sire ans 
2tAm — 2(0.005 m) (0.00200 m2) 


And for point B, tz, = 3 mm, and therefore 


(re 35N-m 
2tA,  2(0.003 m)(0.00200 m7) 


TR= = 2.92 MPa_ Ans. 


These results are shown on elements of material located at points A 
and B, Fig. 5—30e. Note carefully how the 35-N - m torque in Fig. 5—30b 
creates these stresses on the back sides of each element. 


5.7. THIN-WALLED TUBES HAVING CLOSED Cross SECTIONS 


Angle of Twist. From the free-body diagrams in Fig. 5-30b 
and 5-30c, the internal torques in regions DE and CD are 35 N-m 
and 60 N-m, respectively. Following the sign convention outlined in 
Sec. 5.4, these torques are both positive. Thus, Eq. 5-20 becomes 


RIL ds 
¢ ae t 


SA neeEeR EC ae) 


CR cae eee 


= 6.29(10°%) rad Ans. 
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[7] PROBLEMS 


5-95. Compare the values of the maximum elastic shear 
stress and the angle of twist developed in 304 stainless steel 
shafts having circular and square cross sections. Each shaft 
has the same cross-sectional area of 9 in’, length of 36 in., 
and is subjected to a torque of 4000 lb- in. 


—— 


Prob. 5-95 


*5-96. If a= 25mm and b=15 mm, determine the 
maximum shear stress in the circular and elliptical shafts 
when the applied torque is T = 80 N-m. By what 
percentage is the shaft of circular cross section more 
efficient at withstanding the torque than the shaft of 
elliptical cross section? 


oe 


Prob. 5-96 


e5-97. It is intended to manufacture a circular bar to resist 
torque; however, the bar is made elliptical in the process of 
manufacturing, with one dimension smaller than the other 
by a factor k as shown. Determine the factor by which the 
maximum shear stress is increased. 


Prob. 5-97 


5-98. The shaft is made of red brass C83400 and has an 
elliptical cross section. If it is subjected to the torsional 
loading shown, determine the maximum shear stress within 
regions AC and BC, and the angle of twist ¢ of end B 
relative to end A. 

5-99. Solve Prob. 5-98 for the maximum shear stress 
within regions AC and BC, and the angle of twist @ of end B 
relative to C. 


50 N-m 


Probs. 5-98/99 


*5-100. Segments AB and BC of the shaft have circular 
and square cross sections, respectively. If end A is subjected 
to a torque of T =2kN-m, determine the absolute 
maximum shear stress developed in the shaft and the angle 
of twist of end A. The shaft is made from A-36 steel and is 
fixed at C. 


e5-101. Segments AB and BC of the shaft have circular and 
square cross sections, respectively. The shaft is made from 
A-36 steel with an allowable shear stress of Tajjow = 75 MPa, 
and an angle of twist at end A which is not allowed to exceed 
0.02 rad. Determine the maximum allowable torque T that 
can be applied at end A. The shaft is fixed at C. 


Probs. 5—100/101 
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5-102. The aluminum strut is fixed between the two walls 
at A and B. If it has a 2 in. by 2 in. square cross section, and 
it is subjected to the torque of 80 lb-ft at C, determine the 
reactions at the fixed supports. Also, what is the angle of 
twist at C? Gy, = 3.8(10%) ksi. 


A 
a < 
2 ft 
80 Ib-ft B 
3 ft 
Prob. 5-102 


5-103. The square shaft is used at the end of a drive cable in 
order to register the rotation of the cable on a gauge. If it has 
the dimensions shown and is subjected to a torque of 8 N- m, 
determine the shear stress in the shaft at point A. Sketch the 
shear stress on a volume element located at this point. 


8N-m 


Prob. 5-103 


*5-104. The 6061-T6 aluminum bar has a square cross 
section of 25 mm by 25 mm. If it is 2 m long, determine the 
maximum shear stress in the bar and the rotation of one 
end relative to the other end. 


Prob. 5-104 


e5-105. The steel shaft is 12 in. long and is screwed into 
the wall using a wrench. Determine the largest couple 
forces F that can be applied to the shaft without causing the 
steel to yield. ry = 8 ksi. 

5-106. The steel shaft is 12 in. long and is screwed into the 
wall using a wrench. Determine the maximum shear stress 
in the shaft and the amount of displacement that each 
couple force undergoes if the couple forces have a 
magnitude of F = 30 lb, Gy = 10.8(10°) ksi. 


Probs. 5-105/106 


5-107. Determine the constant thickness of the rectangular 
tube if the average shear stress is not to exceed 12 ksi when a 
torque of T = 20 kip: in. is applied to the tube. Neglect stress 
concentrations at the corners. The mean dimensions of the 
tube are shown. 


*5-108. Determine the torque T that can be applied to the 
rectangular tube if the average shear stress is not to exceed 
12 ksi. Neglect stress concentrations at the corners. The 
mean dimensions of the tube are shown and the tube has a 
thickness of 0.125 in. 


Probs. 5-107/108 
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e5-109. For a given maximum shear stress, determine the 
factor by which the torque carrying capacity is increased if 
the half-circular section is reversed from the dashed-line 
position to the section shown. The tube is 0.1 in. thick. 


+ 1.80 in. +| 
| // 0.6 in 
Aid , 
1.20 in. | f 
| \\.05 im 


Prob. 5-109 


5-110. For a given average shear stress, determine the 
factor by which the torque-carrying capacity is increased if 
the half-circular sections are reversed from the dashed-line 
positions to the section shown. The tube is 0.1 in. thick. 


Prob. 5-110 


5-111. A torque T is applied to two tubes having the cross 
sections shown. Compare the shear flow developed in each 
tube. 


Prob. 5-111 


*5-112. Due to a fabrication error the inner circle of the 
tube is eccentric with respect to the outer circle. By what 
percentage is the torsional strength reduced when the 
eccentricity e is one-fourth of the difference in the radii? 


Prob. 5-112 


e5-113. The mean dimensions of the cross section of an 
airplane fuselage are shown. If the fuselage is made of 
2014-T6 aluminum alloy having allowable shear stress of 
Tallow = 18 ksi, and it is subjected to a torque of 6000 kip - ft, 
determine the required minimum thickness ¢ of the cross 
section to the nearest 1/16 in. Also, find the corresponding 
angle of twist per foot length of the fuselage. 


5-114. The mean dimensions of the cross section of an 
airplane fuselage are shown. If the fuselage is made from 
2014-T6 aluminum alloy having an allowable shear stress of 
Tallow = 18 ksi and the angle of twist per foot length of 
fuselage is not allowed to exceed 0.001 rad/ft, determine 
the maximum allowable torque that can be sustained by the 
fuselage. The thickness of the wall is ¢ = 0.25 in. 


Probs. 5-113/114 
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5-115. The tube is subjected to a torque of 750 N-m. 
Determine the average shear stress in the tube at points A 
and B. 


Prob. 5-115 


*5-116. The tube is made of plastic, is 5 mm thick, and has 
the mean dimensions shown. Determine the average shear 
stress at points A and B if it is subjected to the torque of 
T =5N-m. Show the shear stress on volume elements 
located at these points. 


e5-117. The mean dimensions of the cross section of the 
leading edge and torsion box of an airplane wing can be 
approximated as shown. If the wing is made of 2014-T6 
aluminum alloy having an allowable shear stress of 
Tallow = 125 MPa and the wall thickness is 10 mm, 
determine the maximum allowable torque and_ the 
corresponding angle of twist per meter length of the wing. 


5-118. The mean dimensions of the cross section of the 
leading edge and torsion box of an airplane wing can 
be approximated as shown. If the wing is subjected to a 
torque of 4.5 MN-m and the wall thickness is 10 mm, 
determine the average shear stress developed in the wing 
and the angle of twist per meter length of the wing. The 
wing is made of 2014-T6 aluminum alloy. 


10mm 


10 mm i 


Probs. 5-117/118 


5-119. The symmetric tube is made from a high-strength 
steel, having the mean dimensions shown and a thickness of 
5 mm. If it is subjected to a torque of T = 40N-m, 
determine the average shear stress developed at points A 
and B. Indicate the shear stress on volume elements located 
at these points. 


Prob. 5-116 


Prob. 5-119 


234 


CHAPTER 5. TORSION 


5.8 Stress Concentration 


The torsion formula, 7,,,, = Tc/J, cannot be applied to regions of a shaft 
having a sudden change in the cross section. Here the shear-stress and 
shear-strain distributions in the shaft become complex and can be 
obtained only by using experimental methods or possibly by a 
mathematical analysis based on the theory of elasticity. Three common 
discontinuities of the cross section that occur in practice are shown in 
Fig. 5-31. They are at couplings, which are used to connect two collinear 
shafts together, Fig. 5—31a, keyways, used to connect gears or pulleys to a 
shaft, Fig. 5-315, and shoulder fillets, used to fabricate a single collinear 
shaft from two shafts having different diameters, Fig. 5—31c. In each case 
the maximum shear stress will occur at the point (dot) indicated on the 
cross section. 

The necessity to perform a complex stress analysis at a shaft 
discontinuity to obtain the maximum shear stress can be eliminated by 
using a torsional stress-concentration factor, K. As in the case of axially 
loaded members, Sec. 4.7, K is usually taken from a graph based on 
experimental data. An example, for the shoulder-fillet shaft, is shown 
in Fig. 5-32. To use this graph, one first finds the geometric ratio D/d 
to define the appropriate curve, and then once the abscissa r/d is 
calculated, the value of K is found along the ordinate. 


2.0 
Te ie 
1.9 mat £ 
ie nl 
fF 
17 
1.6 
K15 D/d=2.5 
I ot 
2.0 
14 an 
1.67 
lol 
13 oe 1.25 
iE a 
et 1.11 
1.2 
11 
1.0 
0.00 0.05 0.10 015 020 025 020 


al~ 


Fig. 5-32 


The maximum shear stress is then determined from 


Di 
Tmax = K ra (5-21) 


Here the torsion formula is applied to the smaller of the two connected 
shafts, since 7,,,, occurs at the base of the fillet, Fig. 5—31c. 

Note from the graph that an increase in fillet radius r causes a decrease 
in K. Hence the maximum shear stress in the shaft can be reduced by 
increasing the fillet radius. Also, if the diameter of the larger shaft is 
reduced, the D/d ratio will be lower and so the value of K and therefore 
Tmax Will be lower. 

Like the case of axially loaded members, torsional stress concentration 
factors should always be used when designing shafts made from brittle 
materials, or when designing shafts that will be subjected to fatigue or 
cyclic torsional loadings. These conditions give rise to the formation 
of cracks at the stress concentration, and this can often lead to a 
sudden fracture. On the other hand, if large static torsional loadings are 
applied to a shaft made from ductile material, then inelastic strains will 
develop within the shaft. Yielding of the material will cause the stress 
distribution to become more evenly distributed throughout the shaft, so 
that the maximum stress will not be limited to the region of stress 
concentration. This phenomenon will be discussed further in the next 
section. 


Important Points 


© Stress concentrations in shafts occur at points of sudden 
cross-sectional change, such as couplings, keyways, and at shoulder 
fillets. The more severe the change in geometry, the larger the 
stress concentration. 


e For design or analysis, it is not necessary to know the exact 
shear-stress distribution on the cross section. Instead, it is possible 
to obtain the maximum shear stress using a stress concentration 
factor, K, that has been determined through experiment, and is 
only a function of the geometry of the shaft. 


e Normally a stress concentration in a ductile shaft subjected to a 
static torque will not have to be considered in design; however, if 
the material is brittle, or subjected to fatigue loadings, then stress 
concentrations become important. 
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Stress concentrations can arise at the 
coupling of these shafts, and this must 
be taken into account when the shaft is 
designed. 
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EXAMPLE 


Shear-stress 

distribution 

predicted by 
torsion formula 


5.13 


Tmax = 3-10 MPa 


= 


Actual shear-stress 
distribution caused 
by stress concentration 


(c) 


Fig. 5-33 


The stepped shaft shown in Fig. 5-33a is supported by bearings at A 
and B. Determine the maximum stress in the shaft due to the applied 
torques. The shoulder fillet at the junction of each shaft has a radius of 
r = 6mm. 


SOLUTION 


Internal Torque. By inspection, moment equilibrium about the 
axis of the shaft is satisfied. Since the maximum shear stress occurs at 
the rooted ends of the smaller diameter shafts, the internal torque 
(30 N-m) can be found there by applying the method of sections, 
Fig. 5-33b. 

Maximum Shear Stress. The stress-concentration factor can be 
determined by using Fig. 5—32. From the shaft geometry we have 


Thus, the value of K = 1.3 is obtained. 
Applying Eq. 5-21, we have 


fe E N-m (0.020 m) 
=e Tmax E 


ae gq | 2lOMPa Ans. 
di (ar/2)(0.020 m) 


NOTE: From experimental evidence, the actual stress distribution 
along a radial line of the cross section at the critical section looks 
similar to that shown in Fig. 5—33c. Notice how this compares with the 
linear stress distribution found from the torsion formula. 


*5.9 Inelastic Torsion 


If the torsional loadings applied to the shaft are excessive, then the 
material may yield, and, consequently, a “plastic analysis” must be 
used to determine the shear-stress distribution and the angle of 
twist. To perform this analysis, then as before, it is necessary to 
meet the conditions of both deformation and equilibrium for the 
shaft. 

It was shown in Sec. 5.1 that regardless of the material behavior, 
the shear strains that develop in a circular shaft will vary linearly, 
from zero at the center of the shaft to a maximum at its outer 
boundary, Fig. 5—34a. Also, the resultant internal torque at the section 
must be equivalent to the torque caused by the entire shear-stress 
distribution over the cross section. This condition can be expressed 
mathematically by considering the shear stress 7 acting on an 
element of area dA located a distance p from the center of the shaft, 
Fig. 5-34b. The force produced by this stress is dF = 7 dA, and the 
torque produced is dT = pdF = p(7 dA). For the entire shaft we 
require 


T= [er dA (5-22) 
A 


If the area dA over which 7 acts can be defined as a differential 
ring having an area of dA = 2m7pdp, Fig. 5-34c, then the above 
equation can be written as 


T= 2m f tp’ dp (5-23) 
0 


These conditions of geometry and loading will now be used to 
determine the shear-stress distribution in a shaft when the shaft is 
subjected to two types of torque. 


Elastic-Plastic Torque. Let us consider the material in the shaft 
to exhibit an elastic-perfectly plastic behavior. As shown in Fig. 5-35a, 
this is characterized by a shear stress-strain diagram for which the 
material undergoes an increasing amount of shear strain when the 
shear stress reaches the yield point ry. 
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Severe twist of an aluminum specimen caused 
by the application of a plastic torque. 


Ymax 


Linear shear-strain 
distribution 


(a) 


(b) 


dA = 27p dp 
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Vy x 


(a) 


Plastic 
annulus 


Shear-strain distribution 


(b) 


Shear-stress distribution 
(c) 
Fig. 5-35 


If the internal torque produces the maximum elastic shear strain yy, at 
the outer boundary of the shaft, then the maximum elastic torque Ty 
that produces this distribution can be found from the torsion formula, 
ty = Tyc/[(m/2)c*], so that 


T 
Ty = —tyc3 
Y ¥ 
2 


(5-24) 
Furthermore, the angle of twist can be determined from Eq. 5-13, 
namely, 


dx 


dd = _ (5-25) 


If the applied torque increases in magnitude above 7’y, it will begin to 
cause yielding. First at the outer boundary of the shaft, p = c, and then, 
as the maximum shear strain increases to, say, y’ in Fig. 5—35a, the 
yielding boundary will progress inward toward the shaft’s center, 
Fig. 5—35b. As shown, this produces an elastic core, where, by proportion, 
the radius of the core is py = (yy/y’)c. Also, the outer portion of the 
material forms a plastic annulus or ring, since the shear strains y 
within this region are greater than yy. The corresponding shear-stress 
distribution along a radial line of the shaft is shown in Fig. 5-35c. It is 
established by taking successive points on the shear-strain distribution 
in Fig. 5—35b and finding the corresponding value of shear stress from 
the 7—y diagram, Fig. 5—-35a. For example, at p = c, y’ gives Ty, and at 
p = py, yy also gives Ty; etc. 

Since 7 in Fig. 5—35c can now be expressed as a function of p, we can 
apply Eq. 5-23 to determine the torque. We have 


Cc 
T= 2a f Tp- dp 
0 
Py p c 
= 2m f ty— |p* dp + 2m f typ’ dp 
0 Py py 


9) Py c 
= Tay f p dp + anny | p’ dp 
Py 0 py 


T Qa 
= sry) + SP ry(e — py) 
Py 2 
TT 
= —(4c3 — p}) (5-26) 


Plastic Torque. Further increases in T tend to shrink the radius of 
the elastic core until all the material will yield, i.e., py — 0, Fig. 5—35b. 
The material of the shaft will then be subjected to perfectly plastic behav- 
ior and the shear-stress distribution becomes uniform, so that 7 = ty, 
Fig. 5-35d. We can now apply Eq. 5-23 to determine the plastic torque 
T,,, which represents the largest possible torque the shaft will support. 


=, Eye (5-27) 


Compared with the maximum elastic torque Ty, Eq. 5-24, it can be seen 
that 


In other words, the plastic torque is 33% greater than the maximum 
elastic torque. 

Unfortunately, the angle of twist ¢ for the shear-stress distribution 
cannot be uniquely defined. This is because tT = ty does not correspond 
to any unique value of shear strain y = yy. As a result, once T,, is 
applied, the shaft will continue to deform or twist with no corresponding 
increase in shear stress. 


*5.10 Residual Stress 


When a shaft is subjected to plastic shear strains caused by torsion, 
removal of the torque will cause some shear stress to remain in the shaft. 
This stress is referred to as residual stress, and its distribution can be 
calculated using superposition and elastic recovery. (See Sec. 4.9.) 

For example, if 7, causes the material at the outer boundary of the shaft 
to be strained to y,;, shown as point C on the 7—y curve in Fig. 5-36, the 
release of 7, will cause a reverse shear stress, such that the material 
behavior will follow the straight-lined segment CD, creating some elastic 
recovery of the shear strain y,. This line is parallel to the initial straight- 
lined portion AB of the 7—y diagram, and thus both lines have a slope G as 
indicated. 
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T TY 
Fully plastic torque 
(d) 
Fig. 5-35 (cont.) 
7  Elastic-plastic 
material behavior 
Ty G 
A 
v1 * 


Maximum elastic 
recovery is 2yy 

Reversed elastic 

D_D material behavior 


Fig. 5-36 
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Since elastic recovery occurs, we can superimpose on the plastic 
torque stress distribution in Fig. 5-37a a linear stress distribution caused 
by applying the plastic torque T,, in the opposite direction, Fig. 5-37b. 
Here the maximum shear stress 7,, for this stress distribution, is called 
the modulus of rupture for torsion. It is determined from the torsion 
formula,* which gives 


Plastic torque applied Tc Tc 
causing plastic shear strains = ee P 
throughout the shaft . J (77/2) cA 
(a) 


Using Eq. 5-27, 


[(2/3)aryc"Je 4 
(De 3 


Ty 


Note that reversed application of T, using the linear shear-stress 

T, distribution in Fig. 5—37b is possible here, since the maximum recovery 

; for the elastic shear strain is 2yy, as noted in Fig. 5-37. This corresponds 
Plastic torque reversed : : : : 

Gausing claatiwehear strains to a maximum applied shear stress of 27y, which is greater than the 

throughout the shaft maximum shear stress of ;7y calculated above. Hence, by superimposing 

(b) the stress distributions involving applications and then removal of the 

plastic torque, we obtain the residual shear-stress distribution in the shaft 

as shown in Fig. 5—37c. It should be noted from this diagram that the 

shear stress at the center of the shaft, shown as vy, must actually be zero, 

since the material along the axis of the shaft is never strained. The reason 

T,— Ty this is not zero is because we assumed that all the material of the shaft 

was strained beyond the yield point in order to determine the plastic 

torque, Fig. 5-37a. To be more realistic, an elastic-plastic torque should 


Residual shear-stress be considered when modeling the material behavior. Doing so leads to 
ee in shaft the superposition of the stress distribution shown in Fig. 5—37d. 
c 
Ts 


— 
—Ty 
Tia Ss Tp 


Elastic—plastic torque applied Elastic—plastic torque reversed Residual shear-stress 
(d) distribution in shaft 


Fig. 5-37 


*The torsion formula is valid only when the material behaves in a linear elastic manner; 
however, the modulus of rupture is so named because it assumes that the material behaves 
elastically and then suddenly ruptures at the proportional limit. 
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Ultimate Torque. In the general case, most engineering materials 
will have a shear stress-strain diagram as shown in Fig. 5-38a. 
Consequently, if Tis increased so that the maximum shear strain in the 
shaft becomes y = y,, Fig. 5—38b, then, by proportion yy occurs at 
py = (yy/y,)c. Likewise, the shear strains at, say, p = p; and p = pp, 
can be found by proportion, i.e., yj = (p;/c)y, and y2 = (p2/c)y,. If the 
corresponding values of 7,, Ty, 72, and 7,, are taken from the r—y diagram 


and plotted, we obtain the shear-stress distribution, which acts along a T 
radial line on the cross section, Fig. 5—38c. The torque produced by this 
stress distribution is called the ultimate torque, T ,. tr, 
The magnitude of T,, can be determined by “graphically” integrating Ps 
Eq. 5-23. To do this, the cross-sectional area of the shaft is segmented into 
Ty 


a finite number of rings, such as the one shown shaded in Fig. 5—38d. The 
area of this ring, AA = 27p Ap, is multiplied by the shear stress 7 that 77 
acts on it, so that the force AF = 7 AA can be determined. The torque 
created by this force is then AT = p AF = p(7 AA). The addition of all 
the torques for the entire cross section, as determined in this manner, 
gives the ultimate torque T,,; that is, Eq. 5-23 becomes T,, ~ 27> rp” Ap. me ee ue 
If, however, the stress distribution can be expressed as an analytical (a) 
function, 7 = f(p), as in the elastic and plastic torque cases, then the 
integration of Eq. 5—23 can be carried out directly. 

Ne i> 


we “(avai “(AN 
ze 


Ultimate shear-strain distribution Ultimate shear-stress distribution 


(b) (0) a 


Important Points Fig. 5-38 


© The shear-strain distribution along a radial line on the cross 
section of a shaft is based on geometric considerations, and it is 
found to always vary linearly along the radial line. Once it is 
established, the shear-stress distribution can then be determined 
using the shear stress-strain diagram. 


If the shear-stress distribution for the shaft is established, it 
produces a torque about the axis of the shaft that is equivalent to 
the resultant internal torque acting on the cross section. 
Perfectly plastic behavior assumes the shear-stress distribution is 
constant. When it occurs, the shaft will continue to twist with no 
increase in torque. This torque is called the plastic torque. 
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EXAMPLE |5.14 


y (rad) 


0.286 (1073) 
(a) 


50mm 47 MPa 


Elastic shear-stress distribution 


0.286 (1073) rad 
0.172 (1073) rad 
Elastic shear-strain distribution 
(b) 


Fig. 5-39 


The tubular shaft in Fig. 5—39a is made of an aluminum alloy that is 
assumed to have an elastic-plastic 7—y diagram as shown. Determine 
the maximum torque that can be applied to the shaft without causing 
the material to yield, and the maximum torque or plastic torque that 
can be applied to the shaft. Also, what should the minimum shear 
strain at the outer wall be in order to develop a fully plastic torque? 


SOLUTION 


Maximum Elastic Torque. We require the shear stress at the outer 
fiber to be 20 MPa. Using the torsion formula, we have 


Ty(0.05 m) 
(r/2)[(0.05 m)* — (0.03 m)*] 


T 
ty =; 20(10) N/m? = 


Ty = 342kN-m Ans. 


The shear-stress and shear-strain distributions for this case are 
shown in Fig. 5-39b. The values at the tube’s inner wall have been 
obtained by proportion. 


Plastic Torque. The shear-stress distribution in this case is shown in 
Fig. 5-39c. Application of Eq. 5-23 requires T = ty. We have 


0.05 m 1 0.05 m 
T, = 20 [ [20(10°) N/m?]p* dp = 125.66(10°) — p* 
0.03 m 3) 0.03 m 


=411kN-m Ans. 


For this tube 7, represents a 20% increase in torque capacity 
compared with the elastic torque Ty. 

Outer Radius Shear Strain. The tube becomes fully plastic when 
the shear strain at the inner wall becomes 0.286(10-°) rad, as shown in 
Fig. 5—39c. Since the shear strain remains linear over the cross section, 
the plastic strain at the outer fibers of the tube in Fig. 5-39c is 
determined by proportion. 


Yo __ 0.286(10"*) rad 
50 mm 30 mm 


Yo = 0.477(10°3) rad 


0.477 (107+) rad 


0.286 (1073) rad 


Plastic shear-stress distribution Initial plastic shear-strain distribution 


(c) 


EXAMPLE |5.15 


A solid circular shaft has a radius of 20 mm and length of 1.5 m. The 
material has an elastic-plastic t—y diagram as shown in Fig. 5—40a. 
Determine the torque needed to twist the shaft @ = 0.6 rad. 


7 (MPa) 


0.0016 0.008 
(a) 


SOLUTION 
We will first obtain the shear-strain distribution, then establish the 
shear-stress distribution. Once this is known, the applied torque can 
be determined. 

The maximum shear strain occurs at the surface of the shaft, p = c. 
Since the angle of twist is @ = 0.6 rad for the entire 1.5-m length of 
the shaft, then using Eq. 5—25, for the entire length we have 


i _Ymax( 1.5m) 


ae Oo = oom) 
Vmax = 0.008 rad 


The shear-strain distribution is shown in Fig. 5—40b. Note that 
yielding of the material occurs since ymax > yy = 0.0016 rad in 
Fig. 5—40a. The radius of the elastic core, py, can be obtained by 
proportion. From Fig. 5—40b, 

Py 0.02 m 
0.0016 0.008 


py = 0.004 m = 4mm 


Based on the shear-strain distribution, the shear-stress distribution, 
plotted over a radial line segment, is shown in Fig. 5—-40c. The torque 
can now be obtained using Eq. 5-26. Substituting in the numerical 
data yields 

T =~ (Ac8 — ph) 
a[75(10°) N/m?] 


= ; [4(0.02 m)? — (0.004 m)}] 


= 125kN-m 
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yy = 0.0016 rad 
‘max = 0.008 rad 


Shear-strain distribution 


(b) 


ty = 75 MPa 


Shear-stress distribution 
(c) 
Fig. 5-40 
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EXAMPLE |5.16 


7, = 14.93 ksi 


Plastic torque reversed 


iN (d) 
NY 
2.93 ksi 


Residual shear-stress distribution 


Fig. 5-41 


A tube in Fig. 5—41a has a length of 5 ft and the material has an elastic- 
plastic r—y diagram, also shown in Fig. 5—41a. Determine the plastic 
torque 7,. What is the residual shear-stress distribution if T,, is 
removed just after the tube becomes fully plastic? 


SOLUTION 


Plastic Torque. The plastic torque T, will strain the tube such that 
all the material yields. Hence the stress distribution will appear as 
shown in Fig. 5-415. Applying Eq. 5—23, we have 


Co D) 
ie 2m f typ’ dp = 
G, 


i 


2m 


= (12(10°) lb/in*)[(2 in.)? — (1 in.)3] = 175.9 kip-in. Ans. 


When the tube just becomes fully plastic, yielding has started at the 
inner wall, ie., at c; = 1in., yy = 0.002 rad, Fig. 5—41a. The angle of 
twist that occurs can be determined from Eq. 5-25, which for the 
entire tube becomes 


(0.002)(5 ft) (12 in./ft) 
a (1 in.) 


by = yy = 0.120 rad } 


When T,, is removed, or in effect reapplied in the opposite 
direction, then the “fictitious” linear shear-stress distribution shown in 
Fig. 5—41c must be superimposed on the one shown in Fig. 5-41b. In 
Fig. 5-41c the maximum shear stress or the modulus of rupture is 
found from the torsion formula 


= T Co _ (175.9 kip - in.) (2 in.) 7 . 
" (a/2)[(2 in.)* — (1 in.)*] 14.93 ksi 


Also, at the inner wall of the tube the shear stress is 


Lin. 
7; = (14.93 Ksi)($) = 7.47 ksi Ans. 
2 in. 


The resultant residual shear-stress distribution is shown in Fig. 541d. 
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E [PROBLEMS 


*5-120. The steel used for the shaft has an allowable shear 5-123. The steel shaft is made from two segments: AB and 
stress Of Tallow = 8 MPa. If the members are connected with BC, which are connected using a fillet weld having a radius 
a fillet weld of radius r = 4mm, determine the maximum of 2.8 mm. Determine the maximum shear stress developed 
torque T that can be applied. in the shaft. 


Prob. 5-120 


Prob. 5-123 


e5-121. The built-up shaft is to be designed to rotate 
at 720 rpm while transmitting 30 kW of power. Is this 
possible? The allowable shear stress is Ta)ow = 12 MPa. 


5-122. The built-up shaft is designed to rotate at 540 rpm. 
If the radius of the fillet weld connecting the shafts 
is r = 7.20mm, and the allowable shear stress for the 
material is Tajjow = 55 MPa, determine the maximum power 
the shaft can transmit. 


*5-124. The steel used for the shaft has an allowable shear 
stress Of Tallow = 8 MPa. If the members are connected 
together with a fillet weld of radius r = 2.25 mm, determine 
the maximum torque T that can be applied. 


30 mm 30 mm 
15mm 
Z Z 

i 
XV 

| Se T X 

ea tr 

2 2 


Probs. 5-121/122 Prob. 5-124 
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e5-125. The assembly is subjected to a torque of 710 lb- in. 
If the allowable shear stress for the material is Taj) = 12 ksi, 
determine the radius of the smallest size fillet that can be used 
to transmit the torque. 


0.75 in. 


A 710 Ib-in. 
=| 


1:5.1n, 


710 lb-ft 


Prob. 5-125 


5-126. A solid shaft is subjected to the torque 7, which 
causes the material to yield. If the material is elastic plastic, 
show that the torque can be expressed in terms of the angle 
of twist ¢ of the shaft as T = Ty (1 — °y/4¢°), where Ty 
and @y are the torque and angle of twist when the material 
begins to yield. 


5-127. A solid shaft having a diameter of 2 in. is made 
of elastic-plastic material having a yield stress of 
ty = 16ksi and shear modulus of G = 12(10°) ksi. 
Determine the torque required to develop an elastic core 
in the shaft having a diameter of 1 in. Also, what is the 
plastic torque? 


*5-128. Determine the torque needed to twist a short 
3-mm-diameter steel wire through several revolutions if it is 
made from steel assumed to be elastic plastic and having a 
yield stress of ty = 80 MPa. Assume that the material 
becomes fully plastic. 


e5-129. The solid shaft is made of an elastic-perfectly 
plastic material as shown. Determine the torque T needed 
to form an elastic core in the shaft having a radius of 
py = 20mm. If the shaft is 3 m long, through what angle 
does one end of the shaft twist with respect to the other end? 
When the torque is removed, determine the residual stress 
distribution in the shaft and the permanent angle of twist. 


y (rad) 


0.004 


Prob. 5-129 


5-130. The shaft is subjected to a maximum shear strain 
of 0.0048 rad. Determine the torque applied to the shaft 
if the material has strain hardening as shown by the shear 
stress-strain diagram. 


y (rad) 


0.0006 0.0048 


Prob. 5-130 


5-131. An 80-mm diameter solid circular shaft is made of 
an elastic-perfectly plastic material having a yield shear 
stress of ry = 125 MPa. Determine (a) the maximum elastic 
torque Ty; and (b) the plastic torque T,,. 


*5-132. The hollow shaft has the cross section shown and 
is made of an elastic-perfectly plastic material having a 
yield shear stress of ty. Determine the ratio of the plastic 
torque T,, to the maximum elastic torque Ty. 


Prob. 5-132 


5-133. The shaft consists of two sections that are rigidly 
connected. If the material is elastic plastic as shown, 
determine the largest torque T that can be applied to the 
shaft. Also, draw the shear-stress distribution over a radial 
line for each section. Neglect the effect of stress 
concentration. 


y (rad) 


0.005 


Prob. 5-133 
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5-134. The hollow shaft is made of an elastic-perfectly 
plastic material having a shear modulus of G and a yield 
shear stress of ry. Determine the applied torque T, when the 
material of the inner surface is about to yield (plastic torque). 
Also, find the corresponding angle of twist and the maximum 
shear strain. The shaft has a length of L. 


Prob. 5-134 


5-135. The hollow shaft has inner and outer diameters of 
60 mm and 80 mm, respectively. If it is made of an elastic- 
perfectly plastic material, which has the 7— diagram shown, 
determine the reactions at the fixed supports A and C. 


y (rad) 
0.0016 


Prob. 5-135 
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*5-136. The tubular shaft is made of a strain-hardening 
material having a t—y diagram as shown. Determine the 
torque T that must be applied to the shaft so that the 
maximum shear strain is 0.01 rad. 


0.75 A a 


7 (ksi) 
15 


10 


y (rad) 


0.005 0.01 


Prob. 5-136 


e5-137. The shear stress-strain diagram for a solid 
50-mm-diameter shaft can be approximated as shown in 
the figure. Determine the torque T required to cause a 
maximum shear stress in the shaft of 125 MPa. If the shaft is 
1.5 m long, what is the corresponding angle of twist? 


I 
{ 
— 
1.5m 
( 
T 
7 (MPa) 
125 
50/-— 
d 
0.0025 0.010 vie) 
Prob. 5-137 


5-138. A tube is made of elastic-perfectly plastic material, 
which has the t—y diagram shown. If the radius of the 
elastic core is py = 2.25 in., determine the applied torque T. 
Also, find the residual shear-stress distribution in the shaft 
and the permanent angle of twist of one end relative to the 
other when the torque is removed. 


5-139. The tube is made of elastic-perfectly plastic 
material, which has the 7—y diagram shown. Determine the 
torque T that just causes the inner surface of the shaft to 
yield. Also, find the residual shear-stress distribution in the 
shaft when the torque is removed. 


T (ksi) 


10 +— 


y (rad) 


0.004 
Probs. 5-138/139 


*5-140. The 2-m-long tube is made of an elastic-perfectly 
plastic material as shown. Determine the applied torque T 
that subjects the material at the tube’s outer edge to a shear 
strain Of Ymax = 0.006 rad. What would be the permanent 
angle of twist of the tube when this torque is removed? 
Sketch the residual stress distribution in the tube. 


35 mm 


30 mm 
7 (MPa) 


210 i 
y (rad) 


0.003 
Prob. 5-140 


°5-141. A steel alloy core is bonded firmly to the copper 
alloy tube to form the shaft shown. If the materials have the 
7—y diagrams shown, determine the torque resisted by the 
core and the tube. 


7 (MPa) 
180 + — 
y (rad) 
0.0024 
Steel Alloy 
7 (MPa) 
36 | 
y (rad) 
0.002 
Copper Alloy 


Prob. 5-141 
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5-142. A torque is applied to the shaft of radius r. If the 
material has a shear stress-strain relation of 7 = ky'/®, 
where k is a constant, determine the maximum shear stress 


in the shaft. 


Prob. 5-142 


250 CHAPTER 5 TORSION 


CHAPTER REVIEW 


Torque causes a shaft having a circular cross section 
to twist, such that the shear strain in the shaft is 
proportional to its radial distance from the center of 
the shaft. Provided the material is homogeneous and 
linear elastic, then the shear stress is determined from 
the torsion formula, 


The design of a shaft requires finding the geometric 
parameter, 


Ie 


c Tallow 


Often the power P supplied to a shaft rotating at w is 
reported, in which case the torque is determined from 
P=To. 


The angle of twist of a circular shaft is determined from 


_ fi’ T(*) dx 
a [ JG 


If the internal torque and JG are constant within each 
segment of the shaft then 


TL 
Cae 


For application, it is necessary to use a sign convention for 
the internal torque and to be sure the material remains 
linear elastic. 


If the shaft is statically indeterminate, then the reactive 
torques are determined from equilibrium, compatibility 
of twist, and a torque-twist relationship, such as 
6=TL/JG. 


Solid non-circular shafts tend to warp out of plane when 
subjected to a torque. Formulas are available to determine the 
maximum elastic shear stress and the twist for these cases. 


The average shear stress in thin-walled tubes is determined by 


assuming the shear stress across each thickness t of the tube is 
7P 


oA 


constant. Its value is determined from Tayy = 


Stress concentrations occur in shafts when the cross section 

suddenly changes. The maximum shear stress is determined 

using a stress concentration factor K, which is determined 

from experiment and represented in graphical form. Once 
LE 


obtained, Tmax = K 7S. 


If the applied torque causes the material to exceed the elastic 
limit, then the stress distribution will not be proportional to 
the radial distance from the centerline of the shaft. Instead, the 
internal torque is related to the stress distribution using the 
shear-stress-shear-strain diagram and equilibrium. 


If a shaft is subjected to a plastic torque, which is then 
released, it will cause the material to respond elastically, 
thereby causing residual shear stress to be developed in the 
shaft. 
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251 


252 CHAPTER 5 TORSION 


| REVIEW PROBLEMS 


5-143. Consider a thin-walled tube of mean radius r and 
thickness t. Show that the maximum shear stress in the tube 
due to an applied torque T approaches the average shear 
stress computed from Eq. 5-18 as r/t > co. 


t 


Prob. 5-143 


*5-144. The 304 stainless steel shaft is 3 m long and has an 
outer diameter of 60 mm. When it is rotating at 60 rad/s, it 
transmits 30 kW of power from the engine E to the 
generator G. Determine the smallest thickness of the shaft 
if the allowable shear stress is Tayoy = 150 MPa and the 
shaft is restricted not to twist more than 0.08 rad. 


Prob. 5-144 


e5-145. The A-36 steel circular tube is subjected to a 
torque of 10 KN: m. Determine the shear stress at the mean 
radius p = 60mm and compute the angle of twist of the 
tube if it is 4 m long and fixed at its far end. Solve the 
problem using Eqs. 5-7 and 5-15 and by using Eqs. 5-18 


and 5-20. 
som an 
( 4m 
t=5mm ia 


10kN-m 


Prob. 5-145 


5-146. Rod AB is made of A-36 steel with an allowable 
shear stress of (Tatlow)st = 75 MPa, and tube BC is made of 
AM1004-T61 magnesium alloy with an allowable shear 
stress Of (Tallow)mg = 45MPa. The angle of twist of end C is 
not allowed to exceed 0.05 rad. Determine the maximum 
allowable torque T that can be applied to the assembly. 


Section a-a 


Prob. 5-146 


5-147. A shaft has the cross section shown and is made of 
2014-T6 aluminum alloy having an allowable shear stress of 
Tallow = 125 MPa. If the angle of twist per meter length is 
not allowed to exceed 0.03 rad, determine the required 
minimum wall thickness ¢ to the nearest millimeter when 
the shaft is subjected to a torque of T = 15kN-m. 


Prob. 5-147 


*5-148. The motor A develops a torque at gear B of 
500 Ib-ft, which is applied along the axis of the 2-in.- 
diameter A-36 steel shaft CD. This torque is to be 
transmitted to the pinion gears at E and F. If these gears are 
temporarily fixed, determine the maximum shear stress in 
segments CB and BD of the shaft. Also, what is the angle of 
twist of each of these segments? The bearings at C and D 
only exert force reactions on the shaft. 


500 lb-ft 


B 
S 
= 
° 
A 


Prob. 5-148 


5-149. The coupling consists of two disks fixed to separate 
shafts, each 25 mm in diameter. The shafts are supported on 
journal bearings that allow free rotation. In order to limit 
the torque T that can be transmitted, a “shear pin” P is used 
to connect the disks together. If this pin can sustain an 
average shear force of 550 N before it fails, determine the 
maximum constant torque T that can be transmitted from 
one shaft to the other. Also, what is the maximum shear 
stress in each shaft when the “shear pin” is about to fail? 


Prob. 5-149 
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5-150. The rotating flywheel and shaft is brought to a 
sudden stop at D when the bearing freezes. This causes the 
flywheel to oscillate clockwise—counterclockwise, so that a 
point A on the outer edge of the flywheel is displaced 
through a 10-mm arc in either direction. Determine the 
maximum shear stress developed in the tubular 304 
stainless steel shaft due to this oscillation. The shaft has an 
inner diameter of 25 mm and an outer diameter of 35 mm. 
The journal bearings at B and C allow the shaft to rotate 
freely. 


2m 


80 mm 


Prob. 5-150 


5-151. If the solid shaft AB to which the valve handle is 
attached is made of C83400 red brass and has a diameter of 
10 mm, determine the maximum couple forces F that can be 
applied to the handle just before the material starts to fail. 
Take Tallow = 40 MPa. What is the angle of twist of the 
handle? The shaft is fixed at A. 


Prob. 5-151 
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CHAPTER OBJECTIVES 


Beams and shafts are important structural and mechanical elements 
in engineering. In this chapter we will determine the stress in these 
members caused by bending. The chapter begins with a discussion of 
how to establish the shear and moment diagrams for a beam or shaft. 
Like the normal-force and torque diagrams, the shear and moment 
diagrams provide a useful means for determining the largest shear and 
moment in a member, and they specify where these maximums occur. 
Once the internal moment at a section is determined, the bending 
stress can then be calculated. First we will consider members that are 
straight, have a symmetric cross section, and are made of homogeneous 
linear elastic material. Afterward we will discuss special cases involving 
unsymmetric bending and members made of composite materials. 
Consideration will also be given to curved members, stress 
concentrations, inelastic bending, and residual stresses. 


6.1 Shear and Moment Diagrams 


Members that are slender and support loadings that are applied 
perpendicular to their longitudinal axis are called beams. In general, 
beams are long, straight bars having a constant cross-sectional area. 
Often they are classified as to how they are supported. For example, a 
simply supported beam is pinned at one end and roller supported at the 
other, Fig. 6-1, a cantilevered beam is fixed at one end and free at the 
other, and an overhanging beam has one or both of its ends freely 
extended over the supports. Beams are considered among the most 
important of all structural elements. They are used to support the floor 
of a building, the deck of a bridge, or the wing of an aircraft. Also, the 
axle of an automobile, the boom of a crane, even many of the bones of 
the body act as beams. 


3 = o 
Simply supported beam 


Cantilevered beam 


Overhanging beam 


Fig. 6-1 
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Because of the applied loadings, beams develop an internal shear 
force and bending moment that, in general, vary from point to point 
along the axis of the beam. In order to properly design a beam it 
therefore becomes necessary to determine the maximum shear and 
moment in the beam. One way to do this is to express V and M as 
functions of their arbitrary position x along the beam’s axis. These 
shear and moment functions can then be plotted and represented by 
graphs called shear and moment diagrams. The maximum values of V 
and M can then be obtained from these graphs. Also, since the shear 
and moment diagrams provide detailed information about the variation 
of the shear and moment along the beam’s axis, they are often used by 
engineers to decide where to place reinforcement materials within the 
beam or how to proportion the size of the beam at various points 
along its length. 

In order to formulate V and M in terms of x we must choose the origin 
and the positive direction for x. Although the choice is arbitrary, most 
often the origin is located at the left end of the beam and the positive 


Wo P 

direction is to the right. 
wet | In general, the internal shear and moment functions of x will be 
2 ey discontinuous, or their slope will be discontinuous, at points where a 
C distributed load changes or where concentrated forces or couple 
mae % i moments are applied. Because of this, the shear and moment functions 
x3 a must be determined for each region of the beam between any two 
discontinuities of loading. For example, coordinates x,, x,, and x3 will 
Fig. 6-2 have to be used to describe the variation of V and M throughout the 


length of the beam in Fig. 6-2. These coordinates will be valid only 
within the regions from A to B for x,, from B to C for x, and from 
C to D for x3. 


Beam Sign Convention. Before presenting a method for 
determining the shear and moment as functions of x and later plotting 
Voev these functions (shear and moment diagrams), it is first necessary to 

- 3 i t , i | establish a sign convention so as to define “positive” and “negative” 
values for V and M. Although the choice of a sign convention is 

Positive internal shear arbitrary, here we will use the one often used in engineering practice 

and shown in Fig. 6-3. The positive directions are as follows: the 
= y ( » i | distributed load acts upward on the beam; the internal shear force 
Positive internal moment causes a clockwise rotation of the beam segment on which it acts; and 
Beam sign convention the internal moment causes compression in the top fibers of the segment 


such that it bends the segment so that it holds water. Loadings that are 
Fig. 6-3 opposite to these are considered negative. 


Positive external distributed load 
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Important Points 


© Beams are long straight members that are subjected to loads perpendicular to their longitudinal axis. They 
are classified according to the way they are supported, e.g., simply supported, cantilevered, or overhanging. 

© Inorder to properly design a beam, it is important to know the variation of the internal shear and moment 
along its axis in order to find the points where these values are a maximum. 

© Using an established sign convention for positive shear and moment, the shear and moment in the beam 
can be determined as a function of its position x on the beam, and then these functions can be plotted to 
form the shear and moment diagrams. 


Procedure for Analysis 


The shear and moment diagrams for a beam can be constructed using the following procedure. 


Support Reactions. 


© Determine all the reactive forces and couple moments acting on the beam, and resolve all the forces into 
components acting perpendicular and parallel to the beam’s axis. 


Shear and Moment Functions. 


e Specify separate coordinates x having an origin at the beam’s /eft end and extending to regions of the beam 
between concentrated forces and/or couple moments, or where there is no discontinuity of distributed 
loading. 


Section the beam at each distance x, and draw the free-body diagram of one of the segments. Be sure V 
and M are shown acting in their positive sense, in accordance with the sign convention given in Fig. 6-3. 


The shear is obtained by summing forces perpendicular to the beam’s axis. 


To eliminate V, the moment is obtained directly by summing moments about the sectioned end of the 
segment. 


Shear and Moment Diagrams. 


e Plot the shear diagram (V versus x) and the moment diagram (M versus x). If numerical values of the 
functions describing V and M are positive, the values are plotted above the x axis, whereas negative values 
are plotted below the axis. 


© Generally it is convenient to show the shear and moment diagrams below the free-body diagram of the beam. 
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EXAMPLE |6.1 


Draw the shear and moment diagrams for the beam shown in Fig. 6—4a. 


OOO en tae 


XK eee upport Reactions. The support reactions are shown in Fig. 6—4c. 


—_-_ 


Shear and Moment Functions. A free-body diagram of the left 
segment of the beam is shown in Fig. 6—4b. The distributed loading on 
this segment, wx, is represented by its resultant force only after the 
segment is isolated as a free-body diagram. This force acts through the 
centroid of the area comprising the distributed loading, a distance of 
x/2 from the right end. Applying the two equations of equilibrium 
yields 


| L | 


(2) 


Shear and Moment Diagrams. The shear and moment diagrams 
shown in Fig. 6—4c are obtained by plotting Eqs. 1 and 2. The point of 
zero Shear can be found from Eq. 1: 


NOTE: From the moment diagram, this value of x represents the 
point on the beam where the maximum moment occurs, since by 
Eq. 6-2 (see Sec. 6.2) the slope V = dM/dx = 0. From Eq. 2, we 


ace thef®) (2) 
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EXAMPLE | 6.2 


Draw the shear and moment diagrams for the beam shown in Fig. 6-5a. 


SOLUTION 


Support Reactions. The distributed load is replaced by its resultant 
force and the reactions have been determined as shown in Fig. 6—5b. 


Shear and Moment Functions. A free-body diagram of a beam 
segment of length x is shown in Fig. 6—Sc. Note that the intensity of 
the triangular load at the section is found by proportion, that is, 
w/x = wo/L or w = wox/L. With the load intensity known, the 
resultant of the distributed loading is determined from the area under 
the diagram. Thus, 


+TIF, =0; 


Lay 3 2 3 
= —(— + = 
M 6 1! DISS Sis ax.) 
These results can be checked by applying Eqs. 6-1 and 6—2 of Sec. 6.2, 
that is, 


Shear and Moment Diagrams. The graphs of Eqs. 1 and 2 are 
shown in Fig. 6-5d. 
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EXAMPLE | 6.3 


Draw the shear and moment diagrams for the beam shown in Fig. 6-6a. 


6 kip/ft 


36kip 36kip | 
eta 4 kip/ft 


1} 2 kip/ft 


1 (2) ki 
| 4(=5)kip/tt 
1} 2 kip/ft 


6 kip/ft 


x(ft) 


-42 
Mynox = 163 kip-ft 


x(ft) 


SOLUTION 


Support Reactions. The distributed load is divided into triangular 
and rectangular component loadings and these loadings are then 
replaced by their resultant forces. The reactions have been 
determined as shown on the beam’s free-body diagram, Fig. 6—-6b. 


Shear and Moment Functions. A free-body diagram of the left 
segment is shown in Fig. 6-6c. As above, the trapezoidal loading is 
replaced by rectangular and triangular distributions. Note that the 
intensity of the triangular load at the section is found by proportion. 
The resultant force and the location of each distributed loading are 
also shown. Applying the equilibrium equations, we have 

Xx 


7128 — 0; 30kip — (kip ti). — x(4 kip/tt)( 


x2 
V = (3025 — | Kip 


(+2M = 0; 


~30 kip(x) + (2 kip/tt)x( 2) AS x(4 kin/t)(52 5 )x(2) +M=0 


3 
M = (30 a =) kip: ft (2) 


Equation 2 may be checked by noting that dM/dx = V, that is, Eq. 1. 
Also, w = dV/dx = —2 — 5x. This equation checks, since when 
x = 0, w = —2 kip/ft, and when x = 18 ft, w = —6kip/ft, Fig. 6-6. 


Shear and Moment Diagrams. Equations 1 and 2 are plotted 
in Fig. 6-6d. Since the point of maximum moment occurs when 
dM/dx = V = 0 (Eq. 6-2), then, from Eq. 1, 
V-— 05-30 = 2— 
"9 
Choosing the positive root, 
% — 95735 ft 


Thus, from Eq. 2, 


(9.735)? 


Max = 30(9.735) — (9.735)* — 7 


= 163 kip: ft 


6.1. SHEAR AND MomeENT DIAGRAMS 261 


EXAMPLE | 6.4 


Draw the shear and moment diagrams for the beam shown in Fig. 6-7a. 


5kN/m 


SOLUTION 


Support Reactions. The reactions at the supports have been 
determined and are shown on the free-body diagram of the beam, 
Fig. 6-7d. 


Shear and Moment Functions. Since there is a discontinuity of 
distributed load and also a concentrated load at the beam’s center, 
two regions of x must be considered in order to describe the shear and 
moment functions for the entire beam. 


0 =< x, < 5m, Fig. 6-7b: 15 kN 


5kN/m 
+TXF, = 0; 5.75kN — V = 0 SHEReERET 
C 
B 


Vs. 3kN| (1) 
(+2M = 0; —80 KN-m — 5.75 KN x, + M =0 
M = (5.75x, + 80) kN-m (2) 
5m < x) = 10m, Fig. 6~7c: 
+TXF,=0; 5.75kKN — 15kKN — 5kN/m(x, — 5m) —- V =0 
V = (15.75 — 5x2) KN (3) 
(e2M=0; —80kN-m — 3.79 KN x + 1S kKN(G&, = 5m) 


i: 5m 


34.25 kN 


3) — Stl 
+5 kN/m(x. — 5m) oa +M=0 
M (kN-m) 


M = (-2.5x,? + 15.75x, + 92.5) kKN-m (4) 


These results can be checked in part by noting that w = dV/dx 
and V = dM/dx. Also, when x, =0, Eqs. 1 and 2 give 
V = 5.75 kN and M = 80 kN: m; when x, = 10 m, Eqs. 3 and 4 
give V = —34.25kN and M = 0. These values check with the 
support reactions shown on the free-body diagram, Fig. 6—7d. 


Shear and Moment Diagrams. Equations 1 through 4 are plotted 
in Fig. 6—7d. 


262 CHAPTER 6 BENDING 


Failure of this table occurred at the brace 
support on its right side. If drawn, the 
bending moment diagram for the table 
loading would indicate this to be the point 
of maximum internal moment. 


(a) 


6.2 Graphical Method for Constructing 
Shear and Moment Diagrams 


In cases where a beam is subjected to several different loadings, 
determining V and M as functions of x and then plotting these equations 
can become quite tedious. In this section a simpler method for 
constructing the shear and moment diagrams is discussed—a method 
based on two differential relations, one that exists between distributed 
load and shear, and the other between shear and moment. 


Regions of Distributed Load. For purposes of generality, 
consider the beam shown in Fig. 6—8a, which is subjected to an arbitrary 
loading. A free-body diagram for a small segment Ax of the beam is 
shown in Fig. 6-85. Since this segment has been chosen at a position x 
where there is no concentrated force or couple moment, the results to be 
obtained will not apply at these points of concentrated loading. 

Notice that all the loadings shown on the segment act in their positive 
directions according to the established sign convention, Fig. 6-3. Also, 
both the internal resultant shear and moment, acting on the right face of 
the segment, must be changed by a small amount in order to keep the 
segment in equilibrium. The distributed load has been replaced by a 
resultant force w(x) Ax that acts at a fractional distance k(Ax) from 
the right side, where 0 < k < 1 [for example, if w(x) is uniform, k = 5). 
Applying the equations of equilibrium to the segment, we have 


M. 
M+AM 
0} 


V+AV 


Ax 


Free-body diagram 
of segment Ax 


(b) 
Fig. 6-8 
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+TX=F, = 0; V + w(x) Ax — (V + AV) =0 
AV = w(x) Ax 


(+2Mop = 0; —-V Ax — M — w(x) Ax[k(Ax)] + (M + AM) = 0 
AM =V Ax + w(x) k(Ax)? 


Dividing by Ax and taking the limit as Ax — 0, the above two equations 
become 


dV 
ee 
slope of distributed (6-1) 
shear diagram = load intensity 
at each point at each point 
dM 
rr 
slope of shear (6-2) 
moment diagram = at each 
at each point point 


These two equations provide a convenient means for quickly 
obtaining the shear and moment diagrams for a beam. Equation 6-1 
states that at a point the s/ope of the shear diagram equals the intensity 
of the distributed loading. For example, consider the beam in Fig. 69a. 
The distributed loading is negative and increases from zero to wz. 
Therefore, the shear diagram will be a curve that has a negative slope, 
increasing from zero to —wg. Specific slopes wy = 0, —wc, —wp, and 
—wze are shown in Fig. 6-9b. 

In a similar manner, Eq. 6-2 states that at a point the slope of the 
moment diagram is equal to the shear. Notice that the shear diagram in 
Fig. 6-9b starts at +V_4, decreases to zero, and then becomes negative 
and decreases to —Vz. The moment diagram will then have an initial 
slope of +V 4 which decreases to zero, then the slope becomes negative 
and decreases to —V xz. Specific slopes V4, Vc, Vp, 0, and —Vz are 
shown in Fig. 6-9c. 


(b) 


(c) 


w = negative increasing 
slope = negative increasing 


V = positive decreasing 
slope = positive decreasing 


lyf 


Vo 


Fig. 6-9 
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Fig. 6-9 (cont.) 


<x 


M+ AM 


V+AV 


=— Ax —| 


M+AM 


lk Ax | V + AV 


Equations 6-1 and 6-2 may also be rewritten in the form dV = w(x) dx 
and dM = V dx. Noting that w(x) dx and V dx represent differential 
areas under the distributed loading and shear diagram, respectively, we 
can integrate these areas between any two points C and D on the beam, 
Fig. 6-9d, and write 


AV = i w(x) dx 
6-3 
changein _ area under ce) 
shear distributed loading 
AM = / V(x) dx 
(6-4) 


changein _ area under 
moment shear diagram 


Equation 6-3 states that the change in shear between C and D is equal to 
the area under the distributed-loading curve between these two points, 
Fig. 6-9d. In this case the change is negative since the distributed load 
acts downward. Similarly, from Eq. 6-4, the change in moment between 
C and D, Fig. 6-9f, is equal to the area under the shear diagram within 
the region from C to D. Here the change is positive. 

Since the above equations do not apply at points where a concentrated 
force or couple moment acts, we will now consider each of these cases. 


Regions of Concentrated Force and Moment. A free- 
body diagram of a small segment of the beam in Fig. 6-10a taken from 
under the force is shown in Fig. 6-10a. Here it can be seen that force 
equilibrium requires 
+1XF, = 0; V+F-(V+ AV) =0 

AV=F (6-5) 
Thus, when F acts upward on the beam, AV is positive so the shear will 
“Jump” upward. Likewise, if F acts downward, the jump (AV) will be 
downward. 


When the beam segment includes the couple moment Mo, Fig. 6-105, 
then moment equilibrium requires the change in moment to be 


(+=3Mp =0; M+AM-M,-VAx-M=0 


Letting Ax — 0, we get 
AM = My (6-6) 
In this case, if My is applied clockwise, AM is positive so the moment 


diagram will “jump” upward. Likewise, when Mp acts counterclockwise, 
the jump (AM) will be downward. 
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Procedure for Analysis 


The following procedure provides a method for constructing the 
shear and moment diagrams for a beam based on the relations 
among distributed load, shear, and moment. 


Support Reactions. 


e Determine the support reactions and resolve the forces acting on 
the beam into components that are perpendicular and parallel to 
the beam’s axis. 


Shear Diagram. 


e Establish the V and x axes and plot the known values of the shear 
at the two ends of the beam. 


Notice how the values of the distributed load vary along the 
beam, and realize that each of these values indicates the way the 
shear diagram will slope (dV/dx = w). Here w is positive when it 
acts upward. 


If a numerical value of the shear is to be determined at a point, one 
can find this value either by using the method of sections and the 
equation of force equilibrium, or by using AV = [w(x) dx, which 
states that the change in the shear between any two points is equal 
to the area under the load diagram between the two points. 


Moment Diagram. 


e Establish the M and x axes and plot the known values of the 
moment at the ends of the beam. 


Notice how the values of the shear diagram vary along the beam, 
and realize that each of these values indicates the way the 
moment diagram will slope (dM/dx = V). 

At the point where the shear is zero, dM/dx = 0, and therefore 
this would be a point of maximum or minimum moment. 


If a numerical value of the moment is to be determined at the 
point, one can find this value either by using the method of 
sections and the equation of moment equilibrium, or by using 
AM = [V(x) dx, which states that the change in moment 
between any two points is equal to the area under the shear 
diagram between the two points. 


Since w(x) must be integrated to obtain AV, and V(x) is 
integrated to obtain M(x), then if w(x) is acurve of degree n, V(x) 
will be a curve of degree n + 1 and M(x) will be a curve of degree 
n + 2. For example, if w(x) is uniform, V(x) will be linear and 
M(x) will be parabolic. 
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EXAMPLE 


Draw the shear and moment diagrams for the beam shown in Fig. 6-1 1a. 


SOLUTION 


Support Reactions. The reaction at the fixed support is shown on 
the free-body diagram, Fig. 6-11b. 


Shear Diagram. The shear at each end of the beam is plotted first, 
Fig. 6-11c. Since there is no distributed loading on the beam, the slope 
of the shear diagram is zero as indicated. Note how the force P at the 
center of the beam causes the shear diagram to jump downward an 
amount P, since this force acts downward. 


Moment Diagram. The moments at the ends of the beam are 
plotted, Fig. 6-11d. Here the moment diagram consists of two sloping 
lines, one with a slope of +2P and the other with a slope of +P. 

The value of the moment in the center of the beam can be 
determined by the method of sections, or from the area under the 
shear diagram. If we choose the left half of the shear diagram, 


M|y=1 ia M|x=0 + AM 


M|,-. = —3PL + (2P)(L) = —PL 


—— 


w=0  (b) 
slope = 0 


downward force P 
downward jump P 


V = positive constant 
M slope = positive constant 
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EXAMPLE | 6.6 


Draw the shear and moment diagrams for the beam shown in 
Fig. 6-12a. 


SOLUTION 


Support Reactions. The reactions are shown on the free-body 
diagram in Fig. 6-125. 


Shear Diagram. The shear at each end is plotted first, Fig. 6-12c. 
Since there is no distributed load on the beam, the shear diagram has 
zero slope and is therefore a horizontal line. 


Moment Diagram. The moment is zero at each end, Fig. 6-12d. The 
moment diagram has a constant negative slope of —Mo/2L since this 
is the shear in the beam at each point. Note that the couple moment 
Mo causes a jump in the moment diagram at the beam’s center, but it 
does not affect the shear diagram at this point. 


clockwise moment My 
M \ positive jump My 
V = negative constant 


slope = negative constant 
My /2 P g 
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EXAMPLE | 6.7 


\ (b) 


w= negative constant (—Ww) w = negative decreasing 
slope = negative constant (—Wwo ) slope = negative decreasing 


Draw the shear and moment diagrams for each of the beams shown in 
Figs. 6-13a and 6-14a. 


SOLUTION 


Support Reactions. The reactions at the fixed support are shown 
on each free-body diagram, Figs. 6-13b and Fig. 6-145. 


Shear Diagram. The shear at each end point is plotted first, Figs. 6-13c 
and 6-14c. The distributed loading on each beam indicates the slope 
of the shear diagram and thus produces the shapes shown. 


Moment Diagram. The moment at each end point is plotted first, 
Figs. 6-13d and 6—-14d. Various values of the shear at each point on the 
beam indicate the slope of the moment diagram at the point. Notice 
how this variation produces the curves shown. 

NOTE: Observe how the degree of the curves from w to V to M 
increases exponentially due to the integration of dV = wdx and 
dM = Vdx. For example, in Fig. 6-14, the linear distributed load 
produces a parabolic shear diagram and cubic moment diagram. 


Wo 


j 
q 


(b) 


(c) 


V = positive decreasing 
slope = positive decreasing 


\ 
(c) 


V = positive decreasing 
slope = positive decreasing 
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EXAMPLE | 6.8 


Draw the shear and moment diagrams for the cantilever beam Mg = 11kN-m 
in Fig. 6-15a. 1.5 kN/m 


1.5kN/m 


w=0 w = negative constant 
slope = 0 slope = negative constant 


SOLUTION 


Support Reactions. The support reactions at the fixed support 
B are shown in Fig. 6-155. 


Shear Diagram. The shear at end A is —2 KN. This value is 
plotted at x = 0, Fig. 6-15c. Notice how the shear diagram is 
constructed by following the slopes defined by the loading w. 
The shear at x = 4m is —5 kN, the reaction on the beam. This 
value can be verified by finding the area under the distributed yy (kN-m) 
loading, Eq. 6-3. 


V = negative constant 
slope = negative constant V = negative increasing 
slope = negative increasing 


Viy-4m = Viy-2m + AV = —2 KN — (1.5 kKN/m)(2 m) = —5 kN 


Moment Diagram. The moment of zero at x = 0 is plotted in 
Fig. 6—15d. Notice how the moment diagram is constructed based 
on knowing its slope, which is equal to the shear at each point. 
The change of moment from x = 0 to x = 2 m is determined 
from the area under the shear diagram. Hence, the moment at 
x =2mis 


M\,-om = M|,-9 + AM =0 + [-2kN(2m)] = -4kN-m 


This same value can be determined from the method of sections, 
Fig. 6-15e. 
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EXAMPLE | 6.9 


Draw the shear and moment diagrams for the overhang beam in 
Fig. 6-16a. 


| 


slope = 0 


fie " 


w = negative constant 
slope = negative constant 


V = negative constant 
slope = negative constant 


M (kN-m) 


V = negative decreasing 
slope = negative decreasing 


SOLUTION 


Support Reactions. The support reactions are shown in 
Fig. 6-16b. 


Shear Diagram. The shear of —2 kN at end A of the beam 
is plotted at x = 0, Fig. 6-16c. The slopes are determined 
from the loading and from this the shear diagram is 
constructed, as indicated in the figure. In particular, notice 
the positive jump of 10 KN at x = 4m due to the force By, as 
indicated in the figure. 


Moment Diagram. The moment of zero at x = 0 is 
plotted, Fig. 6-16d. Then following the behavior of the slope 
found from the shear diagram, the moment diagram is 
constructed. The moment at x = 4 m is found from the area 
under the shear diagram. 


M|x24m = Mly-o9 + AM=0 + [-2 kN(4m)] =—-8kN-m 


We can also obtain this value by using the method of sections, 
as shown in Fig. 6-16e. 


V=2kN 


fm =8kN-m 
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EXAMPLE | 6.10 


The shaft in Fig. 6-17a is supported by a thrust bearing at A anda 120 Ib /ft 
journal bearing at B. Draw the shear and moment diagrams. 


120 lb/ft 


\ 


\ 12 ft 


| 
= negative increasing By = 480 Ib 
slope = negative increasing 


A, = 240 Ib 
: Ww 


V (Ib) 


SOLUTION 


Support Reactions. The support reactions are shown in 
Fig. 6-17b. (c) 


Shear Diagram. As shown in Fig. 6-17c, the shear atx =Qis y= positive decreasing 
+240. Following the slope defined by the loading, the shear slope = positive decreasing 
diagram is constructed, where at B its value is —480 Ib. Since the V = negative increasing 
shear changes sign, the point where V = 0 must be located.To do —_{/ (ib-ft) Ne LEONG sig ea 
this we will use the method of sections. The free-body diagram of 
the left segment of the shaft, sectioned at an arbitrary position x, is 
shown in Fig. 6-17e. Notice that the intensity of the distributed 
load at x is w = 10x, which has been found by proportional 
triangles, ie., 120/12 = w/x. 

Thus, for V = 0, 


+T3F, =0; 240 Ib — 3(10x)x = 0 
x = 6.93 ft 


Moment Diagram. The moment diagram starts at 0 since there 
is nO moment at A; then it is constructed based on the slope as 
determined from the shear diagram. The maximum moment 
occurs at x = 6.93 ft, where the shear is equal to zero, since 
dM/dx = V = 0, Fig. 6-17d, 


(+=M = 0; 
Mynax + 3[(10)(6.93)] 6.93 (3(6.93)) — 240(6.93) = 0 


Mnax = 1109 Ib ft 


Finally, notice how integration, first of the loading w which is linear, 
produces a shear diagram which is parabolic, and then a moment 
diagram which is cubic. 


NOTE: Having studied these examples, test yourself by covering 
over the shear and moment diagrams in Examples 6-1 through 64 
and see if you can construct them using the concepts discussed here. 
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ba FUNDAMENTAL PROBLEMS 


F6-1. Express the shear and moment functions in terms 
of x, and then draw the shear and moment diagrams for the 
cantilever beam. 


9kN 


F6-2. Express the shear and moment functions in terms 
of x, and then draw the shear and moment diagrams for the 
cantilever beam. 


2 kip /ft 


| 
| 


F6-3. Express the shear and moment functions in terms 
of x, and then draw the shear and moment diagrams for the 
cantilever beam. 


18 kip-ft ( 


= 


9 
6-2 


12kN/m 


F6-4. Express the shear and moment functions in terms of x, 
where 0 < x < 1.5 mand1.5m < x < 3 m,and then draw 
the shear and moment diagrams for the cantilever beam. 


9kN 


F6-5. Express the shear and moment functions in terms 
of x, and then draw the shear and moment diagrams for the 
simply supported beam. 


30 kN-m 


SS 
— 


F6-5 


F6-6. Express the shear and moment functions in terms 
of x, and then draw the shear and moment diagrams for the 
simply supported beam. 
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F6-7. Draw the shear and moment diagrams for the simply 
supported beam. 


24kN-m 


F6-7 


Fo-8. Draw the shear and moment diagrams for the 
cantilever beam. 


6kN 
| 12kN-m 
A B 
ec 
1.5m if 15m 


F6-9. Draw the shear and moment diagrams for the double 
overhang beam. 


F6-9 


F6-10. Draw the shear and moment diagrams for the simply 
supported beam. 
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F6-11. Draw the shear and moment diagrams for the 
double-overhang beam. 


4kN/m 4kN/m 
B 
1.5 se 3m +15 m—- 


F6-11 


F6-12. Draw the shear and moment diagrams for the simply 
supported beam. 


10kN/m 


10kN/m 


F6-13. Draw the shear and moment diagrams for the simply 
supported beam. 


600 Ib 
200 Ib /ft 


F6-13 


F6-14. Draw the shear and moment diagrams for the 
overhang beam. 


20 kN 


F6-14 
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E [PROBLEMS 


6-1. Draw the shear and moment diagrams for the shaft. *6-4. Draw the shear and moment diagrams for the 
The bearings at A and B exert only vertical reactions on the cantilever beam. 
shaft. 


2kN/m 


Prob. 6-4 


6-5. Draw the shear and moment diagrams for the beam. 


24 kN 
Prob. 6-1 10 kN wide 
6-2. Draw the shear and moment diagrams for the simply 15 kN-m 
supported beam. 
be 2m >< 3m 


Prob. 6-5 


6-6. Draw the shear and moment diagrams for the overhang 
beam. 


8kN/m 


Prob. 6-2 


6-3. The engine crane is used to support the engine, 
which has a weight of 1200 Ib. Draw the shear and moment 
diagrams of the boom ABC when it is in the horizontal 
position shown. Prob. 6-6 


6-7. Draw the shear and moment diagrams for the 
compound beam which is pin connected at B. 


6 kip 8 kip 
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*6-8. Draw the shear and moment diagrams for the 6-11. The overhanging beam has been fabricated with 
simply supported beam. a projected arm BD on it. Draw the shear and moment 
diagrams for the beam ABC if it supports a load of 800 |b. 
Hint: The loading in the supporting strut DE must be replaced 

150 Ib /ft by equivalent loads at point B on the axis of the beam. 


y lb-ft 


800 Ib 
is | 
Prob. 6-8 
A= 
6 ft 
6-9. Draw the shear and moment diagrams for the beam. Prob. 6-11 


Hint: The 20-kip load must be replaced by equivalent 


loadings at point C on the axis of the beam. *6-12. A reinforced concrete pier is used to support the 


stringers for a bridge deck. Draw the shear and moment 
diagrams for the pier when it is subjected to the stringer 
loads shown. Assume the columns at A and B exert only 
vertical reactions on the pier. 


60KN 35kN 35kN 35kN  OKN 
i sieeelen m, | je 


Prob. 6-9 ~s 


6-10. Members ABC and BD of the counter chair are 
rigidly connected at B and the smooth collar at D is allowed ‘ 
to move freely along the vertical slot. Draw the shear and ee 
moment diagrams for member ABC. 


Prob. 6-12 


6-13. Draw the shear and moment diagrams for the 
compound beam. It is supported by a smooth plate at A which 
slides within the groove and so it cannot support a vertical 
force, although it can support a moment and axial load. 


P =1501b 


P P 
15 ft c a ID 
C 
>| a <x a a 


Prob. 6-10 Prob. 6-13 
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6-14. The industrial robot is held in the stationary 
position shown. Draw the shear and moment diagrams of 
the arm ABC if it is pin connected at A and connected to a 
hydraulic cylinder (two-force member) BD. Assume the 
arm and grip have a uniform weight of 1.5 Ib/in. and 
support the load of 40 lb at C. 
4 in. 

10 in} 


50 in. | Cc 


Prob. 6-14 
6-15. Consider the general problem of the beam subjected 
to n concentrated loads. Write a computer program that 
can be used to determine the internal shear and moment 
at any specified location x along the beam, and plot the 
shear and moment diagrams for the beam. Show an 
application of the program using the values P, = 500 lb, 
d, = 5 ft, P, = 800 lb, d, = 15 ft, L; = 10 ft, L = 15 ft. 


P, P, P,, 


Prob. 6-15 


*6-16. Draw the shear and moment diagrams for the shaft 
and determine the shear and moment throughout the shaft 
as a function of x. The bearings at A and B exert only 
vertical reactions on the shaft. 


500 Ib 
800 lb 


ie | -|0.5 ft Prob. 6-16 


a 5 ft 
. 3 ft >}-— 2 ft — 


°6-17. Draw the shear and moment diagrams for the 
cantilevered beam. 


300 Ib 200 Ib /ft 


+ 6 ft > 


Prob. 6-17 


6-18. Draw the shear and moment diagrams for the beam, 
and determine the shear and moment throughout the beam 
as functions of x. 


nin pr 


Prob. 6-18 


6-19. Draw the shear and moment diagrams for the beam. 


2 kip/ft 


yom 


30 kip-ft 


+ 5 ft - 


+ 5 ft - + 5 ft | 


Prob. 6-19 


*6-20. Draw the shear and moment diagrams for the 
simply supported beam. 


10 kN 


Prob. 6-20 
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°6-21. The beam is subjected to the uniform distributed 
load shown. Draw the shear and moment diagrams for the 
beam. 


Prob. 6-21 


6-22. Draw the shear and moment diagrams for the 
overhang beam. 


etn 
ait — 
in 


6-23. Draw the shear and moment diagrams for the beam. 
It is supported by a smooth plate at A which slides within 
the groove and so it cannot support a vertical force, although 
it can support a moment and axial load. 


Prob. 6-23 
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*6-24. Determine the placement distance a of the roller 
support so that the largest absolute value of the moment is 
a minimum. Draw the shear and moment diagrams for this 
condition. 


Prob. 6-24 


6-25. The beam is subjected to the uniformly distributed 
moment m (moment/length). Draw the shear and moment 
diagrams for the beam. 


Prob. 6-25 


6-26. Consider the general problem of a cantilevered 
beam subjected to n concentrated loads and a constant 
distributed loading w. Write a computer program that can 
be used to determine the internal shear and moment at 
any specified location x along the beam, and plot the shear 
and moment diagrams for the beam. Show an application 
of the program using the values P; = 4kN,d, = 2m, 
w = 800 N/m, a, = 2m, a) = 4m, L = 4m. 


Prob. 6-26 
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6-27. Draw the shear and moment diagrams for the beam. 


Prob. 6-27 


*6-28. Draw the shear and moment diagrams for the beam. 


Prob. 6-28 


°6-29. Draw the shear and moment diagrams for the 
beam. 


5kN/m 5 kN/m 


|. 45m | 


Prob. 6-29 


6-30. Draw the shear and moment diagrams for the 
compound beam. 


Prob. 6-30 


6-31. Draw the shear and moment diagrams for the beam 
and determine the shear and moment in the beam as 
functions of x. 


Prob. 6-31 


*6-32. The smooth pin is supported by two leaves A and 
B and subjected to a compressive load of 0.4 kKN/m caused 
by bar C. Determine the intensity of the distributed load wo 
of the leaves on the pin and draw the shear and moment 
diagram for the pin. 


0.4kN/m 


Wo Wo 


20mm 60mm 20mm 

Prob. 6-32 
e6-33. The ski supports the 180-lb weight of the man. If 
the snow loading on its bottom surface is trapezoidal as 


shown, determine the intensity w, and then draw the shear 
and moment diagrams for the ski. 


180 lb 


-— 1.5 ft —+- 3 ft +-— 1.5 ft 


Prob. 6-33 
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6-34. Draw the shear and moment diagrams for the 
compound beam. 


5 kN 


| | 

OB C mow 
em | am i 
Prob. 6-34 


6-35. Draw the shear and moment diagrams for the beam 
and determine the shear and moment as functions of x. 


400 N/m 


200 N/m 


Prob. 6-35 


*6-36. Draw the shear and moment diagrams for the 
overhang beam. 


— 


M = 10kN-m 


k— 2m i 2m ny 2m 


Prob. 6-36 


6-37. Draw the shear and moment diagrams for the beam. 


50 kN/m 50 kN/m 


Prob. 6-37 


6-38. The dead-weight loading along the centerline of the 
airplane wing is shown. If the wing is fixed to the fuselage at 
A, determine the reactions at A, and then draw the shear 
and moment diagram for the wing. 


3000 Ib 


400 Ib /ft 


15 000 Ib 


Prob. 6-38 


6-39. The compound beam consists of two segments that 
are pinned together at B. Draw the shear and moment 
diagrams if it supports the distributed loading shown. 


Ww 
C 
A B 
L 2/3 L | iii 
Prob. 6-39 


*6-40. Draw the shear and moment diagrams for the 
simply supported beam. 


10kN 10 kN 


Prob. 6-40 
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6-41. Draw the shear and moment diagrams for the *6-44, Draw the shear and moment diagrams for the beam. 
compound beam. The three segments are connected by pins 
at B and E. 
Ww 
3 kN 0.8 kN/m 3 kN 


F 
om ; 
pe Te in! ia ee 
Prob. 6-41 
Prob. 6-44 
e6-45. Draw the shear and moment diagrams for the 
6-42. Draw the shear and moment diagrams for the beam. 
compound beam. 

Ww 

5kN/m 


3 sRaEEROGEEeeey 
-_ eC ee 


B 
m Dnt im 


Prob. 6-42 
lL. L -| 
Prob. 6-45 
6-43. Draw the shear and moment diagrams for the beam. 
The two segments are joined together at B. 6-46. Draw the shear and moment diagrams for the beam. 
8 ki F 
” | | Tt | | | | | a W=Wo sin (7) 
P 'E cs. : 
; “a! 
$—+$ $+ 
-— 3 ft —- 5 ft > 8 ft - ~ 2 "| 9) 


Prob. 6-43 Prob. 6-46 
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6.3 Bending Deformation 
of a Straight Member 


In this section, we will discuss the deformations that occur when a Axis of 
straight prismatic beam, made of homogeneous material, is subjected to symmetry y 
bending. The discussion will be limited to beams having a cross-sectional 
area that is symmetrical with respect to an axis, and the bending moment 
is applied about an axis perpendicular to this axis of symmetry as z 
shown in Fig. 6-18. The behavior of members that have unsymmetrical 
cross sections, or are made from several different materials, is based on 
similar observations and will be discussed separately in later sections of | ongitudinal 
this chapter. axis 

By using a highly deformable material such as rubber, we can illustrate 
what happens when a straight prismatic member is subjected to a bending 
moment. Consider, for example, the undeformed bar in Fig. 6-19a, which 
has a square cross section and is marked with longitudinal and transverse 
grid lines. When a bending moment is applied, it tends to distort these 
lines into the pattern shown in Fig. 6-19b. Notice that the longitudinal 
lines become curved and the vertical transverse lines remain straight and 
yet undergo a rotation. 

The bending moment causes the material within the bottom portion of 
the bar to stretch and the material within the top portion to compress. 
Consequently, between these two regions there must be a surface, called 
the neutral surface, in which longitudinal fibers of the material will not 
undergo a change in length, Fig. 6-18. 


Neutral 
surface 


Fig. 6-18 


Horizontal lines 
become curved 


Vertical lines remain 
straight, yet rotate 


Before deformation 


After deformation 


(a) (b) 
Fig. 6-19 
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From these observations we will make the following three 
assumptions regarding the way the stress deforms the material. First, the 
longitudinal axis x, which lies within the neutral surface, Fig. 6-20a, does 
not experience any change in length. Rather the moment will tend to 
deform the beam so that this line becomes a curve that lies in the x—y 
plane of symmetry, Fig. 6-205. Second, all cross sections of the beam 
remain plane and perpendicular to the longitudinal axis during the 
deformation. And third, any deformation of the cross section within its 
own plane, as noticed in Fig. 6-195, will be neglected. In particular, the 
z axis, lying in the plane of the cross section and about which the cross 
section rotates, is called the neutral axis, Fig. 6-20b. 

In order to show how this distortion will strain the material, we will 
isolate a small segment of the beam located a distance x along the beam’s 


Note the distortion of the lines due to length and having an undeformed thickness Ax, Fig. 6-20a. This element, 
bending of this rubber bar. The top line taken from the beam, is shown in profile view in the undeformed and 
stretches, the bottom line compresses, and 
the center line remains the same length. 
Furthermore the vertical lines rotate and yet 


remain straight. 


neutral 
axis 
M wo 
x 
~~ a 


longitudinal = neutral 
axis surface 


x 


(b) 
Fig. 6-20 
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O' 


Ag= Ax longitudinal 
_ axis 
longitudinal 
axis Ax 
Ax 
Undeformed element Deformed element 
(a) (b) 
Fig. 6-21 


deformed positions in Fig. 6-21. Notice that any line segment Ax, located 
on the neutral surface, does not change its length, whereas any line 
segment As, located at the arbitrary distance y above the neutral surface, 
will contract and become As’ after deformation. By definition, the 
normal strain along As is determined from Eq. 2-2, namely, 

As' — As 


e = lim 
As—0 As 


We will now represent this strain in terms of the location y of the 
segment and the radius of curvature p of the longitudinal axis of the 
element. Before deformation, As = Ax, Fig. 6-21a. After deformation 
Ax has a radius of curvature p, with center of curvature at point O’, 
Fig. 6-21b. Since A@ defines the angle between the sides of the element, 
Ax = As = pA@é. In the same manner, the deformed length of As 
becomes As’ = (p — y)A@. Substituting into the above equation, we get 


(p — y)A@ — pA@ 


- rae pA@ 
or 
«= (6-7) 
p 


This important result indicates that the longitudinal normal strain of 
any element within the beam depends on its location y on the cross 
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Normal strain distribution 


Fig. 6-22 


section and the radius of curvature of the beam’s longitudinal axis at the 
point. In other words, for any specific cross section, the longitudinal 
normal strain will vary linearly with y from the neutral axis. A 
contraction (—e) will occur in fibers located above the neutral axis 
(+y), whereas elongation (+e) will occur in fibers located below the 
axis (—y). This variation in strain over the cross section is shown in Fig. 
6-22. Here the maximum strain occurs at the outermost fiber, located a 
distance of y = c from the neutral axis. Using Eq. 6-7, since €max = c/p, 


then by division, 
ae -(27) 
Emax c/p 


«= -(~ Jems (6-8) 


This normal strain depends only on the assumptions made with regards 
to the deformation. When a moment is applied to the beam, therefore, it 
will only cause a normal stress in the longitudinal or x direction. All the 
other components of normal and shear stress will be zero. It is this 
uniaxial state of stress that causes the material to have the longitudinal 
normal strain component e,, defined by Eq. 6-8. Furthermore, by 
Poisson’s ratio, there must also be associated strain components 
€, = —ve, and €, = —ve,, which deform the plane of the cross-sectional 
area, although here we have neglected these deformations. Such 
deformations will, however, cause the cross-sectional dimensions to 
become smaller below the neutral axis and larger above the neutral axis. 
For example, if the beam has a square cross section, it will actually 
deform as shown in Fig. 6-23. 


So that 


6.4 The Flexure Formula 


In this section, we will develop an equation that relates the stress 
distribution in a beam to the internal resultant bending moment acting 
on the beam’s cross section. To do this we will assume that the material 
behaves in a linear-elastic manner and therefore a linear variation of 
normal strain, Fig. 6-24a, must then be the result of a linear variation in 
normal stress, Fig. 6-24b. Hence, like the normal strain variation, a will 
vary from zero at the member’s neutral axis to a maximum value, o,,,x, a 
distance c farthest from the neutral axis. Because of the proportionality 
of triangles, Fig. 6-235, or by using Hooke’s law, 0 = Ee, and Eq. 6-8, we 
can write 


v= (2) (6-9) 


This equation describes the stress distribution over the cross-sectional 
area. The sign convention established here is significant. For positive 
M, which acts in the +z direction, positive values of y give negative 
values for a, that is, a compressive stress since it acts in the negative x 
direction. Similarly, negative y values will give positive or tensile 
values for o. If a volume element of material is selected at a specific 
point on the cross section, only these tensile or compressive normal 
stresses will act on it. For example, the element located at +y is 
shown in Fig. 6—24c. 

We can locate the position of the neutral axis on the cross section by 
satisfying the condition that the resultant force produced by the stress 
distribution over the cross-sectional area must be equal to zero. Noting 
that the force dF = o dA acts on the arbitrary element dA in Fig. 6—24c, 
we require 


Fr= XF,; 0 


[ar = Jo dA 
A A 
A Cc 


~ Omax 
ee dA 
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Normal strain variation 
(profile view) 


(a) 


Net 


q 
B 
& 

|/ 


Bending stress variation 
(profile view) 


(b) 


Fig. 6-24 


This wood specimen failed in bending due 
to its fibers being crushed at its top and torn 
apart at its bottom. 
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Bending stress variation 


(c) 
Fig. 6-24 (cont.) 
Since Opax/C is not equal to zero, then 
a ydA=0 (6-10) 
A 


In other words, the first moment of the member’s cross-sectional area 
about the neutral axis must be zero. This condition can only be satisfied if 
the neutral axis is also the horizontal centroidal axis for the cross section.* 
Consequently, once the centroid for the member’s cross-sectional area is 
determined, the location of the neutral axis is known 

We can determine the stress in the beam from the requirement that 
the resultant internal moment M must be equal to the moment produced 
by the stress distribution about the neutral axis. The moment of dF in 
Fig. 6-24c about the neutral axis is dM = y dF. Since dF = o dA, using 
Eq. 6-9, we have for the entire cross section, 


(Ma), = =M,; M = | ie | y(o dA) = | »( 2m dA 
A A A \C 


or 


(6-11) 


= 
| 
Q 
Ff 
— 
<S 
Q. 
> 


*Recall that the location y for the centroid of the cross-sectional area is defined from 
the equation y = fydA/[dA.If fydA = 0, then y = 0, and so the centroid lies on the 
reference (neutral) axis. See Appendix A. 


The integral represents the moment of inertia of the cross-sectional area 
about the neutral axis. We will symbolize its value as 7. Hence, Eq. 6-11 
can be solved for oy, and written as 


=—< (6-12) 


Omax = the maximum normal stress in the member, which occurs at 
a point on the cross-sectional area farthest away from the 
neutral axis 


M = the resultant internal moment, determined from the method 
of sections and the equations of equilibrium, and calculated 
about the neutral axis of the cross section 


c = the perpendicular distance from the neutral axis to a point 
farthest away from the neutral axis. This is where o,,,, acts 


I = the moment of inertia of the cross-sectional area about the 
neutral axis 


Since Opax/¢ = —a/y, Eq. 6-9, the normal stress at the intermediate 
distance y can be determined from an equation similar to Eq. 6-12. 
We have 


M 
o = a (6-13) 


Note that the negative sign is necessary since it agrees with the 
established x, y, z axes. By the right-hand rule, M is positive along the 
+z axis, yis positive upward, and o therefore must be negative 
(compressive) since it acts in the negative x direction, Fig. 6-24c. 

Either of the above two equations is often referred to as the flexure 
formula. It is used to determine the normal stress in a straight member, 
having a cross section that is symmetrical with respect to an axis, and the 
moment is applied perpendicular to this axis. Although we have assumed 
that the member is prismatic, we can in most cases of engineering design 
also use the flexure formula to determine the normal stress in members 
that have a slight taper. For example, using a mathematical analysis based 
on the theory of elasticity, a member having a rectangular cross section 
and a length that is tapered 15° will have an actual maximum normal 
stress that is about 5.4% Jess than that calculated using the flexure 
formula. 
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Important Points 


The cross section of a straight beam remains plane when the beam deforms due to bending. This causes 
tensile stress on one portion of the cross section and compressive stress on the other portion. In between 
these portions, there exists the neutral axis which is subjected to zero stress. 

Due to the deformation, the /ongitudinal strain varies linearly from zero at the neutral axis to a maximum 
at the outer fibers of the beam. Provided the material is homogeneous and linear elastic, then the stress 
also varies in a /inear fashion over the cross section. 

The neutral axis passes through the centroid of the cross-sectional area. This result is based on the fact that 
the resultant normal force acting on the cross section must be zero. 

The flexure formula is based on the requirement that the resultant internal moment on the cross section is 
equal to the moment produced by the normal stress distribution about the neutral axis. 


Procedure for Analysis 


In order to apply the flexure formula, the following procedure is suggested. 


Internal Moment. 


© Section the member at the point where the bending or normal stress is to be determined, and obtain the 
internal moment M at the section. The centroidal or neutral axis for the cross section must be known, since 
M must be calculated about this axis. 


e If the absolute maximum bending stress is to be determined, then draw the moment diagram in order to 
determine the maximum moment in the member. 


Section Property. 


© Determine the moment of inertia of the cross-sectional area about the neutral axis. Methods used for its 
calculation are discussed in Appendix A, and a table listing values of J for several common shapes is given 
on the inside front cover. 


Normal Stress. 


© Specify the distance y, measured perpendicular to the neutral axis to the point where the normal stress 
is to be determined. Then apply the equation o = —My/J, or if the maximum bending stress is to be 
calculated, use Omax = Mc/I. When substituting the data, make sure the units are consistent. 


e The stress acts in a direction such that the force it creates at the point contributes a moment about the 
neutral axis that is in the same direction as the internal moment M, Fig. 6—24c. In this manner the stress 
distribution acting over the entire cross section can be sketched, or a volume element of the material can 
be isolated and used to graphically represent the normal stress acting at the point. 


EXAMPLE | 6.11 


A beam has a rectangular cross section and is subjected to the stress 
distribution shown in Fig. 6-25a. Determine the internal moment M at 
the section caused by the stress distribution (a) using the flexure 
formula, (b) by finding the resultant of the stress distribution using 
basic principles. 


SOLUTION 


Part (a). The flexure formula is o,,,, = Mc/I. From Fig. 6—25a, 
c = 6in. and oy,, = 2 ksi. The neutral axis is defined as line NA, 
because the stress is zero along this line. Since the cross section has a 
rectangular shape, the moment of inertia for the area about NA is 
determined from the formula for a rectangle given on the inside front 
cover; 1.e., 


ay 


. . 3 = . 4 
D (6 in.)(12 in.)? = 864 in 


iL 
I =—bh = 
rhe 


Therefore, 
M(6in.) 
864 in* 
M = 288 kip: in. = 24 kip: ft Ans. 


Omax — 7 > 2 kip/in? = 


Part (b). The resultant force for each of the two triangular stress 
distributions in Fig. 6-25b is graphically equivalent to the volume 
contained within each stress distribution. Thus, each volume is 


Fe 5(6 in.)(2 kip/in’)(6 in.) = 36 kip 


These forces, which form a couple, act in the same direction as the 
stresses within each distribution, Fig. 6-25b. Furthermore, they act 
through the centroid of each volume, i.e., 3(6 in.) = 4in. from the 
neutral axis of the beam. Hence the distance between them is 8 in. as 
shown. The moment of the couple is therefore 


M = 36kip(8 in.) = 288 kip-in. = 24 kip: ft Ans. 
NOTE: This result can also be obtained by choosing a horizontal 


strip of area dA = (6 in.) dy and using integration by applying 
Eq. 6-11. 
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EXAMPLE | 6.12 


The simply supported beam in Fig. 6—26a has the cross-sectional area 
shown in Fig. 6—26b. Determine the absolute maximum bending stress 
in the beam and draw the stress distribution over the cross section at 
this location. 


5kN/m 


VSR TRERREE 


8 


| mi 


150 mm 


| 
I 


150 mm 


I 
k—250 mm—| 


(c) 
SOLUTION 


Maximum Internal Moment. The maximum internal moment in 
the beam, M = 22.5kN-m, occurs at the center. 


Section Property. By reasons of symmetry, the neutral axis passes 
through the centroid C at the midheight of the beam, Fig. 6-26b. The 
area is subdivided into the three parts shown, and the moment of 
inertia of each part is calculated about the neutral axis using the 
parallel-axis theorem. (See Eq. A-S of Appendix A.) Choosing to 
work in meters, we have 


I = >(I + Ad’) 


= | 4 (0.25 m)(0.020 m)* + (0.25 m)(0.020 m) (0.160 m)? 


+ + (0.020 m)(0.300 m)? 


= 501310"): 
Mc 22.5(10°) N- m(0.170 m) 
Tee PS Sana) mt 
A three-dimensional view of the stress distribution is shown in 
Fig. 6-26d. Notice how the stress at points B and D on the cross 
section develops a force that contributes a moment about the 


neutral axis that has the same direction as M. Specifically, at point B, 
yz = 150 mm, and so 


= 12.7MPa Ans. 


Myz 22.5(10°) N+ m(0.150 m) 
io er 301.3(10°%) m? 


oR = = -11.2 MPa 
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EXAMPLE | 6.13 


The beam shown in Fig. 6—-27a has a cross-sectional area in the shape 2.6 kN 
of a channel, Fig. 6-27b. Determine the maximum bending stress that 13/5 
occurs in the beam at section a—a. 5 
SOLUTION 

Internal Moment. Here the beam’s support reactions do not have ; 


to be determined. Instead, by the method of sections, the segment to the 
left of section a—a can be used, Fig. 6-27c. In particular, note that 
the resultant internal axial force N passes through the centroid of the 
cross section. Also, realize that the resultant internal moment must be ¥ = 59.09 mm 
calculated about the beam’s neutral axis at section a—a. ~ 

To find the location of the neutral axis, the cross-sectional area is 
subdivided into three composite parts as shown in Fig. 6-27b. Using 
Eq. A-2 of Appendix A, we have 


__ S¥A _ 2[0.100 m](0.200 m)(0.015 m) + [0.010 m](0.02 m)(0.250 m) 
ne 2(0.200 m)(0.015 m) + 0.020 m(0.250 m) 


= 0.05909 m = 59.09 mm 


15 mm—+} |<— 


This dimension is shown in Fig. 6-27c. 2.4 kN 
Applying the moment equation of equilibrium about the neutral | LOKN 0.05909 m 


axis, we have 


(+2My4 = 0; 2.4kN(2m) + 1.0 kN(0.05909 m) — M =0 
M = 4.859kN+m 


Section Property. The moment of inertia about the neutral axis is 
determined using the parallel-axis theorem applied to each of the three 
composite parts of the cross-sectional area. Working in meters, we have 


T= 40250 m)(0.020 m)* + (0.250 m)(0.020 m)(0.05909 m — 0.010 m)?| 


if 
+ 2| 5 coors m)(0.200 m)* + (0.015 m) (0.200 m)(0.100 m — 0.05909 m)?| 
= 42 26( 10°) a 


Maximum Bending Stress. The maximum bending stress occurs at 
points farthest away from the neutral axis. This is at the bottom of the 
beam, c = 0.200 m — 0.05909 m = 0.1409 m. Thus, 
Mc 4.859(10*) N- m(0.1409 m) 
Ormaxcens a = 
I 42.26(10°°) m* 
Show that at the top of the beam the bending stress is 7’ = 6.79 MPa. 


NOTE: The normal force of N = 1 kN and shear force V = 2.4 kN will 
also contribute additional stress on the cross section. The superposition 
of all these effects will be discussed in Chapter 8. 


= 16.2MPa_ Ans. 
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EXAMPLE | 6.14 


The member having a rectangular cross section, Fig. 6-28a, is designed 
to resist a moment of 40 N-m. In order to increase its strength and 
rigidity, it is proposed that two small ribs be added at its bottom, 
Fig. 6-28b. Determine the maximum normal stress in the member for 
both cases. 


SOLUTION 


Without Ribs. Clearly the neutral axis is at the center of the cross 
section, Fig. 6-28a,so y = c = 15mm = 0.015 m. Thus, 


1 1 
— por = 75 (0.060 m)(0.030 my) =(0:135(10*)m-* 


Therefore the maximum normal stress is 


M 40 N-m)(0.015 m 
Omax = — = ( ie : are ee 
I 0.135(10°°) m 


With Ribs. From Fig. 6-28), segmenting the area into the large main 
rectangle and the bottom two rectangles (ribs), the location y of the 
centroid and the neutral axis is determined as follows: 
_ yA 
I= SA 
[0.015 m](0.030 m)(0.060 m) + 2[0.0325 m](0.005 m)(0.010 m) 

7 (0.03 m) (0.060 m) + 2(0.005 m) (0.010 m) 

= 0.01592 m 
This value does not represent c. Instead 

c = 0.035 m — 0.01592 m = 0.01908 m 


Using the parallel-axis theorem, the moment of inertia about the 
neutral axis is 


I= | $ (0.060 m)(0.030 m)? + (0.060 m)(0.030 m)(0.01592 m — 0.015 m)?| 


1 
+ 2| 5 (0.010 m)(0.005 m)* + (0.010 m)(0.005 m) (0.0325 m — 0.01592 m)| 
= 0.1642(10~°) m4 
Therefore, the maximum normal stress is 
Mc 40N-m(0.01908 m) 
Omax — = = 
I 0.1642(10~°) m* 


= 4.65 MPa Ans. 


NOTE: This surprising result indicates that the addition of the ribs 
to the cross section will increase the normal stress rather than decrease 
it, and for this reason they should be omitted. 
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ei FUNDAMENTAL PROBLEMS 


F6-15. If the beam is subjected to a bending moment of 
M = 20kN-m, determine the maximum bending stress in 
the beam. 


F6-15 


F6-16. If the beam is subjected to a bending moment of 
M = 50kN-m, sketch the bending stress distribution over 
the beam’s cross section. 


a F6-16 


F6-17. If the beam is subjected to a bending moment of 
M = 50kN-m, determine the maximum bending stress in 
the beam. 


F6-17 


F6-18. If the beam is subjected to a bending moment of 
M = 10kN-m, determine the maximum bending stress in 
the beam. 


F6-19. If the beam is subjected to a bending moment of 
M = 5kN-m, determine the bending stress developed at 
point A. 
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[PROBLEMS 


6-47. A member having the dimensions shown is used 
to resist an internal bending moment of M = 90kN-m. 
Determine the maximum stress in the member if the 
moment is applied (a) about the z axis (as shown) (b) about 
the y axis. Sketch the stress distribution for each case. 


Prob. 6-47 


*6-48. Determine the moment M that will produce a 
maximum stress of 10 ksi on the cross section. 


°6-49. Determine the maximum tensile and compressive 
bending stress in the beam if it is subjected to a moment of 
M = 4kip-ft. 


D 


— +— 0.5 in. 


Probs. 6—48/49 


6-50. The channel strut is used as a guide rail for a trolley. 
If the maximum moment in the strut is M = 30N-m, 
determine the bending stress at points A, B, and C. 


6-51. The channel strut is used as a guide rail for a trolley. 
If the allowable bending stress for the material is 
Callow = 175 MPa, determine the maximum bending moment 
the strut will resist. 


ii 


*6-52. The beam is subjected to a moment M. Determine 
the percentage of this moment that is resisted by the 
stresses acting on both the top and bottom boards, A and B, 
of the beam. 


Probs. 6-50/51 


e6-53. Determine the moment M that should be applied 
to the beam in order to create a compressive stress at point 
D of op = 30MPa. Also sketch the stress distribution 
acting over the cross section and compute the maximum 
stress developed in the beam. 


6-54. The beam is made from three boards nailed together 
as shown. If the moment acting on the cross section is 
M = 600 N-m, determine the maximum bending stress in 
the beam. Sketch a three-dimensional view of the stress 
distribution acting over the cross section. 


6-55. The beam is made from three boards nailed together 
as shown. If the moment acting on the cross section is 
M = 600 N-m, determine the resultant force the bending 
stress produces on the top board. 


20 mm 


Probs. 6-54/55 


*6-56. The aluminum strut has a cross-sectional area in 
the form of a cross. If it is subjected to the moment 
M = 8kN-m, determine the bending stress acting at points 
A and B, and show the results acting on volume elements 
located at these points. 


e6-57. The aluminum strut has a cross-sectional area in 
the form of a cross. If it is subjected to the moment 
M = 8kN:m, determine the maximum bending stress in 
the beam, and sketch a three-dimensional view of the stress 
distribution acting over the entire cross-sectional area. 


Probs. 6-56/57 
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6-58. If the beam is subjected to an internal moment of 
M = 100kip-ft, determine the maximum tensile and 
compressive bending stress in the beam. 


6-59. If the beam is made of material having an allowable 
tensile and compressive stress of (Ganow); = 24 ksi and 
(Catlow)c = 22 ksi, respectively, determine the maximum 
allowable internal moment M that can be applied to the 
beam. 


Probs. 6-58/59 


*6-60. The beam is constructed from four boards as 
shown. If it is subjected to a moment of M, = 16 kip: ft, 
determine the stress at points A and B. Sketch a 
three-dimensional view of the stress distribution. 


°6-61. The beam is constructed from four boards as 
shown. If it is subjected to a moment of M, = 16 kip- ft, 
determine the resultant force the stress produces on the top 
board C. 


g / 
| M, = 16 kip-ft 


z 


14in. Lin. 


Probs. 6-60/61 
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6-62. A box beam is constructed from four pieces of 
wood, glued together as shown. If the moment acting on the 
cross section is 10 KN - m, determine the stress at points A and 
B and show the results acting on volume elements located at 
these points. 


M=10kNm Prob. 6-62 


6-63. Determine the dimension a of a beam having a 
square cross section in terms of the radius r of a beam with 
a circular cross section if both beams are subjected to the 
same internal moment which results in the same maximum 


bending stress. 
: | 


Prob. 6-63 


Ai 


a 


ee 


*6-64. The steel rod having a diameter of 1 in. is subjected 
to an internal moment of M = 300 lb-ft. Determine the 
stress created at points A and B. Also, sketch a three- 
dimensional view of the stress distribution acting over the 


cross section. 
TB 


45°" 


M = 300 lb-ft 


0.5 in. Prob. 6-64 


°6-65. If the moment acting on the cross section of the 
beam is M = 4kip-ft, determine the maximum bending 
stress in the beam. Sketch a three-dimensional view of the 
stress distribution acting over the cross section. 


6-66. If M = 4kip: ft, determine the resultant force the 
bending stress produces on the top board A of the beam. 


Probs. 6-65/66 


6-67. The rod is supported by smooth journal bearings 
at A and B that only exert vertical reactions on the shaft. If 
d= 90mm, determine the absolute maximum bending 
stress in the beam, and sketch the stress distribution acting 
over the cross section. 


*6-68. The rod is supported by smooth journal bearings at 
A and B that only exert vertical reactions on the shaft. 
Determine its smallest diameter d if the allowable bending 
stress 1S Callow = 180 MPa. 


12kN/m 
d 
; : : 
E 3m : 15m 
Probs. 6—67/68 


°6-69. Two designs for a beam are to be considered. 
Determine which one will support a moment of M = 
150 kN-m with the least amount of bending stress. What is 
that stress? 


=i |. 200 mm—-| 

i= mm—-| - 
a —"15 mm laa 
300 mm mm 

30 mm 

=F. y 
= 15mm fini 

} 

(a) 
Prob. 6-69 


6-70. The simply supported truss is subjected to the 
central distributed load. Neglect the effect of the diagonal 
lacing and determine the absolute maximum bending stress 
in the truss. The top member is a pipe having an outer diameter 
of 1 in. and thickness of i in.,and the bottom member is a 
solid rod having a diameter of 5 in. 


100 Ib/ft 


Prob. 6-70 


6-71. The axle of the freight car is subjected to wheel 
loadings of 20 kip. If it is supported by two journal bearings at 


C and D, determine the maximum bending stress developed 


at the center of the axle, where the diameter is 5.5 in. 


Prob. 6-71 
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*6-72. The steel beam has the cross-sectional area shown. 
Determine the largest intensity of distributed load wo that it 
can support so that the maximum bending stress in the 
beam does not exceed Omax = 22 ksi. 


e6-73. The steel beam has the cross-sectional area shown. 
If wo = 0.5 kip/ft, determine the maximum bending stress 
in the beam. 


Wo 


+ 12 ft | 12 ft : 


0.30 in. 


0.3 ET in. 


0.30 in. 
Probs. 6-72/73 i 

6-74. The boat has a weight of 2300 lb and a center of 
gravity at G. Ifit rests on the trailer at the smooth contact A 
and can be considered pinned at B, determine the absolute 
maximum bending stress developed in the main strut of 
the trailer. Consider the strut to be a box-beam having the 
dimensions shown and pinned at C. 


Prob. 6-74 1.5 in. 


6-75. The shaft is supported by a smooth thrust bearing at 
A and smooth journal bearing at D. If the shaft has the cross 
section shown, determine the absolute maximum bending 
stress in the shaft. 


40 mm 
25mm 
> “ 


1.5m 0.75 m 


a Prob. 6-75 
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*6-76. Determine the moment M that must be applied to 
the beam in order to create a maximum stress of 80 MPa. 
Also sketch the stress distribution acting over the cross 
section. 


Sh en var 30 mm 


Prob. 6-76 


°6-77. The steel beam has the cross-sectional area shown. 
Determine the largest intensity of distributed load w that it 
can support so that the bending stress does not exceed 
Omax = 22 ksi. 


6-78. The steel beam has the cross-sectional area shown. 
If w = 5 kip/ft, determine the absolute maximum bending 
stress in the beam. 


a 0.30 in. 
0.3 inl ma in. 
0.30 in. 
Probs. 6-77/78 


6-79. If the beam ACB in Prob. 6-9 has a square cross 
section, 6 in. by 6 in., determine the absolute maximum 
bending stress in the beam. 


*6-80. If the crane boom ABC in Prob. 6-3 has a 
rectangular cross section with a base of 2.5 in., determine its 
required height h to the nearest i in. if the allowable bending 
Stress 1S Tallow = 24 ksi. 


°6-81. Ifthe reaction of the ballast on the railway tie can be 
assumed uniformly distributed over its length as shown, 
determine the maximum bending stress developed in the tie. 
The tie has the rectangular cross section with thickness 
t = 6in. 


6-82. The reaction of the ballast on the railway tie can be 
assumed uniformly distributed over its length as shown. 
If the wood has an allowable bending stress of Ojoy = 
1.5 ksi, determine the required minimum thickness ¢ of the 
rectangular cross sectional area of the tie to the nearest F in. 


15 kip 15 kip 


Probs. 6-81/82 


6-83. Determine the absolute maximum bending stress 
in the tubular shaft if d; = 160 mm and d, = 200 mm. 


*6-84. The tubular shaft is to have a cross section such 
that its inner diameter and outer diameter are related by 
d; = 0.8d,. Determine these required dimensions if the 
allowable bending stress is Oayoy = 155 MPa. 


15kN/m 


' 3m 


Probs. 6-83/84 


6-85. The wood beam has a rectangular cross section in 
the proportion shown. Determine its required dimension b 
if the allowable bending stress is Gajjoy = 10 MPa. 


500 N/m 
@_fi.s5 
A BRL es 
+), 
k 2m >|< 2m | 
Prob. 6-85 


6-86. Determine the absolute maximum bending stress 
in the 2-in.-diameter shaft which is subjected to the 
concentrated forces. The journal bearings at A and B only 
support vertical forces. 


6-87. Determine the smallest allowable diameter of the 
shaft which is subjected to the concentrated forces. The 
journal bearings at A and B only support vertical forces. 
The allowable bending stress is Oayow = 22 ksi. 


800 Ib 


Probs. 6-86/87 


*6-88. If the beam has a square cross section of 9 in. on 
each side, determine the absolute maximum bending stress 
in the beam. 


tt | 
er ee 


e6-89. If the compound beam in Prob. 6-42 has a square 
cross section, determine its dimension a if the allowable 
bending stress is Oajow = 150 MPa. 


6-90. If the beam in Prob. 6—28 has a rectangular cross 
section with a width b and a height h, determine the 
absolute maximum bending stress in the beam. 
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6-91. Determine the absolute maximum bending stress 
in the 80-mm-diameter shaft which is subjected to the 
concentrated forces. The journal bearings at A and B only 
support vertical forces. 


*6-92. Determine the smallest allowable diameter of the 
shaft which is subjected to the concentrated forces. The 
journal bearings at A and B only support vertical forces. 
The allowable bending stress is Oajoy = 150 MPa. 


} 0.5m | “y 0.6 m 


12 kN 
20 KN Probs. 6-91/92 


¢6-93. The man has a mass of 78 kg and stands motionless at 
the end of the diving board. If the board has the cross section 
shown, determine the maximum normal strain developed in 
the board. The modulus of elasticity for the material is 
E = 125 GPa. Assume A is a pin and B is a roller. 


350 mm 
30 mm 


AG & 5; = 20 mm 
I 1.5m H 2.5m le } } 
10mm 10mm 10mm 


6-94. The two solid steel rods are bolted together along 
their length and support the loading shown. Assume the 
support at A is a pin and Bis a roller. Determine the required 
diameter d of each of the rods if the allowable bending 
stress 1S Wajjow = 130 MPa. 


Prob. 6-93 


6-95. Solve Prob. 6-94 if the rods are rotated 90° so that 
both rods rest on the supports at A (pin) and B (roller). 


Probs. 6-94/95 
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*6-96. The chair is supported by an arm that is hinged so 
it rotates about the vertical axis at A. If the load on the chair 
is 180 Ib and the arm is a hollow tube section having the 
dimensions shown, determine the maximum bending stress 
at section a—a. 


180 Ib 


/ 1 in. 
a 
Pt 
i] A 3inJ| |]2.5 in. 
| t 
= a : 
je 8in.—| —| |<-0.5 in. 


Prob. 6-96 


°6-97. A portion of the femur can be modeled as a tube 
having an inner diameter of 0.375 in. and an outer diameter 
of 1.25 in. Determine the maximum elastic static force P 
that can be applied to its center. Assume the bone to be 
roller supported at its ends. The o—e diagram for the bone 
mass is shown and is the same in tension as in compression. 


o (ksi) P 
2.30 | 
125 iS) 
LL 4 in. —+-+— 4in. 3 
o02 0.05 © “m-/in-) 
Prob. 6-97 


6-98. If the beam in Prob. 6-18 has a rectangular cross 
section with a width of 8 in. and a height of 16 in., determine 
the absolute maximum bending stress in the beam. 


16 in. 


k—8 in.—| 


Prob. 6-98 


6-99. If the beam has a square cross section of 6 in. on 
each side, determine the absolute maximum bending stress 
in the beam. 


400 Ib /ft 


ee 


A 
. 6 ft | 6 ft | 


Prob. 6-99 


*6-100. The steel beam has the cross-sectional area 
shown. Determine the largest intensity of the distributed 
load wo that it can support so that the maximum bending 
stress in the beam does not exceed Gyjjoy = 22 ksi. 


°6-101. The steel beam has the cross-sectional area 
shown. If wo = 2 kip/ft, determine the maximum bending 
stress in the beam. 


- 9 ft | 9 ft | 


9 in. 
-—| 
a 0.25 in. 
0.25 “Ele in. 
si 0.25 in. 


Probs. 6—100/101 


6-102. The bolster or main supporting girder of a truck 
body is subjected to the uniform distributed load. Determine 
the bending stress at points A and B. 


1.5 kip/ft 


A SB 
8 ft | 12 ft 
F, F, 
0.75 in. 6 = 
ft losin. 

12 in. 
| A 
[ Xp 

0.75 in. 

Prob. 6-102 


6-103. Determine the largest uniform distributed load w 
that can be supported so that the bending stress in the beam 
does not exceed @ ajjow = 5 MPa. 


*6-104. If w=10kN/m, determine the maximum 
bending stress in the beam. Sketch the stress distribution 
acting over the cross section. 


{150 mm 


Probs. 6-103/104 
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°6-105. Ifthe allowable bending stress for the wood beam 
iS Gallow = 150 psi, determine the required dimension b to 
the nearest 4 in. of its cross section. Assume the support at A 
is a pin and Bis a roller. 


6-106. The wood beam has a rectangular cross section in 
the proportion shown. If b = 7.5 in., determine the absolute 
maximum bending stress in the beam. 


400 Ib /ft 


Probs. 6-105/106 


6-107. A beam is made of a material that has a modulus of 
elasticity in compression different from that given for 
tension. Determine the location c of the neutral axis, and 
derive an expression for the maximum tensile stress in the 
beam having the dimensions shown if it is subjected to the 
bending moment M. 


*6-108. The beam has a rectangular cross section and is 
subjected to a bending moment M. If the material from 
which it is made has a different modulus of elasticity for 
tension and compression as shown, determine the location c 
of the neutral axis and the maximum compressive stress in 
the beam. 


Probs. 6-107/108 
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Axis of symmetry 


R L <a axis 
| M 


Axis of symmetry 


- Ry Neutral axis 
4 =is . 


Fig. 6-29 


6.5 Unsymmetric Bending 


When developing the flexure formula we imposed a condition that 
the cross-sectional area be symmetric about an axis perpendicular to the 
neutral axis; furthermore, the resultant internal moment M acts along 
the neutral axis. Such is the case for the “T” or channel sections shown in 
Fig. 6-29. These conditions, however, are unnecessary, and in this section 
we will show that the flexure formula can also be applied either to a 
beam having a cross-sectional area of any shape or to a beam having a 
resultant internal moment that acts in any direction. 


Moment Applied About Principal Axis. Consider the beam’s 
cross section to have the unsymmetrical shape shown in Fig. 6—30a. As in 
Sec. 6.4, the right-handed x, y, z coordinate system is established such 
that the origin is located at the centroid C on the cross section, and the 
resultant internal moment M acts along the +z axis. We require the stress 
distribution acting over the entire cross-sectional area to have a zero 
force resultant, the resultant internal moment about the y axis to be zero, 
and the resultant internal moment about the z axis to equal M.* These 
three conditions can be expressed mathematically by considering the 
force acting on the differential element dA located at (0, y, z), Fig. 6-30a. 
This force is dF = o dA, and therefore we have 


Fr= 3F;; 0 = -foaa (6-14) 
A 
(Mp)y = =M,; 0 = - | dA (6-15) 
A 
(Mp), = =M,; M = | yo dA (6-16) 
A 


Bending-stress distribution 
(profile view) 


(a) (b) 
Fig. 6-30 


*The condition that moments about the y axis be equal to zero was not considered in 
Sec. 6.4, since the bending-stress distribution was symmetric with respect to the y axis and such 
a distribution of stress automatically produces zero moment about the y axis. See Fig. 6-24c. 


As shown in Sec. 6.4, Eq. 6-14 is satisfied since the z axis passes 
through the centroid of the area. Also, since the z axis represents the 
neutral axis for the cross section, the normal stress will vary linearly from 
zero at the neutral axis, to a maximum at y = c, Fig. 6-30b. Hence the 
stress distribution is defined by o = —(y/c)o max. When this equation is 
substituted into Eq. 6-16 and integrated, it leads to the flexure formula 
Omax = Mc/I. When it is substituted into Eq. 6-15, we get 


o = ae | yd 
c A 


which requires 


[oeda=o 
A 


This integral is called the product of inertia for the area. As indicated 
in Appendix A, it will indeed be zero provided the y and z axes are 
chosen as principal axes of inertia for the area. For an arbitrarily shaped 
area, the orientation of the principal axes can always be determined, 
using either the inertia transformation equations or Mohr’s circle of inertia 
as explained in Appendix A, Secs. A.4 and A.5. If the area has an axis 
of symmetry, however, the principal axes can easily be established 
since they will always be oriented along the axis of symmetry and 
perpendicular to it. 

For example, consider the members shown in Fig. 6-31. In each of 
these cases, y and z must define the principal axes of inertia for the cross 
section in order to satisfy Eqs. 6-14 through 6-16. In Fig. 6-3la the 
principal axes are located by symmetry, and in Figs. 6-31b and 6-31c their 
orientation is determined using the methods of Appendix A. Since M is 
applied about one of the principal axes (z axis), the stress distribution is 
determined from the flexure formula, o = —My/J,, and is shown for 
each case. 
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(c) 
Fig. 6-32 


Moment Arbitrarily Applied. Sometimes a member may be 
loaded such that M does not act about one of the principal axes of the 
cross section. When this occurs, the moment should first be resolved 
into components directed along the principal axes, then the flexure 
formula can be used to determine the normal stress caused by each 
moment component. Finally, using the principle of superposition, the 
resultant normal stress at the point can be determined. 

To show this, consider the beam to have a rectangular cross section 
and to be subjected to the moment M, Fig. 6-32a. Here M makes an 
angle 6 with the principal z axis. We will assume 6 is positive when it is 
directed from the +z axis toward the +y axis, as shown. Resolving 
M into components along the z and y axes, we have M, = M cos 6 
and M, = Msin@, as shown in Figs. 6-32b and 6—-32c. The normal- 
stress distributions that produce M and its components M, and 
M, are shown in Figs. 6-32d, 6-32e, and 6-32f, where it is assumed 
that (0y)max > (@'y)max- By inspection, the maximum tensile and 
compressive stresses [(0,)max + (O'y)max] Occur at two opposite corners 
of the cross section, Fig. 6—32d. 

Applying the flexure formula to each moment component in Figs. 6-32b 
and 6-32c, and adding the results algebraically, the resultant normal stress 
at any point on the cross section, Fig. 6-32d, is then 


a= ar (6-17) 


Here, 


o = the normal stress at the point 


y, Z = the coordinates of the point measured from x, y, z axes 
having their origin at the centroid of the cross-sectional 
area and forming a right-handed coordinate system 
The x axis is directed outward from the cross-section and 
the y and z axes represent respectively the principal axes 
of minimum and maximum moment of inertia for the 
area 


M, = the resultant internal moment components directed along 
the principal y and z axes. They are positive if directed 
along the +y and +z axes, otherwise they are negative. 
Or, stated another way, M, = M sin 6 and M, = M cos 68, 
where 6 is measured positive from the +z axis toward the 
+y axis 

I,, [, = the principal moments of inertia calculated about the y and z 

axes, respectively. See Appendix A 


y? 
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The x, y, z axes form a right-handed system, and the proper algebraic 
signs must be assigned to the moment components and the coordinates 
when applying this equation. When this is the case, the resulting stress 
will be tensile if it is positive and compressive if it is negative. 


Orientation of the Neutral Axis. The angle a of the [7 
neutral axis in Fig. 6-32d can be determined by applying Eq. 6-17 

with o = 0, since by definition no normal stress acts on the neutral 

axis. We have 


_ M,I, [(O.)max Ae (4) max] 
~ MI,“ 


y 


Since M, = M cos @ and M, = M sin 6, then i 
I, P 
= —t 
y 1, an @ Jz 


This equation defines the neutral axis for the cross section. Since the 
slope of this line is tan a = y/z, then 


(6-18) 


> 
(x) max 


Ue, (c) 
tana = —tan@ (6-19) 
ly 


Here it can be seen that unless J, = J, the angle 6, defining the direction 
of the moment M, Fig. 6-32a, will not equal a, the angle defining the 
inclination of the neutral axis, Fig. 6-32d. 


(0%) max 


Important Points 


e The flexure formula can be applied only when bending occurs 
about axes that represent the principal axes of inertia for the (f) 
cross section. These axes have their origin at the centroid and 
are oriented along an axis of symmetry, if there is one, and 
perpendicular to it. 


Fig. 6-32 (cont.) 


If the moment is applied about some arbitrary axis, then the 
moment must be resolved into components along each of the 
principal axes, and the stress at a point is determined by 
superposition of the stress caused by each of the moment 
components. 


306 CHAPTER 6 BENDING 


EXAMPLE |6.15 


The rectangular cross section shown in Fig. 6-33a is subjected to a 
bending moment of M = 12kN-m. Determine the normal stress 
developed at each corner of the section, and specify the orientation of 
the neutral axis. 


SOLUTION 


Internal Moment Components. By inspection it is seen that the y 
and z axes represent the principal axes of inertia since they are axes of 
symmetry for the cross section. As required we have established the z 
axis as the principal axis for maximum moment of inertia. The 
moment is resolved into its y and z components, where 


Ma— 


4 
7 ~5 (12 KN: m) = —9.60kN:m 


M, = =(12 kKN-m) = 7.20kN:m 


Section Properties. The moments of inertia about the y and z axes 
are 


= (04 m)(0.2 m)? = 0.2667(10~°) m* 


= (02 m)(0.4 m)? = 1.067(10°3) m4 


Bending Stress. Thus, 


M.y Myz 
a 7, 
7.20(10°) N-m(0.2m) | —9.60(10°) N-m(—0.1 m) 
4.067003) m* «0.266710 3) mi 
7.20(10°) N-m(0.2m) —9.60(10°) N-m(0.1 m) 
1.067103) m*(0.2667(10°) m4 
_7.20(10°) N-m(- ve A —9.60(107) N- m(0.1 m) 
)m 
(—0 
)m 


gy 


= 2.25 MPa 


= —4,.95 MPa Ans. 


1.067(107 3 0.2667(10°°) aa = —2.25 MPa _ Ans. 


7.20(10°) N-m m)  —9.60(10°) N-m(-—0.1 m) 
1.067(10°3 0.2667(10~3) m* 


= 4.95 MPa Ans. 


The resultant normal-stress distribution has been sketched using 
these values, Fig. 6-335. Since superposition applies, the distribution is 
linear as shown. 


Fig. 6-33 


Orientation of Neutral Axis. The location z of the neutral axis 
(NA), Fig. 6-335, can be established by proportion. Along the edge 
BC, we require 


2.25 MPa 4.95 MPa 


z (0.2m =z) 
0.450 — 2.25z = 4.95z 
Zz = 0.0625 m 


In the same manner this is also the distance from D to the neutral axis 
in Fig. 6-33b. 

We can also establish the orientation of the NA using Eq. 6-19, 
which is used to specify the angle a that the axis makes with the z or 
maximum principal axis. According to our sign convention, @ must be 
measured from the +z axis toward the +y axis. By comparison, in 
Fig. 6-33c,0 = —tan !$ = —53.1° (or 0 = +306.9°). Thus, 


eG 
tan a = —tand 
Ty 


_ 1.067(10~*) m* 
0.2667(10-3) m* 
a = —79.4° Ans. 


tan(—53.1°) 


This result is shown in Fig. 6—-33c. Using the value of z calculated 
above, verify, using the geometry of the cross section, that one obtains 
the same answer. 
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EXAMPLE |6.16 


The Z-section shown in Fig. 6—34a is subjected to the bending moment 
of M = 20 kN:m. Using the methods of Appendix A (see Example 
A.4 or A.5), the principal axes y and z are oriented as shown, such 
that they represent the minimum and maximum principal moments 
ol inertia, J, — 0.960(1073) m* and J, = 7.54(10°°) m4, respectively. 
Determine the normal stress at point P and the orientation of the 
neutral axis. 


SOLUTION 

For use of Eq. 6-19, it is important that the z axis represent the 
principal axis for the maximum moment of inertia. (Note that most of 
the area is located furthest from this axis.) 


Internal Moment Components. From Fig. 6-34a, 


M, = 20kKN-m sin 57.1° = 16.79kN-m 
M, = 20kN:mcos 57.1° = 10.86 kKN-m 


Bending Stress. The y and z coordinates of point P must 
be determined first. Note that the y’, z’ coordinates of P are 
(—0.2 m, 0.35 m). Using the colored triangles from the construction 
shown in Fig. 6-345, we have 

yp = —0.35 sin 32.9° — 0.2 cos 32.9° = —0.3580 m 


zp = 0.35 cos 32.9° — 0.2 sin 32.9° = 0.1852 m 
Applying Eq. 6-17, 
M,yp i My <P 
ly 
(10.86(10°) N-m)(—0.3580 m) ‘ (16.79(10°) N-m)(0.1852 m) 
7.54(10°3) m* 0.960(10°+) m* 
= 3.76 MPa Ans. 


Zz 


Orientation of Neutral Axis. The angle 9 = 57.1° is shown in 
Fig. 6-34a. Thus, 


75410) mm 
tan a = 
0.960(10~3) m+ 
a= 853° 


| tan 57.1° 


The neutral axis is oriented as shown in Fig. 6-34b. 
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ea FUNDAMENTAL PROBLEMS 


F6-20. Determine the bending stress developed at 
corners A and B. What is the orientation of the neutral axis? 


| F6-20 


°6-109. The beam is subjected to a bending moment of 
M = 20 kip ft directed as shown. Determine the maximum 
bending stress in the beam and the orientation of the 
neutral axis. 


6-110. Determine the maximum magnitude of the 
bending moment M that can be applied to the beam so that 
the bending stress in the member does not exceed 12 ksi. 


z — 
By 
. = ee 


Probs. 6-109/110 


F6-21. Determine the maximum stress in the beam’s cross 
section. 


F6-21 


PTPROBLEMS 


6-111. If the resultant internal moment acting on the 
cross section of the aluminum strut has a magnitude of 
M = 520N-m and is directed as shown, determine the 
bending stress at points A and B. The location y of the 
centroid C of the strut’s cross-sectional area must be 
determined. Also, specify the orientation of the neutral axis. 


*6-112. The resultant internal moment acting on the 
cross section of the aluminum strut has a magnitude of 
M = 520N-m and is directed as shown. Determine 
maximum bending stress in the strut. The location y of the 
centroid C of the strut’s cross-sectional area must be 
determined. Also, specify the orientation of the neutral axis. 


_-200 mm --—200 se Probs. 6-111/112 
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6-113. Consider the general case of a prismatic beam 
subjected to bending-moment components My, and M., 
as shown, when the x, y, z axes pass through the centroid 
of the cross section. If the material is linear-elastic, the 
normal stress in the beam is a linear function of position such 
that 0 = a+ by + cz. Using the equilibrium conditions 
0= f,odA, M,= [,zadA, M,=,—yo dA, determine 
the constants a, b, and c, and show that the 
normal stress can be determined from the equation 
= [-(M_I, + Myly.)y + (MI, + M_I,.)z/(yl,- ear 
where the moments and products of inertia are defined in 
Appendix A. 


Prob. 6-113 


6-114. The cantilevered beam is made from the Z-section 
having the cross-section shown. If it supports the two 
loadings, determine the bending stress at the wall in the 
beam at point A. Use the result of Prob. 6-113. 


6-115. The cantilevered beam is made from the Z-section 
having the cross-section shown. If it supports the two 
loadings, determine the bending stress at the wall in the 
beam at point B. Use the result of Prob. 6-113. 


50 Ib 


2.25 in = | 
—k- 


0.25 in. 


Probs. 6—-114/115 


*6-116. The cantilevered wide-flange steel beam is 
subjected to the concentrated force P at its end. Determine 
the largest magnitude of this force so that the bending stress 
developed at A does not exceed Gajoyw = 180 MPa. 


°6-117. The cantilevered wide-flange steel beam is 
subjected to the concentrated force of P = 600 N at its end. 
Determine the maximum bending stress developed in the 
beam at section A. 


200 mm 
10 mm jt 
150 mm 10 mm 
10 mm +— 


f 


Probs. 6-116/117 


6-118. If the beam is subjected to the internal moment of 
M = 1200 kN-m, determine the maximum bending stress 
acting on the beam and the orientation of the neutral axis. 


6-119. If the beam is made from a material having 
an allowable tensile and compressive stress of 
(Gatlow): = 125 MPa and (yrow)e = 150 MPa, respectively, 
determine the maximum allowable internal moment M that 
can be applied to the beam. 


150 mm Probs. 6-118/119 


*6-120. The shaft is supported on two journal bearings 
at A and B which offer no resistance to axial loading. 
Determine the required diameter d of the shaft if 
stress for the 


the allowable bending material is 


Oallow — 150 MPa. 


Prob. 6-120 


°6-121. The 30-mm-diameter shaft is subjected to the 
vertical and horizontal loadings of two pulleys as shown. It 
is supported on two journal bearings at A and B which offer 
no resistance to axial loading. Furthermore, the coupling to 
the motor at C can be assumed not to offer any support 
to the shaft. Determine the maximum bending stress 
developed in the shaft. 


Prob. 6-121 


6-122. Using the techniques outlined in Appendix A, 
Example A.5 or A.6, the Z section has principal moments of 
inertia of J, = 0.060(10°*) m* and J, = 0.471(10°3) m‘, 
computed about the principal axes of inertia y and z, 
respectively. If the section is subjected to an internal 
moment of M = 250 N-m directed horizontally as shown, 
determine the stress produced at point A. Solve the 
problem using Eq. 6-17. 


6-123. Solve Prob. 6-122 using the equation developed in 
Prob. 6-113. 
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*6-124. Using the techniques outlined in Appendix A, 
Example A.5 or A.6, the Z section has principal moments of 
inertia of J, = 0.060(10°*) m* and J, = 0.471(10°%) m‘, 
computed about the principal axes of inertia y and z, 
respectively. If the section is subjected to an internal 
moment of M = 250 N-m directed horizontally as shown, 
determine the stress produced at point B. Solve the 
problem using Eq. 6-17. 


50 mm 
74 
200 Ae 

_ 


Probs. 6-122/123/124 


e6-125. Determine the bending stress at point A of the 
beam, and the orientation of the neutral axis. Using the 
method in Appendix A, the principal moments of inertia of 
the cross section are J! = 8.828in* and I = 2.295 in’, 
where z’ and y’ are the principal axes. Solve the problem 
using Eq. 6-17. 


6-126. Determine the bending stress at point A of the 
beam using the result obtained in Prob. 6-113. The moments 
of inertia of the cross sectional area about the z and y axes 
are J, = 1, = 5.561 in* and the product of inertia of the 
cross sectional area with respect to the z and y axes is 
Ty, = —3.267 in*. (See Appendix A) 


Zz 
1.183 in. 


Probs. 6-125/126 


|. 4 in. 
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*6.6 Composite Beams 


Beams constructed of two or more different materials are referred to as 
composite beams. For example, a beam can be made of wood with straps 
of steel at its top and bottom, Fig. 6-35. Engineers purposely design 
beams in this manner in order to develop a more efficient means for 
supporting loads. 

Since the flexure formula was developed only for beams having 
homogeneous material, this formula cannot be applied directly to 
determine the normal stress in a composite beam. In this section, 
however, we will develop a method for modifying or “transforming” a 
composite beam’s cross section into one made of a single material. Once 
this has been done, the flexure formula can then be used for the stress 
analysis. 

To explain how to do this we will consider a composite beam made 
of two materials, 1 and 2, which have the cross-sectional areas shown in 
Fig. 6-36a. If a bending moment is applied to this beam, then, like one that 
is homogeneous, the total cross-sectional area will remain plane after 
bending, and hence the normal strains will vary linearly from zero at the 
neutral axis to a maximum in the material located farthest from this axis, 
Fig. 6-36. Provided the material is linear elastic, then at any point the 
normal stress in material 1 is determined from 0 = Fe, and for material 
2 the stress distribution is found from o = Fe. Assuming material 1 is 
stiffer than material 2, then E,; > E, and so the stress distribution will 
look like that shown in Fig. 6-36c or 6-36d. In particular, notice the jump 
in stress that occurs at the juncture of the two materials. Here the strain is 
the same, but since the modulus of elasticity for the materials suddenly 
changes, so does the stress. It is possible to determine the location of the 
neutral axis and the maximum stress based on a trial-and-error procedure. 


Steel plates 


Fig. 6-35 


This requires satisfying the conditions that the stress distribution produces 
a zero resultant force on the cross section and the moment of the stress 
distribution about the neutral axis must be equal to M. 

A simpler way to satisfy these two conditions is to use the transformed 
section method, which transforms the beam into one made of a single 
material. For example, if the beam is thought to consist entirely of the 
less stiff material 2, then the cross section will look like that shown in 
Fig. 6-36e. Here the height h of the beam remains the same, since the 
strain distribution in Fig. 6-36b must be preserved. However, the upper 
portion of the beam must be widened in order to carry a load equivalent 
to that carried by the stiffer material 1 in Fig. 6-36d. The necessary width 
can be determined by considering the force dF acting on an area 
dA = dz dy of the beam in Fig. 6—36a. It is dF = a dA = (E,e) dz dy. 
Assuming the width of a corresponding element of height dy in Fig. 6-36e 
isn dz, then dF’ = o'dA' = (E,€)n dz dy. Equating these forces, so that 
they produce the same moment about the z (neutral) axis, we have 


E,e dzdy = E,endzdy 
or 
E, 


n= Ey (6-20) 


Normal strain variation 
(profile view) 


(b) 


Bending stress variation 
(profile view) Bending stress variation 


(c) (d) 
Fig. 6-36 
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b, =n'b 
Beam transformed to material(1) 


Bending-stress variation for 
beam transformed to material 2) 


(g) 


Bending-stress variation for 
beam transformed to material 


(h) 
Fig. 6-36 (cont.) 


This dimensionless number n is called the transformation factor. It 
indicates that the cross section, having a width b on the original beam, 
Fig. 6-36a, must be increased in width to b, = nb in the region where 
material 1 is being transformed into material 2, Fig. 6-36e. 

In a similar manner, if the less stiff material 2 is transformed into the 
stiffer material 1, the cross section will look like that shown in Fig. 6-36f. 
Here the width of material 2 has been changed to b, = n'b, where 
n' = E,/E,. In this case the transformation factor n' will be less than 
one since E, > E>. In other words, we need less of the stiffer material to 
support the moment. 

Once the beam has been transformed into one having a single 
material, the normal-stress distribution over the transformed cross 
section will be linear as shown in Fig. 6-36g or 6-36h. Consequently, the 
centroid (neutral axis) and moment of inertia for the transformed area 
can be determined and the flexure formula applied in the usual manner 
to determine the stress at each point on the transformed beam. The 
stress in the transformed beam will be equivalent to the stress in the same 
material of the actual beam; however, the stress found on the transformed 
material has to be multiplied by the transformation factor n (or n’), since 
the area of the transformed material, dA’ = n dz dy, is n times the area 
of actual material dA = dz dy. That is, 


dF =a0dA=o'dA' 
ao dzdy =a'ndzdy 
o = no' (6-21) 


Example 6.17 numerically illustrates application of the transformed 
section method. 


Important Points 


© Composite beams are made from different materials in order to 
efficiently carry a load. Application of the flexure formula 
requires the material to be homogeneous, and so the cross section 
of the beam must be transformed into a single material if this 
formula is to be used to calculate the bending stress. 


© The transformation factor nis a ratio of the moduli of the different 
materials that make up the beam. Used as a multiplier, it converts 
the width of the cross section of the composite beam into a beam 
made from a single material so that this beam has the same 
strength as the composite beam. Stiff material will thus be replaced 
by more of the softer material and vice versa. 


Once the stress in the transformed section is determined, it must 
be multiplied by the transformation factor to obtain the stress in 
the actual beam. 
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*6.7 Reinforced Concrete Beams 


All beams subjected to pure bending must resist both tensile and 
compressive stresses. Concrete, however, is very susceptible to cracking 
when it is in tension, and therefore by itself it will not be suitable for 
resisting a bending moment.* In order to circumvent this shortcoming, 
engineers place steel reinforcing rods within a concrete beam at a 
location where the concrete is in tension, Fig. 6-37a. To be most effective, 
these rods are located farthest from the beam’s neutral axis, so that the 
moment created by the forces developed in them is greatest about the 
neutral axis. Furthermore, the rods are required to have some concrete 
coverage to protect them from corrosion or loss of strength in the event 
of a fire. Codes used for actual reinforced concrete design assume the 
ability of concrete will not support any tensile loading, since the possible 
cracking of concrete is unpredictable. As a result, the normal stress 
distribution acting on the cross-sectional area of a reinforced concrete 
beam is assumed to look like that shown in Fig. 6-37b. 

The stress analysis requires locating the neutral axis and determining 
the maximum stress in the steel and concrete. To do this, the area of steel 
Ag is first transformed into an equivalent area of concrete using the 
transformation factor n = Ey/Egonc- This ratio, which gives n > 1, 
requires a “greater” amount of concrete to replace the steel. The 
transformed area is nA, and the transformed section looks like that 
shown in Fig. 6-37c. Here d represents the distance from the top of the 
beam to the (transformed) steel, b is the beam’s width, and h’ is the yet 
unknown distance from the top of the beam to the neutral axis. To obtain 
h', we require the centroid C of the cross-sectional area of the 
transformed section to lie on the neutral axis, Fig. 6-37c. With reference 
to the neutral axis, therefore, the moment of the two areas, = VA, must be 
zero, since y = YVA/ZA = 0. Thus, 


ow'(=) — nAg(d — h') = 0 


b 
ah” + nAgh' — nAgd = 0 


Once h' is obtained from this quadratic equation, the solution proceeds 
in the usual manner for obtaining the stress in the beam. Example 6.18 
numerically illustrates application of this method. 


*Inspection of its particular stress-strain diagram in Fig. 3-11 reveals that concrete can 
be 12.5 times stronger in compression than in tension. 


Concrete assumed 
cracked within 
this region. 


(b) 


Fig. 6-37 
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EXAMPLE |6.17 


A composite beam is made of wood and reinforced with a steel 
strap located on its bottom side. It has the cross-sectional area 
shown in Fig. 6—38a. If the beam is subjected to a bending moment of 
M = 2kN>-m, determine the normal stress at points B and C. Take 
E,, = 12 GPaand Ey, = 200 GPa. 


SOLUTION 


Section Properties. Although the choice is arbitrary, here we will 
transform the section into one made entirely of steel. Since steel has a 
greater stiffness than wood (Fy, > E,,), the width of the wood must 
be reduced to an equivalent width for steel. Hence n must be less than 
one. For this to be the case,n = Ey/E., so that 


12 GPa 
200 GPa 


The transformed section is shown in Fig. 6—38b. 
The location of the centroid (neutral axis), calculated from a 
reference axis located at the bottom of the section, is 
_ yA [0.01 m](0.02 m)(0.150 m) + [0.095 m](0.009 m)(0.150 m) 
oy ie 0.02 m(0.150 m) + 0.009 m(0.150 m) 


bs = nby (150 mm) = 9mm 


= 0.03638 m 


The moment of inertia about the neutral axis is therefore 


Iva = 4 (0.130 m)(0.02 m)? + (0.150 m)(0.02 m)(0.03638 m — 0.01 m)| 


ie 40.009 m)(0.150 m)? + (0.009 m)(0.150 m)(0.095 m — 0.03638 m)?| 


= 9,358(10~°) m4 


6.7 REINFORCED CONCRETE BEAMS 


1.71 MPa 


Fig. 6-38 (cont.) 


Normal Stress. Applying the flexure formula, the normal stress at 
B’' and Cis 


2(10°) N-m(0.170 m — 0.03638 m) 
a = 28.6 MPa 
9,358(10-°) m 


(OD = 


2(10) N - m(0.03638 m) 
= ae = 7.78 MPa Ans. 
9.358(10 °) m 


CHE! 


The normal-stress distribution on the transformed (all steel) section is 
shown in Fig. 6-38c. 


The normal stress in the wood at B in Fig. 6—38a, is determined from 
Eq. 6-21; that is, 


12 GPa 
500 GPa (28-6 MPa) = 1.71MPa_ Ans. 


CR] NOB = 


Using these concepts, show that the normal stress in the steel and 
the wood at the point where they are in contact is 0g. = 3.50 MPa and 


Ow = 0.210 MPa, respectively. The normal-stress distribution in the 
actual beam is shown in Fig. 6-38d. 
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EXAMPLE |6.18 


1-in.-diameter bars 


(a) 
12 in.—| 


~| 
] 

a a2 '65;ine 

(b) 


The reinforced concrete beam has the cross-sectional area shown in 
Fig. 6-39a. If it is subjected to a bending moment of M = 60 kip - ft, 
determine the normal stress in each of the steel reinforcing rods and 
the maximum normal stress in the concrete. Take Ey, = 29(10°) ksi 
and Boyne 30110 ) ksi: 


SOLUTION 
Since the beam is made from concrete, in the following analysis we 
will neglect its strength in supporting a tensile stress. 


Section Properties. The total area of steel, Ay = 2[7(0.5 in.)”] = 
1.571 in? will be transformed into an equivalent area of concrete, 
Fig. 6-39b. Here 

29(10°) ksi 


aL 7am?) = 12.65:in7 
3.6(10°) ksi 


We require the centroid to lie on the neutral axis. Thus >yA = 0, or 


A' = nAg 


, 


12 in. (ny — 12.65 in?(16 in. — h’) = 0 


i a7 I) 
Solving for the positive root, 
h' = 485 in. 
Using this value for h’, the moment of inertia of the transformed 
section about the neutral axis is 


. 2, 
ire = (12 in.)(4.85 in.)* + 12 in. (4.85 in)(S™) | 


+ 12.65 in? (16 in. — 4.85 in.)? = 2029 in* 


Normal Stress. Applying the flexure formula to the transformed 
section, the maximum normal stress in the concrete is 
[60 kip - ft(12 in./ft)](4.85 in.) 


(Scone) mae a al = 1.72 ksi Ans. 
2029 in 


The normal stress resisted by the “concrete” strip, which replaced the 
steel, is 


ee [60 kip - ft(12 aa in. — 4.85 in.) Ba 
The normal stress in each of the two reinforcing rods is therefore 
29(10%) ksi 
3.6(105) ksi 
The normal-stress distribution is shown graphically in Fig. 6-39c. 


Jae ksi = 31.9 ksi Ans. 


Ts = NO conc = ( 


*6.8 Curved Beams 


The flexure formula applies to a straight member, since it was shown that 
the normal strain within it varies linearly from the neutral axis. If the 
member is curved, however, this assumption becomes inaccurate, and so 
we must develop another method to describe the stress distribution. In 
this section we will consider the analysis of a curved beam, that is, a 
member that has a curved axis and is subjected to bending. Typical 
examples include hooks and chain links. In all cases, the members are 
not slender, but rather have a sharp curve, and their cross-sectional 
dimensions are large compared with their radius of curvature. 

The following analysis assumes that the cross section is constant and 
has an axis of symmetry that is perpendicular to the direction of the 
applied moment M, Fig. 6-40a. Also, the material is homogeneous and 
isotropic, and it behaves in a linear-elastic manner when the load is 
applied. Like the case of a straight beam, we will also assume that the 
cross sections of the member remain plane after the moment is applied. 
Furthermore, any distortion of the cross section within its own plane will 
be neglected. 

To perform the analysis, three radii, extending from the center of 
curvature O’ of the member, are identified in Fig. 6-40a. Here 7 
references the known location of the centroid for the cross-sectional area, 
R references the yet unspecified location of the neutral axis, and r locates 
the arbitrary point or area element dA on the cross section. 


Centroid 
Neutral axis 
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This crane hook represents a typical example 
of a curved beam. 


r 


Area element dA r 


Fig. 6-40 
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O' 
(b) 


Fig. 6-40 (cont.) 


TABLE 6-1 


Shape [aA 
Ar 
econ > Sarg : 
2 
i. ee 
_— — 
aaa 
bry DN 
~<@ |: Celene 2 
|r, 


If we isolate a differential segment of the beam, Fig. 6-405, the stress 
tends to deform the material such that each cross section will rotate 
through an angle 60/2. The normal strain ¢€ in the strip (or line) of 
material located at r will now be determined. This strip has an original 
length r d6, Fig. 6-40b. However, due to the rotations 60/2 the strip’s 
total change in length is 66(R — r). Consequently, e = 60(R — r)/r dé. 
If we let k = 66/d0, which is the same for any particular strip, we have 
e = k(R — r)/r. Unlike the case of straight beams, here it can be seen 
that the normal strain is a nonlinear function of r, in fact it varies in a 
hyperbolic fashion. This occurs even though the cross section of the 
beam remains plane after deformation. If the material remains linearly 
elastic then 0 = Ee and so 


o = (4 . ") (6-22) 


This variation is also hyperbolic, and since it has now been established, 
we can determine the location of the neutral axis and relate the stress 
distribution to the resultant internal moment M. 

To obtain the location R of the neutral axis, we require the resultant 
internal force caused by the stress distribution acting over the cross 
section to be equal to zero; i.e., 


Fr= Fy; [oaa- 
A 


Solving for R yields 


dA (6-23) 


yee 


Here 


R = the location of the neutral axis, specified from the center of 
curvature O' of the member 


A = the cross-sectional area of the member 


r = the arbitrary position of the area element dA on the cross 


section, specified from the center of curvature O' of the member 


The integral in Eq. 6-23 has been evaluated for various cross-sectional 
geometries, and the results for some common cross sections are listed in 
Table 6-1. 


6.8 CuRVED BEAMS 


In order to relate the stress distribution to the resultant bending 
moment, we require the resultant internal moment to be equal to the 
moment of the stress distribution calculated about the neutral axis. 
From Fig. 6—40a, the stress 0, acting on the area element dA and located 
a distance y from the neutral axis, creates a moment about the neutral 
axis of dM = y(o dA). For the entire cross section, we require 
M = fyo dA. Since y = R — r, and a is defined by Eq. 6-22, we have 


w= | Rape A — aa 
[ene 2) 


Expanding, realizing that Ek and R are constants, then 


w= exe [4 —on fans [raa) 
AT A A 


The first integral is equivalent to A/R as determined from Eq. 6-23, and 
the second integral is simply the cross-sectional area A. Realizing that 
the location of the centroid of the cross section is determined from 
7 = [rdA/A, the third integral can be replaced by 7A. Thus, 


M = EkA(7 — R) 


Finally, solving for Ek in Eq. 6-22, substituting into the above equation, 
and solving for 7, we have 


c= (6-24) 


Here 


o = the normal stress in the member 


x 
T 


the internal moment, determined from the method of sections 
and the equations of equilibrium and calculated about the 
neutral axis for the cross section. This moment is positive if it 
tends to increase the member’s radius of curvature, i.e., it tends 
to straighten out the member 


A = the cross-sectional area of the member 


a 
II 


the distance measured from the center of curvature to the 

neutral axis, determined from Eq. 6—23 

r = the distance measured from the center of curvature to the 
centroid of the cross section 

r = the distance measured from the center of curvature to the 

point where the stress a is to be determined 
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Omax 


Bending stress variation 
(profile view) 


(c) 


(d) 


B 
-— 
aa o, 
\ dF, 


O' 
(e) 
Fig. 6-40 (cont.) 


From Fig. 6-40a, r = R — y. Also, the constant and usually very small 
distance between the neutral axis and the centroid is e = r — R. When 
these results are substituted into Eq. 6-24, we can also write 


¢2— (6-25) 


These two equations represent two forms of the so-called curved- 
beam formula, which like the flexure formula can be used to determine 
the normal-stress distribution in a curved member. This distribution is, 
as previously stated, hyperbolic; an example is shown in Fig. 6—40c and 
6-40d. Since the stress acts along the circumference of the beam, it is 
sometimes called circumferential stress. Note that due to the curvature 
of the beam, the circumferential stress will create a corresponding 
component of radial stress, so called since this component acts in the 
radial direction. To show how it is developed, consider the free-body 
diagram of the segment shown in Fig. 6—40e. Here the radial stress a, is 
necessary since it creates the force dF, that is required to balance 
the two components of circumferential forces dF which act along the 
line O'B. 

Sometimes the radial stresses within curved members may become 
significant, especially if the member is constructed from thin plates and 
has, for example, the shape of an I-section. In this case the radial stress 
can become as large as the circumferential stress, and consequently the 
member must be designed to resist both stresses. For most cases, 
however, these stresses can be neglected, especially if the member has a 
solid section. Here the curved-beam formula gives results that are in very 
close agreement with those determined either by experiment or by a 
mathematical analysis based on the theory of elasticity. 

The curved-beam formula is normally used when the curvature of the 
member is very pronounced, as in the case of hooks or rings. However, 
if the radius of curvature is greater than five times the depth of the 
member, the flexure formula can normally be used to determine the 
stress. For example, for rectangular sections for which this ratio equals 5, 
the maximum normal stress, when determined by the flexure formula, 
will be about 7% Jess than its value when determined by the curved- 
beam formula. This error is further reduced when the radius of 
curvature-to-depth ratio is more than 5.* 


*See, for example, Boresi, A. P., et al., Advanced Mechanics of Materials, 3rd ed., p. 333, 
1978, John Wiley & Sons, New York. 


Important Points 


The curved-beam formula should be used to determine the 
circumferential stress in a beam when the radius of curvature is 
less than five times the depth of the beam. 


Due to the curvature of the beam, the normal strain in the beam 
does not vary linearly with depth as in the case of a straight beam. 
As a result, the neutral axis does not pass through the centroid of 
the cross section. 

The radial stress component caused by bending can generally be 


neglected, especially if the cross section is a solid section and not 
made from thin plates. 


Procedure for Analysis 


In order to apply the curved-beam formula the following procedure 
is suggested. 


Section Properties. 


Determine the cross-sectional area A and the location of the 
centroid, r, measured from the center of curvature. 


Find the location of the neutral axis, R, using Eq. 6-23 or 
Table 6-1. If the cross-sectional area consists of n “composite” 
parts, determine [dA/r for each part. Then, from Eq. 6-23, for 
the entire section, R = A/=(f dA/r). Inall cases, R < F. 


Normal Stress. 


The normal stress located at a point r away from the center of 
curvature is determined from Eq. 6—24. If the distance y to the 
point is measured from the neutral axis, then find e = r — R and 
use Eq. 6-25. 


Since r — R generally produces a very small number, it is best to 
calculate 7 and R with sufficient accuracy so that the subtraction 
leads to a number e¢ having at least four significant figures. 


If the stress is positive it will be tensile, whereas if it is negative it 
will be compressive. 


The stress distribution over the entire cross section can be 
graphed, or a volume element of the material can be isolated and 
used to represent the stress acting at the point on the cross 
section where it has been calculated. 


6.8 CuRVED BEAMS 
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EXAMPLE |6.19 


The curved bar has a cross-sectional area shown in Fig. 6—41a. If it is 
subjected to bending moments of 4kN-m, determine the maximum 
normal stress developed in the bar. 


SOLUTION 


Internal Moment. Each section of the bar is subjected to the 
same resultant internal moment of 4 kN: m. Since this moment tends 
to decrease the bar’s radius of curvature, it is negative. Thus, 
M = —-4kN-m. 


Section Properties. Here we will consider the cross section to be 
composed of a rectangle and triangle. The total cross-sectional area is 


1 
ZA = (0.05 m)? + 3 (0.05 m) (0.03 m) = 3.250(10°3) m? 


The location of the centroid is determined with reference to the center 
of curvature, point O’, Fig. 6-414. 


=n 2A 
ZA 
[0.225 m](0.05 m)(0.05 m) + [0.260 m]}4(0.050 m) (0.030 m) 


3.250(1073) m? 


= 0.23308 m 
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We can find / ,4A/r for each part using Table 6-1. For the rectangle, 


n( a) = 0.011157 m 


And for the triangle, 


[2 _ (0.05 m) (0.280 m) ( 0.280 m 
A 


— 0.05 m = 0.002886 
r (0.280 m — 0.250 m) Se OB) eat TSU leila 


Thus the location of the neutral axis is determined from 


=A 3,250(10°3) m? 
~ 0: fet 
=f aay 0.011157 m + 0.0028867 m 
A 


R= = 0.23142 m 


Note that R < 7 as expected. Also, the calculations were performed 
with sufficient accuracy so that (F — R) = 0.23308 m — 0.23142 m = 
0.00166 m is now accurate to three significant figures. 


Normal Stress. The maximum normal stress occurs either at A or 
B. Applying the curved-beam formula to calculate the normal stress at 
B,rgz = 0.200 m, we have 


M(R — rg) (—4kN + m)(0.23142 m — 0.200 m) 


~ Arg(? — R) 3.250(10-3) m?(0.200 m) (0.00166 m) 


OB 


= —116 MPa 


At point A,r, = 0.280 m and the normal stress is 
116 MPa 


TB 
M(R-r,)  (—4kN-m)(0.23142 m — 0.280 m) 
~ Ars(F — R) — 3.250(10~3) m2(0.280 m)(0.00166 m) 


= 129 MPa 


OA 


Ans. A 129MPa 


(b) 


By comparison, the maximum normal stress is at A. A two-dimensional 
representation of the stress distribution is shown in Fig. 6-415. Fig. 6-41 (cont.) 
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6.9 Stress Concentrations 


The flexure formula cannot be used to determine the stress distribution 
within regions of a member where the cross-sectional area suddenly 
changes, since the normal-stress and strain distributions at the section 
become nonlinear. The results can only be obtained through experiment 
or, in some cases, by using the theory of elasticity. Common discontinuities 
include members having notches on their surfaces, Fig. 6—-42a, holes for 
passage of fasteners or other items, Fig. 6-425, or abrupt changes in the 
outer dimensions of the member’s cross section, Fig. 6-42c. The maximum 
normal stress at each of these discontinuities occurs at the section taken 
through the smallest cross-sectional area. 

For design, it is generally important to only know the maximum 
normal stress developed at these sections, not the actual stress 
distribution. As in the previous cases of axially loaded bars and 
torsionally loaded shafts, we can obtain the maximum normal stress due 
to bending using a stress-concentration factor K. For example, Fig. 6-43 
gives values of K for a flat bar that has a change in cross section using 
shoulder fillets. To use this graph simply find the geometric ratios w/h 
and r/h and then find the corresponding value of K for a particular 


3.4 


3.2 


3.0 


2.8 


2.6 


2.4 


>= 


2.2 


2.0 


1.8 


Se 4m Ww 1.95 ~ oe 
N ho 1.6 Sk 
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Fig. 6-43 


Rout 14 
! 12 epee — | 
1.0 
08 09 1.0 0 0.1 0.2 03 0.4 0.5 


>|~ 


Fig. 6-44 
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geometry. Once K is obtained, the maximum bending stress shown in 
Fig. 6-45 is determined using 


Ona = Kk (6-26) 


In the same manner, Fig. 6-44 can be used if the discontinuity consists of 
circular grooves or notches. 

Like axial load and torsion, stress concentration for bending should 
always be considered when designing members made of brittle materials 
or those that are subjected to fatigue or cyclic loadings. Also, realize that 
stress-concentration factors apply only when the material is subjected to 
elastic behavior. If the applied moment causes yielding of the material, as 
is the case with ductile materials, the stress becomes redistributed 
throughout the member, and the maximum stress that results will be Stress concentrations caused by bending 
lower than that determined using stress-concentration factors. This occur at the sharp corners of this window 


phenomenon is discussed further in the next section. lintel and are responsible for the crack at the 
corner. 


Important Points 


© Stress concentrations occur at points of sudden cross-sectional 
change, caused by notches and holes, because here the stress and 
strain become nonlinear. The more severe the change, the larger 
the stress concentration. 


For design or analysis, the maximum normal stress occurs on the 
smallest cross-sectional area. This stress can be obtained by using a 
stress concentration factor, K, that has been determined through 
experiment and is only a function of the geometry of the member. 


Normally, the stress concentration in a ductile material subjected 
to a static moment will not have to be considered in design; 
however, if the material is brittle, or subjected to fatigue loading, 
then stress concentrations become important. 
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EXAMPLE |6.20 


SkN-m 


The transition in the cross-sectional area of the steel bar is achieved 
using shoulder fillets as shown in Fig. 6—46a. If the bar is subjected to 
a bending moment of 5 KN: m, determine the maximum normal stress 
developed in the steel. The yield stress is ay = 500 MPa. 


SOLUTION 

The moment creates the largest stress in the bar at the base of the 
fillet, where the cross-sectional area is smallest. The stress-concentration 
factor can be determined by using Fig. 6-43. From the geometry of the 
bar, we have r = 16mm, hf = 80 mm, w = 120 mm. Thus, 


Se h 80mm ; h 80 mm 


a 
Ry ee es 
ela 


20 mm 


(a) 


340 MPa 


340 MPa 
(b) 
Fig. 6-46 


These values give K = 1.45. Applying Eq. 6-26, we have 


’ (5(10°) N-m)(0.04 m) 
[5(0.020 m) (0.08 m)3| 


= 340 MPa_ Ans. 


This result indicates that the steel remains elastic since the stress is 
below the yield stress (500 MPa). 


NOTE: The normal-stress distribution is nonlinear and is shown in 
Fig. 6-46b. Realize, however, that by Saint-Venant’s principle, Sec. 4.1, 
these localized stresses smooth out and become linear when one 
moves (approximately) a distance of 80 mm or more to the right of 
the transition. In this case, the flexure formula gives Oma, = 234 MPa, 
Fig. 646c. Also note that the choice of a larger-radius fillet will 
significantly reduce Omax, Since as r increases in Fig. 6-43, K will 
decrease. 


5 kN-m ~ SSP 234 MPa 


7 


— 
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E [PROBLEMS 


6-127. The composite beam is made of 6061-T6 aluminum 
(A) and C83400 red brass (B). Determine the dimension h of 
the brass strip so that the neutral axis of the beam is located 
at the seam of the two metals. What maximum moment 
will this beam support if the allowable bending stress for 
the aluminum is (@jjow)aj = 128 MPa and for the brass 
(Gatiow) br = 35 MPa? 


*6-128. The composite beam is made of 6061-T6 aluminum 
(A) and C83400 red brass (B). If the height h = 40 mm, 
determine the maximum moment that can be applied to the 
beam if the allowable bending stress for the aluminum is 
(Gatlowal = 128 MPa and for the brass (Catlow)br = 35 MPa. 


Probs. 6-127/128 


°6-129. Segment A of the composite beam is made from 
2014-T6 aluminum alloy and segment B is A-36 steel. If 
w = 0.9 kip/ft, determine the absolute maximum bending 
stress developed in the aluminum and steel. Sketch the 
stress distribution on the cross section. 


6-130. Segment A of the composite beam is made from 
2014-T6 aluminum alloy and segment B is A-36 steel. If 
the allowable bending stress for the aluminum and steel are 
(Gatlow)al = 15 ksi and (Gatow)st = 22 ksi, determine the 
maximum allowable intensity w of the uniform distributed 
load. 


6-131. The Douglas fir beam is reinforced with A-36 
straps at its center and sides. Determine the maximum 
stress developed in the wood and steel if the beam 
is subjected to a bending moment of M, = 7.50 kip: ft. 
Sketch the stress distribution acting over the cross section. 


6 in. 


Lain—| b-2in— 


Prob. 6-131 


*6-132. The top plate is made of 2014-T6 aluminum and is 
used to reinforce a Kevlar 49 plastic beam. Determine the 
maximum stress in the aluminum and in the Kevlar if the 
beam is subjected to a moment of M = 900 Ib: ft. 


¢6-133. The top plate made of 2014-T6 aluminum is used 
to reinforce a Kevlar 49 plastic beam. If the allowable 
bending stress for the aluminum is (Gajow)al = 40 ksi and 
for the Kevlar (Ganow)k = 8 ksi, determine the maximum 
moment M that can be applied to the beam. 


osin | a 


0.5 in. 


Probs. 6—132/133 
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6-134. The member has a brass core bonded to a steel 
casing. If a couple moment of 8 kN- m is applied at its end, 
determine the maximum bending stress in the member. 
Ey, = 100 GPa, Ey, = 200 GPa. 


8kN-m 


(a 


20 
Prob. 6-134 m100 mm 


6-135. The steel channel is used to reinforce the wood 
beam. Determine the maximum stress in the steel and in 
the wood if the beam is subjected to a moment of 
M = 850 lb-ft. Ey = 29(10°) ksi, Ey, = 1600 ksi. 


0.5 in. 


0.5 in. Prob. 6-135 


*6-136. A white spruce beam is reinforced with A-36 steel 
straps at its top and bottom as shown. Determine the 
bending moment M it can support if (Gatlow)st = 22 ksi 
and (Ggow)w = 2.0 ksi. 


‘i Pe 
a Prob. 6-136 


°6-137. If the beam is subjected to an internal moment of 
M = 45 kN-m, determine the maximum bending stress 
developed in the A-36 steel section A and the 2014-T6 
aluminum alloy section B. 


Prob. 6-137 


6-138. The concrete beam is reinforced with three 20-mm 
diameter steel rods. Assume that the concrete cannot 
support tensile stress. If the allowable compressive stress 
for concrete is (Gajow)con = 12.5 MPa and the allowable 
tensile stress for steel is (Ganow)st = 220 MPa, determine 
the required dimension d so that both the concrete and steel 
achieve their allowable stress simultaneously. This condition 
is said to be ‘balanced’. Also, compute the corresponding 
maximum allowable internal moment M that can be applied 
to the beam. The moduli of elasticity for concrete and steel 
are E.on = 25 GPa and Fy = 200 GPa, respectively. 


P< _-- 
AG 


Prob. 6-138 
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6-139. The beam is made from three types of plastic that °6-141. The reinforced concrete beam is used to support 
are identified and have the moduli of elasticity shown in the loading shown. Determine the absolute maximum 
the figure. Determine the maximum bending stress in the normal stress in each of the A-36 steel reinforcing rods and 
PVC. the absolute maximum compressive stress in the concrete. 


Assume the concrete has a high strength in compression 
and yet neglect its strength in supporting tension. 


500 Ib 500 lb 


PVC Epyc = 450 ksi 


Escon E, = 160 ksi 10 kip 10 kip 
Bakelite Ey = 800 ksi | 8 in. 
-—3 ft | 4ft | 3ft—| | 1 15 in. 
oO te 
= te? 
lin. -—4 ft— 8 ft ~-—4 ft—| 2 in. 
2 in. 1 in. diameter rods 
2 in. 
; Prob. 6-141 
3 in. 
Prob. 6-139 
6-142. The reinforced concrete beam is made using two 
steel reinforcing rods. If the allowable tensile stress 
for the steel is (O)anow = 40 ksi and the allowable 
*6-140. The low strength concrete floor slab is integrated compressive stress for the concrete is (Gconc)allow = 3 ksi, 
with a wide-flange A-36 steel beam using shear studs (not determine the maximum moment M that can be applied to 
shown) to form the composite beam. If the allowable the section. Assume the concrete cannot support a tensile 


bending stress for the concrete is (Ogyow)con = 10 MPa, and stress. Ey = 29(10°) ksi, Eggno = 3.8(10°) ksi. 
allowable bending stress for steel is ((gjjow)st = 165 MPa, 

determine the maximum allowable internal moment M that 

can be applied to the beam. 


1-in. diameter rods 


Prob. 6-142 


15 mm 


|-200 mm 6-143. For the curved beam in Fig. 6—40a, show that when 
the radius of curvature approaches infinity, the curved-beam 
Prob. 6-140 formula, Eq. 6-24, reduces to the flexure formula, Eq. 6-13. 


332 CHAPTER 6 BENDING 


*6-144. The member has an elliptical cross section. If it is 
subjected to a moment of M = 50 N-m, determine the 
stress at points A and B. Is the stress at point A’, which is 
located on the member near the wall, the same as that at A? 
Explain. 


e6-145. The member has an elliptical cross section. If the 
allowable bending stress is @ yoy = 125 MPa, determine the 
maximum moment M that can be applied to the member. 


B 


Probs. 6—144/145 


6-146. Determine the greatest magnitude of the applied 
forces P if the allowable bending stress is (Gajow)¢ = 50 MPa 
in compression and (@ajiow); = 120 MPa in tension. 


6-147. If P = 6 kN, determine the maximum tensile and 
compressive bending stresses in the beam. 


Probs. 6-146/147 


*6-148. The curved beam is subjected to a bending 
moment of M = 900 N- mas shown. Determine the stress 
at points A and B, and show the stress on a volume element 
located at each of these points. 


°6-149. The curved beam is subjected to a bending 
moment of M = 900 N- m. Determine the stress at point C. 


100 mm 
Ae | 
——- 20 mm 
15 — 
cis . 150 mm 
got 


B 


Probs. 6—148/149 


6-150. The elbow of the pipe has an outer radius of 
0.75 in. and an inner radius of 0.63 in. If the assembly is 
subjected to the moments of M = 25 lb: in., determine the 
maximum stress developed at section a—a. 


P) 


;-1 in. M = 25 |b-in. 


M =25 |b-in. 


Prob. 6-150 


6-151. The curved member is symmetric and is subjected 
to a moment of M = 600 lb-ft. Determine the bending 
stress in the member at points A and B. Show the stress 
acting on volume elements located at these points. 


Prob. 6-151 


*6-152. The curved bar used on a machine has a 
rectangular cross section. If the bar is subjected to a couple 
as shown, determine the maximum tensile and compressive 
stress acting at section a—a. Sketch the stress distribution 
on the section in three dimensions. 


Prob. 6-152 
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e6-153. The ceiling-suspended C-arm is used to support 
the X-ray camera used in medical diagnoses. If the camera 
has a mass of 150 kg, with center of mass at G, determine 
the maximum bending stress at section A. 


Prob. 6-153 


6-154. The circular spring clamp produces a compressive 
force of 3 N on the plates. Determine the maximum bending 
stress produced in the spring at A. The spring has a 
rectangular cross section as shown. 


6-155. Determine the maximum compressive force the 
spring clamp can exert on the plates if the allowable 
bending stress for the clamp is Gajjoy = 4 MPa. 


10 mm —| ie 


0-20 mm 


Probs. 6—154/155 
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*6-156. While in flight, the curved rib on the jet plane is 
subjected to an anticipated moment of M = 16 N- mat the 
section. Determine the maximum bending stress in the rib 
at this section, and sketch a two-dimensional view of the 
stress distribution. 


Prob. 6-156 


e6-157. If the radius of each notch on the plate is 
r = 0.5 in., determine the largest moment that can be 
applied. The allowable bending stress for the material is 
Oallow — 18 ksi. 


6-158. The symmetric notched plate is subjected to 
bending. If the radius of each notch is r = 0.5 in. and the 
applied moment is M = 10 kip- ft, determine the maximum 
bending stress in the plate. 


14.5 in. : 
1 in. 


a ( oi ‘yw 


Probs. 6—157/158 


6-159. The bar is subjected to a moment of M = 40 N-m. 
Determine the smallest radius r of the fillets so that 
an allowable bending stress of Gajjoy = 124 MPa is not 
exceeded. 


*6-160. The bar is subjected to a moment of M= 
17.5 N-m. Ifr = 5 mm, determine the maximum bending 
stress in the material. 


Probs. 6-159/160 


°6-161. The simply supported notched bar is subjected to 
two forces P. Determine the largest magnitude of P that can 
be applied without causing the material to yield. The material 
is A-36 steel. Each notch has a radius of r = 0.125 in. 


6-162. The simply supported notched bar is subjected to 
the two loads, each having a magnitude of P = 100 lb. 
Determine the maximum bending stress developed in the 
bar, and sketch the bending-stress distribution acting over 
the cross section at the center of the bar. Each notch has a 
radius of r = 0.125 in. 


k— 20 in.—-—20 in. IF 20 in. 


Probs. 6—-161/162 


6-163. Determine the length L of the center portion of 
the bar so that the maximum bending stress at A, B, and C is 
the same. The bar has a thickness of 10 mm. 


350 N 
60 mm | 40 mm 
7mm 7mm 
No 
-— 200 mm | S - f I 200 mm —-| 
Prob. 6-163 


*6-164. The stepped bar has a thickness of 15 mm. 
Determine the maximum moment that can be applied to its 
ends if it is made of a material having an allowable bending 
stress Of Oanow = 200 MPa. 


45 mm 
| 30 mm 


Prob. 6-164 


*6.10 Inelastic Bending 


The equations for determining the normal stress due to bending that 
have previously been developed are valid only if the material behaves in 
a linear-elastic manner. If the applied moment causes the material to 
yield, a plastic analysis must then be used to determine the stress 
distribution. For bending of straight members three conditions must 
be met. 


Linear Normal-Strain Distribution. Based only on geometric 
considerations, it was shown in Sec. 6.3 that the normal strains always 
vary linearly from zero at the neutral axis of the cross section to a 
maximum at the farthest point from the neutral axis. 


Resultant Force Equals Zero. Since there is only a resultant 
internal moment acting on the cross section, the resultant force caused 
by the stress distribution must be equal to zero. Since o creates a force 
on the area dA of dF = o dA, Fig. 6-47, then for the entire cross-sectional 
area A, we have 


Fr= SFy; | odA=0 (6-27) 
A 


This equation provides a means for obtaining the location of the neutral axis. 


Resultant Moment. The resultant moment at the section must be 
equivalent to the moment caused by the stress distribution about the 
neutral axis. Since the moment of the force dF = ao dA about the 
neutral axis is dM = y(o dA), Fig 6-47, then summing the results over 
the entire cross section, we have, 


(Mp), = Mz; = | y(o-aA) (6-28) 


These conditions of geometry and loading will now be used to show how 
to determine the stress distribution in a beam when it is subjected to a 
resultant internal moment that causes yielding of the material. 
Throughout the discussion we will assume that the material has a 
stress-strain diagram that is the same in tension as it is in compression. 
For simplicity, we will begin by considering the beam to have a 
cross-sectional area with two axes of symmetry; in this case, a rectangle 
of height 4 and width b, as shown in Fig. 6—48a. Two cases of loading that 
are of special interest will be considered. 


6.10 INELASTIC BENDING 335 


Fig. 6-47 
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Plastic Moment. Some materials, such as steel, tend to exhibit elastic- 
perfectly plastic behavior when the stress in the material reaches oy. If 
the applied moment M = My is just sufficient to produce yielding in the 
top and bottom fibers of the beam as shown in Fig. 6-48), then we can 
determine My using the flexure formula ay = My(h/2)/[bh3/12] or 


1 
My = Aaa ay (6-29) 


Ifthe internal moment M > My, the material at the top and bottom of 
the beam will begin to yield, causing a redistribution of stress over the cross 
section until the required internal moment M is developed. If this causes 
normal-strain distribution as shown in Fig. 6-485, then the corresponding 
normal-stress distribution is determined from the stress-strain diagram 
shown in Fig. 6-48c. Here the strains €1, €y, €, correspond to stresses a1, 
oy, Oy, respectively. When these and other stresses like them are plotted on 
the cross section, we obtain the stress distribution shown in Fig. 6—48d or 
6-48e. Here the tension and compression stress “blocks” each consist of 
component rectangular and triangular blocks. The resultant forces they 
produce are equivalent to their volumes. 


1 
y= y= ary ovb 


Strain distribution T, =C, = (3 = wy Jo yb 
2 


(profile view) 


(b) Because of the symmetry, Eq. 6—27 is satisfied and the neutral axis passes 
through the centroid of the cross section as shown. The applied moment 
M can be related to the yield stress oy using Eq. 6-28. From Fig. 6—-48e, 


ie i 
-drea)(n) AC») 


oy|/—_ 


O71 


€y Ey €o 


Stress-strain diagram Stress distribution 
(elastic-plastic region) (profile view) 
Plastic M 
(c) (d) yielding 


Fig. 6-48 (e) 


Or using Eq. 6-29, 


3 4 uy 
M My (1 3 (6-30) 
As noted in Fig. 6-48e, M produces two zones of plastic yielding and an 
elastic core in the member. The boundary between them is located a 
distance +yy from the neutral axis. As M increases in magnitude, yy 
approaches zero. This would render the material entirely plastic and the 
stress distribution will then look like that shown in Fig. 6-48f. From 
Eq. 6-30 with yy = 0, or by finding the moments of the stress “blocks” 
around the neutral axis, we can write this limiting value as 


1 
M, = qb oy (6-31) 
Using Eq. 6-29, or Eq. 6-30 with y = 0, we have 
M, _ =My (6-32) 


This moment is referred to as the plastic moment. Its value applies only 
for a rectangular section, since the analysis depends on the geometry of 
the cross section. 

Beams used in steel buildings are sometimes designed to resist a plastic 
moment. When this is the case, codes usually list a design property for a 
beam called the shape factor. The shape factor is defined as the ratio 


M, 


ka — 
My 


(6-33) 


This value specifies the additional moment capacity that a beam can 
support beyond its maximum elastic moment. For example, from Eq. 6-32, 
a beam having a rectangular cross section has a shape factor of k = 1.5. 
Therefore this section will support 50% more bending moment than its 
maximum elastic moment when it becomes fully plastic. 


Plastic moment 
(f) 
Fig. 6-48 (cont.) 
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Residual Stress. When the plastic moment is removed from the 
beam then it will cause residual stress to be developed in the beam. 
These stresses are often important when considering fatigue and other 
types of mechanical behavior, and so we will discuss a method used 
for their computation. To explain how this is done, we will assume that 
M, causes the material at the top and bottom of the beam to be strained 
to €, (>> ey), as shown by point B on the o-e curve in Fig. 6-49a. A 
release of this moment will cause this material to recover some of this 
strain elastically by following the dashed path BC. Since this recovery is 
elastic, we can superimpose on the stress distribution in Fig. 6-49b a 
linear stress distribution caused by applying the plastic moment in the 
opposite direction, Fig. 6—49c. Here the maximum stress, which is called 
the modulus of rupture for bending, o,, can be determined from the 
flexure formula when the beam is loaded with the plastic moment. 
We have 


Me M,(3h) 7 (jbhoy )(5h) re 
mE aie) Cpe) 


Elastic-plastic 
loading 


one elastic 
recovery 
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h me 
5 
<3 0.5oy 
h’s«4, g 
3 ik a 
6 
Plastic moment applied Plastic moment reversal _ Residual stress 
causing plastic strain causing elastic strain distribution in beam 
(b) (c) (d) 
Fig. 6-49 (cont.) 
This reversed application of the plastic moment is possible here, since 
maximum elastic recovery strain at the top and bottom of the beam is 
2ey as shown in Fig. 6-49a. This corresponds to a maximum stress of 2ay 
which is greater than the required stress of 1.5a0y as calculated above, 
Fig. 6-49e, Axis of symmetry je 
The superposition of the plastic moment, Fig. 6-495, and its removal, me: 
Fig. 6-49c, gives the residual-stress distribution shown in Fig. 649d. As 
an exercise, use the component triangular “blocks” that represent this een 
momen 


stress distribution and show that it results in a zero-force and zero-moment 
resultant on the member as required. 


Ultimate Moment. Consider now the more general case of a beam 
having a cross section that is symmetrical only with respect to the vertical 
axis, while the moment is applied about the horizontal axis, Fig. 6-S0Oa. (a) 
We will assume that the material exhibits strain hardening and that its 
stress-strain diagrams for tension and compression are different, Fig. 6-S0b. 
If the moment M produces yielding of the beam, difficulty arises 
in finding both the location of the neutral axis and the maximum strain 
that is produced in the beam. This is because the cross section is 
unsymmetrical about the horizontal axis and the stress-strain behavior 
of the material is not the same in tension and compression. To solve this 
problem, a trial-and-error procedure requires the following steps: 


1. For a given moment M, assume the location of the neutral axis and 
the slope of the “linear” strain distribution, Fig. 6-50c. 


2. Graphically establish the stress distribution on the member’s cross 
section using the o—e curve to plot values of stress corresponding to 
values of strain. The resulting stress distribution, Fig. 6-50d, will then 
have the same shape as the o—e curve. Fig. 6-50 
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€ 3. Determine the volumes enclosed by the tensile and compressive 

stress “blocks.” (As an approximation, this may require dividing 
Assumed location of each block into composite regions.) Equation 6-27 requires the 
aeubalags volumes of these blocks to be equal, since they represent the 
resultant tensile force T and resultant compressive force C on 
the section, Fig. 6—50e. If these forces are unequal, an adjustment as to 
the location of the neutral axis must be made (point of zero strain) 


Assumed slope of 
strain distribution 


ra and the process repeated until Eq. 6-27 (T = C) is satisfied. 
Strain distribution 4. Once T = C, the moments produced by T and C can be calculated 
(profile view) about the neutral axis. Here the moment arms for T and C are 


measured from the neutral axis to the centroids of the volumes 
defined by the stress distributions, Fig. 6-50e. Equation 6-28 
requires M = Ty’ + Cy”. If this equation is not satisfied, the slope 
of the strain distribution must be adjusted and the computations for 
T and C and the moment must be repeated until close agreement is 
obtained. 


(c) 


This trial-and-error procedure is obviously very tedious, and fortunately 
it does not occur very often in engineering practice. Most beams are 
symmetric about two axes, and they are constructed from materials that 
are assumed to have similar tension-and-compression stress-strain 
diagrams. Whenever this occurs, the neutral axis will pass through the 
centroid of the cross section, and the process of relating the stress 
distribution to the resultant moment is thereby simplified. 


O71 


Stress distribution 
(profile view) 


(d) 


Important Points 


The normal strain distribution over the cross section of a beam is 
based only on geometric considerations and has been found to 
always remain linear, regardless of the applied load. The normal 
stress distribution, however, must be determined from the material 
behavior, or stress-strain diagram once the strain distribution is 
established. 


The location of the neutral axis is determined from the condition 
that the resultant force on the cross section is zero. 


The resultant internal moment on the cross section must be equal 
to the moment of the stress distribution about the neutral axis. 


Perfectly plastic behavior assumes the normal stress distribution 
is constant over the cross section, and the beam will continue to 
bend, with no increase in moment. This moment is called the 
plastic moment. 


Fig. 6-50 (cont.) 


EXAMPLE | 6.21 


The steel wide-flange beam has the dimensions shown in Fig. 6—51a. If 
it is made of an elastic perfectly plastic material having a tensile and 
compressive yield stress of oy = 36 ksi, determine the shape factor 
for the beam. 


SOLUTION 

In order to determine the shape factor, it is first necessary to calculate 
the maximum elastic moment My and the plastic moment M,. 
Maximum Elastic Moment. The normal-stress distribution for the 
maximum elastic moment is shown in Fig. 6-51b. The moment of 
inertia about the neutral axis is 
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fe Ee in)(9 in.) | + 158 in.)(0.5 in.) + 8 in. (0.5 in.) (4.75 in.)? | = 211.0 in* 


1D; WD; 
Applying the flexure formula, we have 
M y(5 in.) 


Om 


M 
Omax = ae 36 kip/in? = 


My = 1519.5 kip: in. 


Plastic Moment. The plastic moment causes the steel over the 
entire cross section of the beam to yield, so that the normal-stress 
distribution looks like that shown in Fig. 6-51c. Due to symmetry of 
the cross-sectional area and since the tension and compression 
stress-strain diagrams are the same, the neutral axis passes through 
the centroid of the cross section. In order to determine the plastic 
moment, the stress distribution is divided into four composite 
rectangular “blocks,” and the force produced by each “block” is equal 
to the volume of the block. Therefore, we have 


C, = T, = 36 kip/in? (0.5 in.)(4.5 in.) = 81 kip 
Cy = T2 = 36 kip/in’ (0.5 in.)(8 in.) = 144 kip 
These forces act through the centroid of the volume for each block. 


Calculating the moments of these forces about the neutral axis, we 
obtain the plastic moment: 


M, = 2[(2.25 in.)(81 kip)] + 2[(4.75 in.) (144 kip)] = 1732.5 kip: in. 
Shape Factor. Applying Eq. 6-33 gives 

M, 1732.5 kip-in. 
My 1519.5 kip: in. 
NOTE: This value indicates that a wide-flange beam provides a very 
efficient section for resisting an elastic moment. Most of the moment 
is developed in the flanges, i.e., in the top and bottom segments, 
whereas the web or vertical segment contributes very little. In this 


particular case, only 14% additional moment can be supported by the 
beam beyond that which can be supported elastically. 


n= = 1.14 Ans. 


341 


342 CHAPTER 6 BENDING 


EXAMPLE | 6.22 


A T-beam has the dimensions shown in Fig. 6—52a. If it is made of an 
elastic perfectly plastic material having a tensile and compressive 
yield stress of oy = 250 MPa, determine the plastic moment that can 
be resisted by the beam. 


250 MPa 


SOLUTION 

The “plastic” stress distribution acting over the beam’s cross-sectional 
area is shown in Fig. 6-525. In this case the cross section is not 
symmetric with respect to a horizontal axis, and consequently, the 
neutral axis will not pass through the centroid of the cross section. To 
determine the l/ocation of the neutral axis, d, we require the stress 
distribution to produce a zero resultant force on the cross section. 
Assuming that d = 120 mm, we have 


Joao i= €7 — 6; — 0 
A 


250 MPa (0.015 m)(d) — 250 MPa (0.015 m)(0.120 m — d) 
0 


— 250 MPa (0.015 m)(0.100 m) = 
d =0.110m < 0.120 m OK 
Using this result, the forces acting on each segment are 


T = 250 MN/m? (0.015 m)(0.110 m) = 412.5 kN 
C, = 250 MN/m’ (0.015 m)(0.010 m) = 37.5 kN 
Cy = 250 MN/m? (0.015 m)(0.100 m) = 375 kN 


Hence the resultant plastic moment about the neutral axis is 


a ol Ol 
M, = 412.5 n(? om) 375 mn(24 =) + 375 KN( 0.01 m + aa 


ee kN-m Ans. 
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EXAMPLE | 6.23 


The steel wide-flange beam shown in Fig. 6—53a is subjected to a fully 
plastic moment of M,. If this moment is removed, determine 
the residual-stress distribution in the beam. The material is elastic 
perfectly plastic and has a yield stress of oy = 36 ksi. 


SOLUTION 

The normal-stress distribution in the beam caused by M, is shown in 
Fig. 6-53b. When M, is removed, the material responds elastically. 
Removal of M, requires applying M, in its reverse direction and 
therefore leads to an assumed elastic stress distribution as shown 
in Fig. 6-53c. The modulus of rupture o, is computed from the 
flexure formula. Using M, = 1732.5 kip:in. and J = 211.0 in’ from 
Example 6.21, we have 


Mc. 


Omax — 1 > 


_ 1732.5 kip «in. (5 in.) 
211.0 in* 


0, = 41.1 ksi 
As expected, a, < 2ay. 

Superposition of the stresses gives the residual-stress distribution 
shown in Fig. 6-53d. Note that the point of zero normal stress was 
determined by proportion; i.e., from Fig. 6-535 and 6-53c, we require 
that 


41.1ksi  36ksi 


Sin. y 
y = 438 in. 


o, = 41.1 ksi 5.05 ksi 


5.05 ksi 


Plastic moment applied Plastic moment reversed Residual stress distribution 
(profile view) (profile view) 


(b) (c) (d) 


Fig. 6-53 
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EXAMPLE | 6.24 


\ 0.05 
Strain distribution 


(b) 


The beam in Fig. 6—-54a is made of an alloy of titanium that has a 
stress-strain diagram that can in part be approximated by two straight 
lines. If the material behavior is the same in both tension and 
compression, determine the bending moment that can be applied to 
the beam that will cause the material at the top and bottom of the 
beam to be subjected to a strain of 0.050 in./in. 


a (ksi) 


e (in. /in.) 


i 0.050 
(a) 


SOLUTION | 

By inspection of the stress-strain diagram, the material is said to exhibit 
“elastic-plastic behavior with strain hardening.” Since the cross section 
is symmetric and the tension—-compression o—e diagrams are the same, 
the neutral axis must pass through the centroid of the cross section. The 
strain distribution, which is always linear, is shown in Fig. 6-54b. 
In particular, the point where maximum elastic strain (0.010 in./in.) 
occurs has been determined by proportion, such that 0.05/1.5 in. 
= 0.010/y or y = 0.3 in. 

The corresponding normal-stress distribution acting over the cross 
section is shown in Fig. 6-54c. The moment produced by this 
distribution can be calculated by finding the “volume” of the stress 
blocks. To do so we will subdivide this distribution into two triangular 
blocks and a rectangular block in both the tension and compression 
regions, Fig. 654d. Since the beam is 2 in. wide, the resultants and their 
locations are determined as follows: 


1 
SC = 3 (12 in.)(40 kip/in?)(2 in.) = 48 kip 


2 
yy = 0.3in. + 5 (1.2 in.) = 1.10in. 


T2 = Cy = (1.2 in.)(150 kip/in?)(2 in.) = 360 kip 


1 
y2 = 0.3 in. + 5(1.2in.) = 0.90 in. 


oo = 5(03 in.)(150 kip/in) (2 in.) = 45 kip 


2) 
y3 = 3 (0-3 in.) = 0.2 in. 


The moment produced by this normal-stress distribution about the 
neutral axis is therefore 
M = 2[48 kip (1.10 in.) + 360 kip (0.90 in.) + 45 kip (0.2 in.)] 
= 772 kip: in. Ans. 


SOLUTION II 

Rather than using the above semigraphical technique, it is also 
possible to find the moment analytically. To do this we must express 
the stress distribution in Fig. 6—54c as a function of position y along 
the beam. Note that 0 = f(e€) has been given in Fig. 6—54a. Also, from 
Fig. 6-545, the normal strain can be determined as a function of position 
y by proportional triangles; i.e., 


0.05 


eS ee Os ys15in. 


Substituting this into the o—e functions shown in Fig. 6—54a gives 
o = 500y 0 sy 03 in. (1) 


o = 33.33y +140 03in. <y <15in. (2) 


From Fig. 6-54e, the moment caused by o acting on the area strip 
dA =2dyis 


dM = y(a dA) = yo(2 dy) 


Using Eqs. 1 and 2, the moment for the entire cross section is thus 


0.3 in. 1.5 in. 
M= 2 [ 500y? dy + sy) (33.3y" + 140y) iy] 
0 0 


.3 in. 


= 772 kip: in. Ans. 
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190 ksi 


y =0.3in. 
150 ksi 
TL 150 ksi 
1.5 in. 


| Ne 


190 ksi 


Stress distribution 


(c) 


Fig. 6-54 (cont.) 
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[PROBLEMS 


°6-165. The beam is made of an elastic plastic material for 6-167. Determine the shape factor for the cross section. 
which oy = 250 MPa. Determine the residual stress in the 
beam at its top and bottom after the plastic moment M, is 
applied and then released. 


*6-168. The beam is made of elastic perfectly plastic 
material. Determine the maximum elastic moment and the 
plastic moment that can be applied to the cross section. 
Take a = 2 in. and ay = 36 ksi. 


Prob. 6-165 Prob. 6-167/168 


°6-169. The box beam is made of an elastic perfectly 
6-166. The wide-flange member is made from an elastic- plastic material for which oy = 250 MPa. Determine the 
plastic material. Determine the shape factor. residual stress in the top and bottom of the beam after the 
plastic moment M, is applied and then released. 


Prob. 6-166 Prob. 6-169 


6-170. Determine the shape factor for the wide-flange 
beam. 


Prob. 6-170 


6-171. Determine the shape factor of the beam’s cross 
section. 


1.5 in. 


Prob. 6-171 
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*6-172. The beam is made of elastic-perfectly plastic 
material. Determine the maximum elastic moment and the 
plastic moment that can be applied to the cross section. 
Take oy = 36 ksi. 


Prob. 6-172 


°6-173. Determine the shape factor for the cross section 


of the H-beam. 


200 mm 


20 a Fe 20 mm 


200 mm 


20 mm 


Prob. 6-173 
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6-174. The H-beam is made of an elastic-plastic material *6-176. The beam is made of elastic-perfectly plastic 
for which oy = 250 MPa. Determine the residual stress in material. Determine the maximum elastic moment and the 
the top and bottom of the beam after the plastic moment plastic moment that can be applied to the cross section. 
M, is applied and then released. Take oy = 36 ksi. 


3 in. 


Prob. 6-176 


Ik 


20 mnt 


Prob. 6-174 


6-175. Determine the shape factor of the cross section. 
°6-177._ Determine the shape factor of the cross section 
for the tube. 


Prob. 6-175 Prob. 6-177 
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6-178. The beam is made from elastic-perfectly plastic *6-180. The member is made from an elastic-plastic 
material. Determine the shape factor for the thick-walled material. Determine the maximum elastic moment and the 
tube. plastic moment that can be applied to the cross section. 


Take b = 4 in.,h = 6 in., ay = 36 ksi. 


Prob. 6-178 


6-179. Determine the shape factor for the member. Prob. 6-180 


°6-181. The beam is made of a material that can be 
assumed perfectly plastic in tension and elastic perfectly 
plastic in compression. Determine the maximum bending 
moment M that can be supported by the beam so that the 
compressive material at the outer edge starts to yield. 


Oy 


Prob. 6-179 Prob. 6-181 
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6-182. The box beam is made from an elastic-plastic 
material for which oy = 25 ksi. Determine the intensity of 
the distributed load wo that will cause the moment to be 
(a) the largest elastic moment and (b) the largest plastic 
moment. 


Wo 


Prob. 6-182 


6-183. The box beam is made from an elastic-plastic 
material for which oy = 36 ksi. Determine the magnitude 
of each concentrated force P that will cause the moment to 
be (a) the largest elastic moment and (b) the largest plastic 
moment. 


Prob. 6-183 


*6-184. The beam is made of a polyester that has the 
stress-strain curve shown. If the curve can be represented 
by the equation o = [20 tan !(15e)] ksi, where tan”!(15e) 
is in radians, determine the magnitude of the force P that 
can be applied to the beam without causing the maximum 
strain in its fibers at the critical section to exceed 
Emax = 0.003 in./in. 


}- 8 ft | 8 ft -| 


+o(ksi) 


o = 20 tan 1(15 e) 


e(in./in.) 
Prob. 6-184 


e6-185. The plexiglass bar has a stress-strain curve that 
can be approximated by the straight-line segments shown. 
Determine the largest moment M that can be applied to the 
bar before it fails. 


on failure 
7a) 


tension 


—0.06 —0.04 
e (mm/mm) 


0.02 0.04 
compression 


+ 80 
+ -100 


Prob. 6-185 


6-186. The stress-strain diagram for a titanium alloy can 
be approximated by the two straight lines. If a strut made of 
this material is subjected to bending, determine the moment 
resisted by the strut if the maximum stress reaches a value 
of (a) a, and (b) og. 


e (in. /in. 
0.01 0.04 ey 


Prob. 6-186 
6-187. A beam is made from polypropylene plastic and has 
a stress-strain diagram that can be approximated by the curve 
shown. If the beam is subjected to a maximum tensile and 


compressive strain of « = 0.02 mm/mm, determine the 
maximum moment M. 


+o (Pa) ue & 


o = 10(10°)e!/4 


€ (mm/mm) 


Prob. 6-187 
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*6-188. The beam has a rectangular cross section and is 
made of an elastic-plastic material having a stress-strain 
diagram as shown. Determine the magnitude of the 
moment M that must be applied to the beam in order to 
create a maximum strain in its outer fibers of € max = 0.008. 


+o(MPa) 


200 


0.004 ene 


Prob. 6-188 


¢6-189. The bar is made of an aluminum alloy having a 
stress-strain diagram that can be approximated by the 
straight line segments shown. Assuming that this diagram is 
the same for both tension and compression, determine the 
moment the bar will support if the maximum strain at the 
top and bottom fibers of the beam is € max = 0.03. 


+o (ksi) 
90 
80 


60 


3 in, 
5 €(in./in.) ms 


Prob. 6-189 


0.006 0.025 0.0. 
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CHAPTER REVIEW 


Shear and moment diagrams are 
graphical representations of the internal 
shear and moment within a beam. They 
can be constructed by sectioning the 
beam an arbitrary distance x from the 
left end, using the equilibrium equations 
to find V and M as functions of x, and 
then plotting the results. A sign 
convention for positive distributed 
load, shear, and moment must be 
followed. 


Positive external distributed load 
WwW 


Positive internal shear 


Positive internal moment 


It is also possible to plot the shear and 
moment diagrams by realizing that at 
each point the slope of the shear 
diagram is equal to the intensity of the 
distributed loading at the point. 


Likewise, the slope of the moment 
diagram is equal to the shear at the 
point. 


The area under the distributed loading 
diagram between the points represents 
the change in shear. 


The area under the shear diagram 
represents the change in moment. 


The shear and moment at any point 
can be obtained using the method of 
sections. The maximum (or minimum) 
moment occurs where the shear is 
zero. 


ete 

dx 

dM 

rue 
NV J[wdx 
AM = [V dx 


w = w(x) Ws 


w = negative decreasing 
slope = negative decreasing 


V = positive decreasing 
slope = positive decreasing 


ji ted 


Ve 


A bending moment tends to produce a 
linear variation of normal strain within 
a straight beam. Provided the material 
is homogeneous, and linear elastic, 
then equilibrium can be used to relate 
the internal moment in the beam to the 
stress distribution. The result is the 
flexure formula, 


Mc 
Omax — nie 


where / and c are determined from the 
neutral axis that passes through the 
centroid of the cross section. 
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If the cross-sectional area of the beam 
is not symmetric about an axis that is 
perpendicular to the neutral axis, then 
unsymmetrical bending will occur. The 
maximum stress can be determined 
from formulas, or the problem can be 
solved by considering the superposition 
of bending caused by the moment 
components M, and M, about the 
principal axes of inertia for the area. 


Beams made from composite materials 
can be “transformed” so their cross 
section is considered as if it were made 
from a single material. To do this, the 
transformation factor n, which is a 
ratio of the moduli of elasticity of the 
materials, is used to change the width b 
of the beam. 

Once the cross section is 
transformed, then the stress in the 
beam can be determined in the usual 
manner using the flexure formula. 
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Curved beams deform such that the 
normal strain does not vary linearly 
from the neutral axis. Provided the 
material is homogeneous and linear 
elastic and the cross section has an axis 
of symmetry, then the curved beam 
formula can be used to determine the 
bending stress. 


Stress concentrations occur in 
members having a sudden change 
in their cross section, caused, for 
example, by holes and notches. The 
maximum bending stress at these 
locations is determined using a stress 
concentration factor K that is found 
from graphs determined from 
experiment. 


If the bending moment causes the stress 
in the material to exceed its elastic limit, 
then the normal strain will remain 
linear; however, the stress distribution 
will vary in accordance with the stress— 
strain diagram. The plastic and ultimate 
moments supported by the beam can be 
determined by requiring the resultant 
force to be zero and the resultant 
moment to be equivalent to the moment 
of the stress distribution. 


If an applied plastic or ultimate 
moment is released, it will cause the 
material to respond elastically, thereby 
inducing residual stresses in the beam. 
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ge CONCEPTUAL PROBLEMS 


P6-1 P6-3 
P6-1. The steel saw blade passes over the drive wheel of the P6-3. Hurricane winds caused failure of this highway sign by 
band saw. Using appropriate measurements and data, explain bending the supporting pipes at their connections with the 


how to determine the bending stress in the blade. 


column. Assuming the pipes are made of A-36 steel, use 


reasonable dimensions for the sign and pipes, and try and 
estimate the smallest uniform wind pressure acting on the face 


P6-2 


P6-2. This crane boom ona ship has a moment of inertia that 
varies along its length. Draw the moment diagram for the boom 
to explain why the boom tapers as shown. 


| () 


of the sign that caused the pipes to yield. 


(a) 


P6-4 


P6-4. These garden 
shears were manufactured 
using an inferior material. 
Using a loading of 50 lb 
applied normal to the 
blades, and appropriate 
dimensions for the shears, 
determine the absolute 
maximum bending stress 
in the material and show 
why the failure occurred 
at the critical location on 
the handle. 
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| REVIEW PROBLEMS 


6-190. The beam is made from three boards nailed together 
as shown. If the moment acting on the cross section is 
M = 650 N-m, determine the resultant force the bending 
stress produces on the top board. 


6-191. The beam is made from three boards nailed together 
as shown. Determine the maximum tensile and compressive 
stresses in the beam. 


20 mm 250 mm 


Probs. 6—-190/191 


*6-192. Determine the bending stress distribution in 
the beam at section a—a. Sketch the distribution in three 
dimensions acting over the cross section. 


80 N 80 N 


a 


SS 


a 


400 mm | 300 mm i 300 mm—=— 400 mm— 


80 N 80 N 


15mm 
~— 
100 mm [-! 
a | 
15 mm 


75 mm 


Prob. 6-192 


°6-193. The composite beam consists of a wood core and 
two plates of steel. If the allowable bending stress for 
the wood is (Ganow)w = 20 MPa, and for the steel 
(Gatlow)st = 130 MPa, determine the maximum moment that 
can be applied to the beam. F,, = 11 GPa, E,, = 200 GPa. 


6-194. Solve Prob. 6-193 if the moment is applied about 
the y axis instead of the z axis as shown. 


75 mm e 


0mm 
Probs. 6—193/194 


6-195. A shaft is made of a polymer having a parabolic 
cross section. If it resists an internal moment of 
M = 125 N-m, determine the maximum bending stress 
developed in the material (a) using the flexure formula and 
(b) using integration. Sketch a three-dimensional view of 
the stress distribution acting over the cross-sectional area. 
Hint: The moment of inertia is determined using Eq. A-3 of 
Appendix A. 


y = 100-z7/25 


Prob. 6-195 


*6-196. Determine the maximum bending stress in the 
handle of the cable cutter at section a—a. A force of 45 Ib is 
applied to the handles. The cross-sectional area is shown in 


the figure. 
_ 45 Ib 
Sin. 
4 in. 


Prob. 6-196 


°6-197. The curved beam is subjected to a bending 
moment of M = 85 N- mas shown. Determine the stress at 
points A and B and show the stress on a volume element 
located at these points. 


M=85N-m 
100 mm 
400 mm A | | tk 20 mm 
15 mm —| 
150 mm 
= 20 mm 


Prob. 6-197 


6-198. Draw the shear and moment diagrams for the 
beam and determine the shear and moment in the beam as 
functions of x, where 0 S x < 6 ft. 


2 kip /ft ave 


E 4 ft H 


k 6 ft >| 


Prob. 6-198 
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6-199. Draw the shear and moment diagrams for the shaft 
if it is subjected to the vertical loadings of the belt, gear, and 
flywheel. The bearings at A and B exert only vertical 
reactions on the shaft. 


450 N { 


hail iad 
— 


Ee _| 400 mm. { 300 mm Ms mn 


Prob. 6-199 150 N 


*6-200. A member has the triangular cross section 
shown. Determine the largest internal moment M that can 
be applied to the cross section without exceeding allowable 
tensile and compressive stresses of (Ggllow); = 22 ksi and 
(Catlow)c = 15 ksi, respectively. 


Prob. 6-200 


}-2 nt 


¢6-201. The strut has a square cross section a by a and is 
subjected to the bending moment M applied at an angle 6 as 
shown. Determine the maximum bending stress in terms of 
a, M, and 6. What angle 6 will give the largest bending stress 
in the strut? Specify the orientation of the neutral axis for 
this case. 


Prob. 6-201 


Railroad ties act as beams that support very large transverse shear loadings. As a result, 
if they are made of wood they will tend to split at their ends, where the shear loads are 
the largest. 


Transverse Shear 


CHAPTER OBJECTIVES 


In this chapter, we will develop a method for finding the shear stress in 
a beam having a prismatic cross section and made from homogeneous 
material that behaves in a linear-elastic manner. The method of analysis 
to be developed will be somewhat limited to special cases of cross- 
sectional geometry. Although this is the case, it has many wide-range 
applications in engineering design and analysis. The concept of shear 
flow, along with shear stress, will be discussed for beams and thin-walled 
members. The chapter ends with a discussion of the shear center. 


7.1. Shear in Straight Members 


In general, a beam will support both shear and moment. The shear V is 
the result of a transverse shear-stress distribution that acts over the 
beam’s cross section. Due to the complementary property of shear, 
however, this stress will create corresponding longitudinal shear 
stresses which will act along longitudinal planes of the beam as shown 
in Fig. 7-1. 


Transverse 
shear stress 


| 

I 
Longitudinal >? Ti 
shear stress ‘ee 
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Boards not bonded together Boards bonded together 


(a) (b) 
Fig. 7-2 


“ee =) fe To illustrate this effect, consider the beam to be made from three 
boards, Fig. 7-2a. If the top and bottom surfaces of each board are 
smooth, and the boards are not bonded together, then application of 
the load P will cause the boards to slide relative to one another when 
the beam deflects. However, if the boards are bonded together, then the 
—————<——== longitudinal shear stresses acting between the boards will prevent their 
——— . = relative sliding, and consequently the beam will act as a single unit, 
SS Fig. 7-2b. 
As a result of the shear stress, shear strains will be developed and 
Shear connectors are “tack welded” to this these will tend to distort the cross section in a rather complex manner. 
corrugated metal floor liner so that when For example, consider the short bar in Fig. 7-3a made of a highly 
the concrete floor is poured, the connectors deformable material and marked with horizontal and vertical grid lines. 
will prevent the concrete slab from slipping When a shear V is applied, it tends to deform these lines into the pattern 


on the liner surface. The two materials will 5 . A ; : jae . : 
tliis-adins a composite slab, shown in Fig. 7-3b. This nonuniform shear-strain distribution will cause 
the cross section to warp. 


a, % 


(b) After deformation 


Fig. 7-3 


As a result, when a beam is subjected to both bending and shear, the 
cross section will not remain plane as assumed in the development of 
the flexure formula. Although this is the case, we can generally assume 
the cross-sectional warping due to shear is small enough so that it can 
be neglected. This assumption is particularly true for the most common 
case of a slender beam; that is, one that has a small depth compared with 
its length. 


7.2 The Shear Formula 

Because the strain distribution for shear is not easily defined, as in the 
case of axial load, torsion, and bending, we will develop the shear 
formula in an indirect manner. To do this we will consider the horizontal 
force equilibrium of a portion of the element taken from the beam in 
Fig. 7-4a. A free-body diagram of this element is shown in Fig. 7—4b. This 
distribution is caused by the bending moments M and M + dM. We have 
excluded the effects of V,V + dV, and w(x) on the free-body diagram 
since these loadings are vertical and will therefore not be involved in a 
horizontal force summation. The element in Fig. 7-45 will indeed satisfy 
F, = 0 since the stress distribution on each side of the element forms 
only a couple moment and therefore a zero force resultant. 


Section plane | : 
= 


Fig. 7-4 
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Area = A’ 
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Area = A’ Now consider the shaded top portion of the element that has been 
sectioned at y’ from the neutral axis, Fig. 74a. This segment has a width 
t at the section, and the two cross-sectional sides each have an area A’. 
Because the resultant moments on each side of the element differ by 
A dM, it can be seen in Fig. 7—-4c that 2 F, = O will not be satisfied unless a 
longitudinal shear stress 7 acts over the bottom face of the segment. We 
will assume this shear stress is constant across the width t of the bottom 
JZ face. It acts on the area ¢t dx. Applying the equation of horizontal force 
a> equilibrium, and using the flexure formula, Eq. 6-13, we have 


Section plane 


[= 


<= YF, = 0; [vas - [vas — r(tdx) =0 
is ; 


+ 
[G4 vas - Gazz. — r(tdx) =0 
A’ I A’ I 


(a) | ydA! = r(tdx) (7-1) 


1 (dM 
= —| — dA’ 
- (S) [> 


Solving for 7, we get 


This equation can be simplified by noting that V = dM/dx (Eq. 6-2). 
Also, the integral represents the moment of the area A’ about the 
neutral axis. We will denote this by the symbol Q. Since the location of 
the centroid of the area A’ is determined from y’ = ne ay aA'/A', we 
can also write 


Q= ydA' =y'A' (7-2) 
A 


I ' M+dM 
mt ’ 


| 
| 
} 
| 
| 
| 
| 
| 
Psa 


Three-dimensional view (c) Profile view 


Fig. 7-4 (cont.) 


The final result is therefore 


(7-3) 


Here, as shown in Fig. 7-5, 


7 = the shear stress in the member at the point located a distance y’ 
from the neutral axis. This stress is assumed to be constant and 
therefore averaged across the width ¢t of the member 


V = the internal resultant shear force, determined from the method 
of sections and the equations of equilibrium 


I = the moment of inertia of the entire cross-sectional area 
calculated about the neutral axis 


t = the width of the member’s cross-sectional area, measured at the 
point where 7 is to be determined 


Q = y' A’, where A’ is the area of the top (or bottom) portion of the 
member’s cross-sectional area, above (or below) the section 
plane where ¢ is measured, and y’ is the distance from the 
neutral axis to the centroid of A’ 


The above equation is referred to as the shear formula. Although in 
the derivation we considered only the shear stresses acting on the beam’s 
longitudinal plane, the formula applies as well for finding the transverse 
shear stress on the beam’s cross-section. Recall that these stresses are 
complementary and numerically equal. 

Also, because the flexure formula was used in the derivation, it is 
necessary that the material behave in a linear elastic manner and have a 
modulus of elasticity that is the same in tension as it is in compression. 
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xb = 0.5h— 


Limitations on the Use of the Shear Formula. One of the 
major assumptions used in the development of the shear formula is that 
the shear stress is uniformly distributed over the width t at the section. In 
other words, the average shear stress is calculated across the width. We 
can test the accuracy of this assumption by comparing it with a more 
exact mathematical analysis based on the theory of elasticity. For 
example, if the beam’s cross section is rectangular, the shear-stress 
distribution across the neutral axis as calculated from the theory of 
elasticity varies as shown in Fig. 7-6. The maximum value, 7’,,,,, OCCUrs 
at the sides of the cross section, and its magnitude depends on the ratio 
b/h (width/depth). For sections having a b/h = 0.5, T' max is only about 
3% greater than the shear stress calculated from the shear formula, 
Fig. 7-6a. However, for flat sections, say b/h = 2, T' max is about 40% 
greater than 7,,,,, Fig. 7-6b. The error becomes even greater as the 
section becomes flatter, or as the b/h ratio increases. Errors of this 
magnitude are certainly intolerable if one uses the shear formula to 
determine the shear stress in the flange of the wide-flange beam shown 
in Fig. 7-7. 

It should also be pointed out that the shear formula will not give 
accurate results when used to determine the shear stress at the 
flange—web junction of a wide-flange beam, since this is a point of sudden 
cross-sectional change and therefore a stress concentration occurs 
here. Fortunately, these limitations for applying the shear formula to 
the flanges of a wide-flange beam are not important in engineering 
practice. Most often engineers must only calculate the average maximum 
shear stress in the beam, which occurs at the neutral axis, where the 
b/h (width/depth) ratio for the web is very small, and therefore the 
calculated result is very close to the actual maximum shear stress as 
explained above. 


Flanges 
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Another important limitation on the use of the shear formula can be 
illustrated with reference to Fig. 7-8a, which shows a member having a 
cross section with an irregular or nonrectangular boundary. If we apply 
the shear formula to determine the (average) shear stress 7 along the 
line AB, it will be directed downward as shown in Fig. 7-8b. However, 
consider an element of material taken from the boundary point B, 
Fig. 7-8c. Here 7 on the front face of the element is resolved into 
components, 7’ and 7” acting perpendicular and parallel to the boundary. 
By inspection, 7’ must be equal to zero since its corresponding longitudinal 
component 7’, on the stress-free boundary surface, must be zero. To 
satisfy this boundary condition, therefore, the shear stress acting on this 
element must actually be directed tangent to the boundary. As a result, the 
shear-stress distribution across line AB is directed as shown in Fig. 7-8d. 
Here specific values for the shear stress must be obtained using the 
theory of elasticity. Note, however, that we can apply the shear formula 
to obtain the shear stress acting across each of the colored lines in Fig. 
7-8a. These lines intersect the tangents to the boundary at right angles, 
and as shown in Fig. 7-8e, the transverse shear stress is vertical and 
constant along each line. 

To summarize the above points, the shear formula does not give 
accurate results when applied to members having cross sections that are 
short or flat, or at points where the cross section suddenly changes. Nor 
should it be applied across a section that intersects the boundary of the 
member at an angle other than 90°. Instead, for these cases the shear 
stress should be determined using more advanced methods based on the 
theory of elasticity. 


Stress-free 
outer surface 
qr" 


Shear-stress distribution 
from shear formula 


(d) 


(b) 


Fig. 7-8 
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Important Points 


Shear forces in beams cause nonlinear shear-strain distributions over the cross section, causing it to warp. 
Due to the complementary property of shear stress, the shear stress developed in a beam acts over the 
cross section of the beam and along its longitudinal planes. 

The shear formula was derived by considering horizontal force equilibrium of the longitudinal shear-stress 
and bending-stress distributions acting on a portion of a differential segment of the beam. 

The shear formula is to be used on straight prismatic members made of homogeneous material that has 
linear elastic behavior. Also, the internal resultant shear force must be directed along an axis of symmetry 
for the cross-sectional area. 

The shear formula should not be used to determine the shear stress on cross sections that are short or flat, 
at points of sudden cross-sectional changes, or at a point on an inclined boundary. 


Procedure for Analysis 


In order to apply the shear formula, the following procedure is suggested. 


Internal Shear. 


Section the member perpendicular to its axis at the point where the shear stress is to be determined, and 
obtain the internal shear V at the section. 


Section Properties. 


Determine the location of the neutral axis, and determine the moment of inertia J of the entire cross-sectional 
area about the neutral axis. 


Pass an imaginary horizontal section through the point where the shear stress is to be determined. 
Measure the width ¢ of the cross-sectional area at this section. 


The portion of the area lying either above or below this width is A’. Determine Q by using Q = y’A’. 
Here y’ is the distance to the centroid of A’, measured from the neutral axis. It may be helpful to realize 
that A’ is the portion of the member’s cross-sectional area that is being “held onto the member” by the 
longitudinal shear stresses. See Fig. 7—-4c. 


Shear Stress. 


Using a consistent set of units, substitute the data into the shear formula and calculate the shear stress 7. 


It is suggested that the direction of the transverse shear stress 7 be established on a volume element of 
material located at the point where it is calculated. This can be done by realizing that 7 acts on the cross 
section in the same direction as V. From this, the corresponding shear stresses acting on the other three 
planes of the element can then be established. 


EXAMPLE | 7.1 


The solid shaft and tube shown in Fig. 79a are subjected to the shear 
force of 4 kN. Determine the shear stress acting over the diameter of 
each cross section. 


SOLUTION 


Section Properties. Using the table on the inside front cover, the 
moment of inertia of each section, calculated about its diameter (or 
neutral axis), is 


il 1 
L solid = a7 = 47 (0.05 m)* = 4.909(10~°) m* 


1 1 
lee= 47 =¢)= 471(0.05 m)* — (0.02 m)*] = 4.783(10~°) m* 
The semicircular area shown shaded in Fig. 7-9b, above (or below) 


each diameter, represents Q, because this area is “held onto the member” 
by the longitudinal shear stress along the diameter. 


4c (2) _ 4(0.05 m) (ae m)? 
Bip 3a 2 


Og le ye )- 83.33 (10° °) m* 


ea, AG se Ac; (=) 
Quure = 2A ae ane 


_ 40.05 m) (728 my) _ 4(0.02 m) eae 2B 


307 
= 78.0(10~°) m3 


2 3a 2 


Shear Stress. Applying the shear formula where ¢ = 0.1 m for the 
solid section, and tf = 2(0.03 m) = 0.06 m for the tube, we have 


VO _4(10°) N(83.33(107°) m3) 
*solid “Tt 4,909(10~) m*(0.1 m) 

VQ _4(10°) N(78.0(10~°) m?) 
Tube “Tt 4,783(10~°) m*(0.06 m) 


= 679 kPa Ans. 


= 1.09 MPa Ans. 


NOTE: As discussed in the limitations for the shear formula, the 
calculations performed here are valid since the shear stress along 
the diameter is vertical and therefore tangent to the boundary of the 
cross section. An element of material on the diameter is subjected to 
“pure shear” as shown in Fig. 7-9b. 
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EXAMPLE | 7.2 


Determine the distribution of the shear stress over the cross section of 
the beam shown in Fig. 7—10a. 


(b) 


SOLUTION 

The distribution can be determined by finding the shear stress at an 
arbitrary height y from the neutral axis, Fig. 7-105, and then plotting 
this function. Here, the dark colored area A’ will be used for Q.* 
Hence 


a-van[yettal(E- se) 


Applying the shear formula, we have 


(1) 


_-12_VOlnid Ae _ ace) 


ims 3 
It te bh \b bh? \ 4 
This result indicates that the shear-stress distribution over the cross 
section is parabolic. As shown in Fig. 7-10c, the intensity varies from 
zero at the top and bottom, y = +h/2, to a maximum value at the 
neutral axis, y = 0. Specifically, since the area of the cross section is 

A = bh, then at y = 0 we have 

Shear-stress distribution 
(c) 

(2) 


Fig. 7-10 


*The area below y can also be used [ A’ = b(h/2 + y)], but doing so involves a bit 
more algebraic manipulation. 


Fig. 7-10 (cont.) 


This same value for 7 max can be obtained directly from the shear 
formula, rT = VQ/It, by realizing that Tax occurs where Q is largest, 
since V, J, and ¢ are constant. By inspection, Q will be a maximum 
when the entire area above (or below) the neutral axis is considered; 
that is, A’ = bh/2 and y’ = h/4. Thus, 


_— _VO_ V(h/ay(bh/2) _ ev 
max ie A p n° | A A 
By comparison, 7 max 18 50% greater than the average shear stress 
determined from Eq. 1~7; that is, Tayy = V/A. 

Itis important to realize that 7 ,,,x also acts in the longitudinal direction 
of the beam, Fig. 7-10d. It is this stress that can cause a timber beam to 
fail as shown Fig. 7-10e. Here horizontal splitting of the wood starts 
to occur through the neutral axis at the beam’s ends, since there the 
vertical reactions subject the beam to large shear stress and wood has 
a low resistance to shear along its grains, which are oriented in the 
longitudinal direction. 

It is instructive to show that when the shear-stress distribution, Eq. 1, 
is integrated over the cross section it yields the resultant shear V. To 
do this, a differential strip of area dA = b dy is chosen, Fig. 7-10c, and 
since 7 acts uniformly over this strip, we have 


h/2 on) 

6V fh 
dA= | “(+-y |oa 
|: i v4 é 


_ 6V “(4 
4 
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Typical shear failure of this wooden 
beam occurred at the support and 
through the approximate center of its 
cross section. 
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EXAMPLE | 7.3 


A steel wide-flange beam has the dimensions shown in Fig. 7-11a. 
If it is subjected to a shear of V = 80KN, plot the shear-stress 
distribution acting over the beam’s cross-sectional area. 


B’ Tp’ = 1.13 MPa 


Tp = 22.6 MPa 


Tc = 25.2 MPa 


22.6 MPa 
1.13 MPa 


(b) 
SOLUTION 


Since the flange and web are rectangular elements, then like the 
previous example, the shear-stress distribution will be parabolic and in 
this case it will vary in the manner shown in Fig. 7-11b. Due to 
symmetry, only the shear stresses at points B’, B, and C have to be 
determined. To show how these values are obtained, we must first 
determine the moment of inertia of the cross-sectional area about the 
neutral axis. Working in meters, we have 


pe [4 coors m)(0.200 m)? 


+ 2| (0.300 m)(0.02 m)? + (0.300 m)(0.02 m)(0.110 m)? 


= 155.6(10-%) m4 


For point B’, tz’ = 0.300 m, and A’ is the dark shaded area shown 
in Fig. 7-11c. Thus, 


0.02 m Op = y’A' = [0.110 m](0.300 m)(0.02 m) = 0.660(10°7) m? 


-—— 0300 m——+| | so that 


— VQx _ 80(10*) N(0.660(10~*) m*) 
Ity 155.6(10~°) m4(0.300 m) 
For point B,tz = 0.015 m and Qz = Qz,, Fig. 7-11c. Hence 


TR = 1.13 MPa 


VQ, _ 80(10*) N(0.660(10-*) m*) 
Itz 155.6(10~*) m4(0.015 m) 


Note from the discussion of “Limitations on the Use of the Shear 
Formula” that the calculated value for both 7 and 7, will actually be 
very misleading. Why? 


= 22.6 MPa 


pea 


7.2 THE SHEAR FORMULA 


Fig. 7-11 (cont.) 


For point C, tc = 0.015 m and A’ is the dark shaded area shown in 
Fig. 7-11d. Considering this area to be composed of two rectangles, 
we have 


Qc = y'A’' = [0.110 m](0.300 m)(0.02 m) 
+ [0.05 m](0.015 m)(0.100 m) 
= 0:735(1077) m* 


VOe  80(10°) N[0.735(10°3) m3] 
7c Tmax “Tic 155.6(10-) m*(0.015 m) 


= 25.2 MPa 


NOTE: From Fig. 7-115, note that most of the shear stress occurs in 
the web and is almost uniform throughout its depth, varying from 
22.6 MPa to 25.2 MPa. It is for this reason that for design, some codes 
permit the use of calculating the average shear stress on the cross 
section of the web rather than using the shear formula. This will be 
discussed further in Chapter 11. 
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EXAMPLE | 7.4 


6.5 kN/m The beam shown in Fig. 7-12a is made from two boards. Determine 
the maximum shear stress in the glue necessary to hold the boards 
together along the seam where they are joined. 


SOLUTION 


Internal Shear. The support reactions and the shear diagram for the 
beam are shown in Fig. 7—-12b. It is seen that the maximum shear in the 
beam is 19.5 KN. 


Section Properties. The centroid and therefore the neutral axis 
will be determined from the reference axis placed at the bottom of the 
cross-sectional area, Fig. 7-12a. Working in units of meters, we have 


[0.075 m](0.150 m)(0.030 m) + [0.165 m](0.030 m)(0.150 m) 
(0.150 m)(0.030 m) + (0.030 m)(0.150 m) 


= 0.120m 


The moment of inertia, about the neutral axis, Fig. 7-12a, is therefore 


1 
ie | § (0.030 m) (0.150 m)* + (0.150 m)(0.030 m)(0.120 m — 0.075 m)| 


toe 40.130 m)(0.030 m)* + (0.030 m)(0.150 m)(0.165 m — 0.120 m)| 


= 27/0100") mi" 


The top board (flange) is being held onto the bottom board (web) by 
the glue, which is applied over the thickness t = 0.03 m. Consequently 
A’ is defined as the area of the top board, Fig. 7-12a. We have 


Q = y'A’ = [0.180 m — 0.015 m — 0.120 m](0.03 m)(0.150 m) 
= 02025105 an 


Shear Stress. Using the above data and applying the shear formula 
yields 


V 19.5(10°) N(0.2025(10~*) m? 
a a= om : ; CL =488MPa Ans. 
It 27.0(10 ©) m*(0.030 m) 


The shear stress acting at the top of the bottom board is shown in 
Fig. 7-12c. 


NOTE: It is the glue’s resistance to this longitudinal shear stress that 
holds the boards from slipping at the right-hand support. 


FUNDAMENTAL PROBLEMS 


F7-1. If the beam is subjected to a shear force of 
V = 100 kN, determine the shear stress developed at point 
A. Represent the state of stress at A on a volume element. 


20 mm 


F7-1 


F7-2. Determine the shear stress at points A and B on the 
beam if it is subjected to a shear force of V = 600 KN. 


100 mm 


00 mri | 


100 mm 


\ 


100 mm 


\ 


100 mm 


F7-3. Determine the absolute maximum shear stress 
developed in the beam. 


6 kip 
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F7-4. If the beam is subjected to a shear force of 
V = 20 kN, determine the maximum shear stress developed 
in the beam. 


F7-5. Ifthe beam is made from four plates and subjected 
to a shear force of V = 20 KN, determine the maximum 
shear stress developed in the beam. 
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J PROBLEMS 


e7-1. If the wide-flange beam is subjected to a shear of 
V = 20kN, determine the shear stress on the web at A. 
Indicate the shear-stress components on a volume element 
located at this point. 


7-2. If the wide-flange beam is subjected to a shear of 
V =20kN, determine the maximum shear stress in the 
beam. 


7-3. If the wide-flange beam is subjected to a shear of 
V = 20KkN, determine the shear force resisted by the web 
of the beam. 


200 mm 


Le mm | 
—™ 


Probs. 7-1/2/3 


20 mm 


*7-4, If the T-beam is subjected to a vertical shear of 
V = 12kip, determine the maximum shear stress in the 
beam. Also, compute the shear-stress jump at the flange- 
web junction AB. Sketch the variation of the shear-stress 
intensity over the entire cross section. 


e7-5. If the T-beam is subjected to a vertical shear of 
V = 12kip, determine the vertical shear force resisted by 
the flange. 


Probs. 7-4/5 


7-6. If the beam is subjected to a shear of V = 15 kN, 
determine the web’s shear stress at A and B. Indicate the 
shear-stress components on a volume element located 
at these points. Show that the neutral axis is located at 
y = 0.1747 m from the bottom and Jy 4 = 0.2182(10-7) m*. 


200 mm 


30 mm 


30 nae 
ails 125 mm 


Prob. 7-6 


7-7. If the wide-flange beam is subjected to a shear of 
V = 30kN, determine the maximum shear stress in the 
beam. 


*7-8. If the wide-flange beam is subjected to a shear of 
V = 30kN, determine the shear force resisted by the web 
of the beam. 


oT 
30 mm 
200 mm 


Probs. 7-7/8 


e7-9. Determine the largest shear force V that the member 
can sustain if the allowable shear stress 1s Tayjow = 8 ksi. 


7-10. Ifthe applied shear force V = 18 kip, determine the 
maximum shear stress in the member. 


| 3 in! in. 


lin. Probs. 7-9/10 


7-11. The wood beam has an allowable shear stress of 
Tallow = 7 MPa. Determine the maximum shear force V that 
can be applied to the cross section. 


50 mm 
be -++—100 mm— -| 


200 mm 


Prob. 7-11 


*7-12. The beam has a rectangular cross section and is 
made of wood having an allowable shear stress of Tayow = 
200 psi. Determine the maximum shear force V that can be 
developed in the cross section of the beam. Also, plot the 
shear-stress variation over the cross section. 


™ Prob. 7-12 


7.2 THE SHEAR FORMULA 375 


7-13. Determine the maximum shear stress in the strut if 
it is subjected to a shear force of V = 20 KN. 


7-14. Determine the maximum shear force V that the 
strut can support if the allowable shear stress for the 
material is Tallow = 40 MPa. 


Probs. 7-13/14 


7-15. Plot the shear-stress distribution over the cross 
section of a rod that has a radius c. By what factor is the 
maximum shear stress greater than the average shear stress 
acting over the cross section? 


Prob. 7-15 


*7-16. A member has a cross section in the form of an 
equilateral triangle. If it is subjected to a shear force V, 
determine the maximum average shear stress in the member 
using the shear formula. Should the shear formula actually be 
used to predict this value? Explain. 


=" Al 


h 


B Prob. 7-16 
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e7-17. Determine the maximum shear stress in the strut if 
it is subjected to a shear force of V = 600 KN. 


7-18. Determine the maximum shear force V that the strut 
can support if the allowable shear stress for the material is 
Tallow — 45 MPa. 


7-19. Plot the intensity of the shear stress distributed over 
the cross section of the strut if it is subjected to a shear force 
of V = 600 KN. 


100 mm 


Probs. 7-17/18/19 


*7-20. The steel rod is subjected to a shear of 30 kip. 
Determine the maximum shear stress in the rod. 


e7-21. The steel rod is subjected to a shear of 30 kip. 
Determine the shear stress at point A. Show the result on a 
volume element at this point. 


1 in. 


2 in. 


Probs. 7-20/21 


7-22. Determine the shear stress at point B on the web of 
the cantilevered strut at section a—a. 


7-23. Determine the maximum shear stress acting at 
section a—a of the cantilevered strut. 


2kN 4kN 


70mm 


A 


20 a bed 
50 mm 


Probs. 7—22/23 


*7-24, Determine the maximum shear stress in the T-beam 
at the critical section where the internal shear force is 
maximum. 


e7-25. Determine the maximum shear stress in the 
T-beam at point C. Show the result on a volume element 
at this point. 


a 3m | 1.5m 
150 mm 
a 


150 mm 30 mm 


—| +30 mm 
Probs. 7-24/25 


7-26. Determine the maximum shear stress acting in the 
fiberglass beam at the section where the internal shear 
force is maximum. 


150 1b ft 200 Ib /ft 


le 6 ft ar 6 ft ,| 
4 in. 0.75 in. 

[| 4) 

. ie 

0.5 at | 

L| 1) 

4 in. 0.75 in. 
Prob. 7-26 


7-27. Determine the shear stress at points C and D 
located on the web of the beam. 


*7-28. Determine the maximum shear stress acting in the 
beam at the critical section where the internal shear force is 
maximum. 


3 kip /ft 
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7-29. Write a computer program that can be used to 
determine the maximum shear stress in the beam that has 
the cross section shown, and is subjected to a specified 
constant distributed load w and concentrated force P. Show 
an application of the program using the values L = 4m, 
a=2m, P=1.5KN, d, =0, dy=2m, w = 400 N/m, 
t, = 15mm, tf = 20mm, b = 50mm, andh = 150 mm. 


Prob. 7-29 


7-30. The beam has a rectangular cross section and is 
subjected to a load P that is just large enough to develop a 
fully plastic moment M, = PL at the fixed support. If the 
material is elastic-plastic, then at a distance x < L the 
moment M = Px creates a region of plastic yielding with 
an associated elastic core having a height 2y’. This situation 
has been described by Eq. 6-30 and the moment M is 
distributed over the cross section as shown in Fig. 6—48e. 
Prove that the maximum shear stress developed in the beam 
is given by Tmax = 3(P/A'), where A’ = 2y'b, the cross- 
sectional area of the elastic core. 


| 6 ft | 


-—— 6 ft 


Probs. 7-27/28 


P 
x 
Plastic region 
iat 
2y' h 
j 4 
as - L 


Elastic region 


Prob. 7-30 


7-31. The beam in Fig. 6-48f is subjected to a fully plastic 
moment M,. Prove that the longitudinal and transverse 
shear stresses in the beam are zero. Hint: Consider an element 
of the beam as shown in Fig. 7-4c. 
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7.3 Shear Flow in Built-Up Members 


Occasionally in engineering practice, members are “built up” from 
several composite parts in order to achieve a greater resistance to loads. 
Examples are shown in Fig. 7-13. If the loads cause the members to 
bend, fasteners such as nails, bolts, welding material, or glue may be 
needed to keep the component parts from sliding relative to one 
another, Fig. 7—2. In order to design these fasteners or determine their 
spacing, it is necessary to know the shear force that must be resisted by 
the fastener. This loading, when measured as a force per unit length of 
beam, is referred to as shear flow q.* 

The magnitude of the shear flow can be obtained using a development 
similar to that for finding the shear stress in the beam. To show this, we will 
consider finding the shear flow along the juncture where the segment in 
Fig. 7—-14a is connected to the flange of the beam. As shown in Fig. 7-145, 
three horizontal forces must act on this segment. Two of these forces, F 
and F + dF, are developed by normal stresses caused by the moments M 
and M + dM, respectively. The third force, which for equilibrium equals 
dF, acts at the juncture and it is to be supported by the fastener. Realizing 
that dF is the result of dM, then, like Eq. 7-1, we have 


dM 
ap =H | yaa 
Pda 


The integral represents Q, that is, the moment of the segment’s area A’ 
in Fig. 7-145 about the neutral axis for the entire cross section. Since the 
segment has a length dx, the shear flow, or force per unit length along the 
beam, is g = dF /dx. Hence dividing both sides by dx and noting that 
V = dM/dx, Eq. 6-2, we can write 


Re (7-4) 


Here 


q = the shear flow, measured as a force per unit length along the 
beam 


V = the internal resultant shear force, determined from the method 
of sections and the equations of equilibrium 


I = the moment of inertia of the entire cross-sectional area 
computed about the neutral axis 


Q = y'A', where A’ is the cross-sectional area of the segment that is 
connected to the beam at the juncture where the shear flow is 
to be calculated, and y’ is the distance from the neutral axis to 
the centroid of A’ 


*The use of the word “flow” in this terminology will become meaningful as it pertains to 
the discussion in Sec. 7.5. 
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F+dF 


(a) Fig. 7-14 


Application of this equation follows the same “procedure for analysis” 
as outlined in Sec. 7.2 for the shear formula. It is very important to 
identify Q correctly when determining the shear flow at a particular 
junction on the cross section. A few examples should serve to illustrate 
how this is done. Consider the beam cross sections shown in Fig. 7-15. The 
shaded segments are connected to the beam by fasteners and at the 
planes of connection, identified by the thick black lines, the shear 
flow q is determined by using a value of Q calculated from A’ and y’ 
indicated in each figure. This value of g will be resisted by a single fastener 
in Fig. 7-15a, by two fasteners in Fig. 7-15b, and by three fasteners in 
Fig. 7-15c. In other words, the fastener in Fig. 7-15a supports the 
calculated value of qg, and in Figs. 7-15b and 7-15c each fastener 
supports q/2 and q/3, respectively. 


Important Point 


e Shear flow is a measure of the force per unit length along the axis 
of a beam. This value is found from the shear formula and is used 
to determine the shear force developed in fasteners and glue that 
holds the various segments of a composite beam together. 


<I! 


2 


Fig. 7-15 
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EXAMPLE | 7.5 


The beam is constructed from four boards glued together as shown in 
Fig. 7—16a. If it is subjected to a shear of V = 850 kN, determine the 
shear flow at B and C that must be resisted by the glue. 


SOLUTION 

Section Properties. The neutral axis (centroid) will be located from 

the bottom of the beam, Fig. 7—-16a. Working in units of meters, we have 
XVA —_2[0.15 m](0.3 m)(0.01 m) + [0.205 m](0.125 m)(0.01 m) + [0.305 m](0.250 m)(0.01 m) 


XA 2(0.3 m)(0.01 m) + 0.125 m(0.01 m) + 0.250 m(0.01 m) 
= 0.1968 m 


The moment of inertia about the neutral axis is thus 


= 2| = (001 m)(0.3 m)> + (0.01 m)(0.3 m) (0.1968 m — 0.150 m)?| 


ne [Eos m)(0.01 m)? + (0.125 m)(0.01 m)(0.205 m — 0.1968 m)°| 


+ [4 (0.250 m)(0.01 m)* + (0.250 m)(0.01 m)(0.305 m — 0.1968 m)| 


= 87.52(10-°) an: 
A 


Since the glue at B and B’ in Fig. 7-16b “holds” the top board to the 
beam, we have 


| i 
| ¥=850KN | Oz = YpA'z = [0.305 m — 0.1968 m](0.250 m)(0.01 m) 
= 02711107) m° 


Likewise, the glue at C and C’ “holds” the inner board to the beam, 
Fig. 7-16, and so 


Qc = YcAc = [0.205 m — 0.1968 m](0.125 m) (0.01 m) 
= 0.01026(10-3) m3 


Shear Flow. For B and B’ we have 
VO,  850(10*) N(0.271(10-3) m3) 
a) an 87.52(10~) m4 
And for C and C’," 
| VQc _ 850(10°) N(0.01026(10°*) m*) 
io 87.52(10°°) m? 


Since two seams are used to secure each board, the glue per meter 
length of beam at each seam must be strong enough to resist one-half 
of each calculated value of q’. Thus, 


dp = 1.31 MN/m and dc = 0.0498 MN/m Ans. 


= 2.63 MN/m 


= 0.0996 MN/m 
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EXAMPLE | 7.6 


A box beam is constructed from four boards nailed together as shown 80 Ib 


in Fig. 7-17a. If each nail can support a shear force of 30 Ib, determine 
the maximum spacing s of the nails at B and at C so that the beam will 
support the force of 80 Ib. 
—— 


SOLUTION 


Internal Shear. If the beam is sectioned at an arbitrary point along 
its length, the internal shear required for equilibrium is always eis |-— 1.5 in. 
V = 80 lb, and so the shear diagram is shown in Fig. 7-17b. 


Section Properties. The moment of inertia of the cross-sectional 
area about the neutral axis can be determined by considering a 
7.5-in. X 7.5-in. square minus a 4.5-in. X 4.5-in. square. 


1 
= S 5 Cpe A A es cae | 
I D (7.5 in.)(7.5 in.) D (4.5 in.)(4.5 in.) 229.5 in 


The shear flow at B is determined using Q found from the darker 
shaded area shown in Fig. 7—-17c. It is this “symmetric” portion of the 
beam that is to be “held” onto the rest of the beam by nails on the left 
side and by the fibers of the board on the right side. V (Ib) 


Thus, 
On = y A= Bin (05 in. (15 in.) — 493,75 in” 
80 
Likewise, the shear flow at C can be determined using the “symmetric” 
shaded area shown in Fig. 7-17d. We have 
x (ft) 
(b) 


Oc = yA = Bin 45 in. (15 in.) = 20,25 in” 


Shear Flow. 

VO,  801b(33.75 in*) 
EY S295 in" 

VOc 80 1b(20.25 in’) 
I -229.5 in* 


These values represent the shear force per unit length of the beam 
that must be resisted by the nails at B and the fibers at B’, Fig. 7-17c, 
and the nails at C and the fibers at C’, Fig. 7-17d, respectively. Since in 
each case the shear flow is resisted at two surfaces and each nail can 
resist 30 lb, for B the spacing is 

30 Ib 
Saas : 
(11.76/2) Ib/in. 


And for C, 


dz = = 11.76 lb/in. 


dc = = 7.059 Ib/in. 


= 5.10 in. Use sp = 5in. Ans. 


30 Ib 
°c * (7.0592) Ib/in. 


= 8.50 in. Use sc = 8.5in. Ans. 
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EXAMPLE | 7.7 


TRANSVERSE SHEAR 


Nails having a total shear strength of 40 lb are used in a beam that can 
be constructed either as in Case I or as in Case II, Fig. 7-18. If the nails 
are spaced at 9 in., determine the largest vertical shear that can be 
supported in each case so that the fasteners will not fail. 


= 9 in. Case II 


1 in.1 in.1 in. 
Fig. 7-18 


SOLUTION 
Since the cross section is the same in both cases, the moment of inertia 
about the neutral axis is 


I 


3 in.)(5 in.) — 2| (0 in.)(4in = 20.58 in* 


Case |. For this design a single row of nails holds the top or bottom 
flange onto the web. For one of these flanges, 

O=yA = (225 in |G in(05in))—3.375an 
so that 


_ vo 
ae 
40 1b V(3.375 in?) 
Jin. 20.58 in* 
V = 27.1 1b Ans. 
Case Il. Here a single row of nails holds one of the side boards onto 
the web. Thus, 
C= VAC |225 in (iin. (05 im.) 1.1250 
_ vo 
oa 
401b  V(1.125 in?) 


9 in. 20.58 in* 
VY =8131b 
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a FUNDAMENTAL PROBLEMS 


F7-6. The two identical boards are bolted together to F7-9. The boards are bolted together to form the built- 
form the beam. Determine the maximum allowable spacing up beam. If the beam is subjected to a shear force of 
s of the bolts to the nearest mm if each bolt has a shear V = 20KkN, determine the allowable maximum spacing of 
strength of 15 KN. The beam is subjected to a shear force of the bolts to the nearest mm. Each bolt has a shear strength 
V = 50KN. of 8 KN. 


F7-7. The two identical boards are bolted together to 
form the beam. If the spacing of the bolts is s = 100 mm 
and each bolt has a shear strength of 15 kN, determine the 
maximum shear force V the beam can resist. 


200 mm 


Pan 


100 mm 50 mm 


100 mm 


ye 


F7-9 
F7-6/7 F7-10. The boards are bolted together to form the built- 
up beam. If the beam is subjected to a shear force of 
F7-8. Two identical 20-mm thick plates are bolted to the V = 15 kip, determine the allowable maximum spacing of 
top and bottom flange to form the built-up beam. If the the bolts to the nearest j in. Each bolt has a shear strength 
beam is subjected to a shear force of V = 300kN, of 6 kip. 


determine the allowable maximum spacing s of the bolts to 
the nearest mm. Each bolt has a shear strength of 30 KN. 


384 CHAPTER 7 TRANSVERSE SHEAR 


[PROBLEMS 


*7-32. The beam is constructed from two boards fastened 
together at the top and bottom with two rows of nails 
spaced every 6 in. If each nail can support a 500-lb shear 
force, determine the maximum shear force V that can be 
applied to the beam. 


e7-33. The beam is constructed from two boards 
fastened together at the top and bottom with two rows of 
nails spaced every 6 in. If an internal shear force of 
V = 600 lb is applied to the boards, determine the shear 
force resisted by each nail. 


™ Probs. 7-32/33 


7-34. The beam is constructed from two boards fastened 
together with three rows of nails spaced s = 2 in. apart. If 
each nail can support a 450-lb shear force, determine the 
maximum shear force V that can be applied to the beam. The 
allowable shear stress for the wood is Tajjow = 300 psi. 


7-35. The beam is constructed from two boards fastened 
together with three rows of nails. If the allowable shear 
stress for the wood is Tajow = 150 psi, determine the 
maximum shear force V that can be applied to the beam. 
Also, find the maximum spacing s of the nails if each nail 
can resist 650 Ib in shear. 


Probs. 7-34/35 


*7-36. The beam is fabricated from two equivalent 
structural tees and two plates. Each plate has a height of 
6 in. and a thickness of 0.5 in. If a shear of V = 50 kip is 
applied to the cross section, determine the maximum spacing 
of the bolts. Each bolt can resist a shear force of 15 kip. 


e7-37. The beam is fabricated from two equivalent 
structural tees and two plates. Each plate has a height of 
6 in. and a thickness of 0.5 in. If the bolts are spaced at 
s = 8in., determine the maximum shear force V that can 
be applied to the cross section. Each bolt can resist a 
shear force of 15 kip. 


Probs. 7-36/37 


7-38. The beam is subjected to a shear of V = 2 KN. 
Determine the average shear stress developed in each nail 
if the nails are spaced 75 mm apart on each side of the 
beam. Each nail has a diameter of 4 mm. 


Prob. 7-38 


7-39. A beam is constructed from three boards bolted 
together as shown. Determine the shear force developed 
in each bolt if the bolts are spaced s = 250 mm apart and the 
applied shear is V = 35 KN. 


Eee mm 


Prob. 7-39 


*7-40. The double-web girder is constructed from two 
plywood sheets that are secured to wood members at its top 
and bottom. If each fastener can support 600 Ib in single 
shear, determine the required spacing s of the fasteners 
needed to support the loading P = 3000 1b. Assume A is 
pinned and B is a roller. 


e7-41. The double-web girder is constructed from two 
plywood sheets that are secured to wood members at its top 
and bottom. The allowable bending stress for the wood is 
Callow = 8 ksi and the allowable shear stress is Tayow = 3 ksi. 
If the fasteners are spaced s = 6 in. and each fastener can 
support 600 Ib in single shear, determine the maximum load 
P that can be applied to the beam. 


10 in. 


4 ft —— 4 ft 


—|--6 in. | |-- 


0.5 in. 0.5 in. 


Probs. 7—40/41 
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7-42. The T-beam is nailed together as shown. If the nails 
can each support a shear force of 950 lb, determine the 
maximum shear force V that the beam can support and the 
corresponding maximum nail spacing s to the nearest 7 in. 
The allowable shear stress for the wood is Tajjow = 450 psi. 


Prob. 7-42 


7-43. Determine the average shear stress developed in the 
nails within region AB of the beam. The nails are located on 
each side of the beam and are spaced 100 mm apart. Each 
nail has a diameter of 4 mm. Take P = 2 KN. 


*7-44, The nails are on both sides of the beam and each 
can resist a shear of 2 kN. In addition to the distributed 
loading, determine the maximum load P that can be applied 
to the end of the beam. The nails are spaced 100 mm apart 
and the allowable shear stress for the wood is Tayjow = 3 MPa. 


2kN/m 


Cc 
1.5m | 


200 mm 


200mm 20 mm 
Probs. 7—43/44 


20 mm 
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e7-45. The beam is constructed from four boards which 
are nailed together. If the nails are on both sides of the 
beam and each can resist a shear of 3 kN, determine 
the maximum load P that can be applied to the end of the 
beam. 


30 cg |_—250 mm 30mm 


30 mm 


Prob. 7-45 


7-46. A built-up timber beam is made from the four 
boards, each having a rectangular cross section. Write a 
computer program that can be used to determine the 
maximum shear stress in the beam when it is subjected to 
the shear V. Show an application of the program for a 
specific set of dimensions. 


Prob. 7-46 


7-47. The beam is made from four boards nailed together 
as shown. If the nails can each support a shear force of 
100 lb., determine their required spacing s’ and s if the beam 
is subjected to a shear of V = 700 lb. 


15 in, 
ae Prob. 7-47 


*7-48. The box beam is constructed from four boards that 
are fastened together using nails spaced along the beam 
every 2 in. If each nail can resist a shear of 50 Ib, determine 
the greatest shear V that can be applied to the beam without 
causing failure of the nails. 


Prob. 7-48 


7-49. The timber T-beam is subjected to a load consisting 
of n concentrated forces, P,,. If the allowable shear V,,,; for 
each of the nails is known, write a computer program that 
will specify the nail spacing between each load. Show an 
application of the program using the values L = 15 ft, 
a, = 4ft, P; = 600 lb, ay = 8 ft, P2 = 1500 lb, b, = 1.5 in., 
h, = 10in., by = 8in., hy = 1 in., and V,, = 200 Ib. 


P, Pp ?P, 


best { bed | af ES 


= sar = aa mae 
Sagas h 
=a 7h 
a fy 
ay a 
i : 


Prob. 7-49 
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7.4. Shear Flow in Thin-Walled Members aa 


In this section we will show how to apply the shear flow equation mM 
q = VQ/I to find the shear-flow distribution throughout a member’s 
cross-sectional area. We will assume that the member has thin walls, 
that is, the wall thickness is small compared to its height or width. 
As will be shown in the next section, this analysis has important 
applications in structural and mechanical design. 

Like the shear stress, the shear flow acts on both the longitudinal 
and transverse planes of the member. To show how to establish its 
direction on the cross section, consider the segment dx of the wide- 
flange beam in Fig. 7-19a. Free-body diagrams of two segments B and (a) 
C taken from the top flange are shown in Figs. 7-19b and 7-19c. The 
force dF must act on the longitudinal section in order to balance the 
normal forces F and F + dF created by the moments M and M + dM, 
respectively. Now, if the corner elements B and C of each segment q 
are removed, then the transverse components g act on the cross 
section as shown in Figs. 7-19b and 7-19c. Using this method, show 
that the shear flow at the corresponding points B’ and C’ on the 
bottom flange in Fig. 7-19d is directed as shown. 

Although it is also true that V + dV will create vertical shear-flow 
components on this element, here we will neglect its effects. This is 
because this component, like the shear stress, is approximately zero 
throughout the thickness of the element. Here, the flange is thin and 
the top and bottom surfaces of the element are free of stress, Fig. 7-19e. 
To summarize then, only the shear flow component that acts parallel to 


(b) 


the sides of the flange will be considered. Cc 


q' assumed to be zero 
throughout flange 
thickness since top 
and bottom of 

flange are 

stress free 


q assumed constant 
throughout flange 


(d) thickness (e) Fig. 7-19 
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f pote 
‘ dr 
LA te 
{ = md a d 
da 2 
: N Li 
ra 
a t 
(b) (c) 
Fig. 7-20 


Having determined the direction of the shear flow in each flange, 
we can now find its distribution along the top right flange of the beam in 
Fig. 7-20a. To do this, consider the shear flow gq, acting on the colored 
element dx, located an arbitrary distance x from the centerline of the 
cross section, Fig. 7-20b. Here Q = y'A’ = [d/2](b/2 — x)t, so that 


VQ _ Vid/2)(b/2 — x)t Ved (b ) 
ae oe 1 ~ 7a * 


(7-5) 


By inspection, this distribution varies in a /inear manner from q = 0 at 
x = b/2 to (dmax)p = Vtdb/4I at x = 0. (The limitation of x = 0 is 
possible here since the member is assumed to have “thin walls” and so 
the thickness of the web is neglected.) Due to symmetry, a similar 
analysis yields the same distribution of shear flow for the other flange 
segments, so that the results are as shown in Fig. 7—20d. 

The total force developed in each flange segment can be determined 
by integration. Since the force on the element dx in Fig. 7—20b is 
dF = q dx, then 


b/2 2 
Vtd/(b Vtdb 

F;= dx = a dx = 
[is 7 [ 21 € x) 7 167 


We can also determine this result by finding the area under the triangle 
in Fig. 7-20d. Hence, 


1 b Vtdb? 
Ly ~ + (aauss( $) ~ 161 


All four of these forces are shown in Fig. 7—20e, and we can see from 
their direction that horizontal force equilibrium of the cross section is 
maintained. 
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(Gmax)f F; F; 
: 2(4max)f SST 
| 
| ads Fy=V 
| 
— =_———— 
2(4max)f Fr Fy 


(max) f 


Shear-flow distribution 
(d) 
Fig. 7-20 (cont.) 


A similar analysis can be performed for the web, Fig. 7—-20c. Here g must 
act downward, and at element dy we have Q = Yy'A’ = [d/2](bt) + 


[y + (1/2)(d/2 —y)]t(d/2 — y) = bt d/2 + (t/2)(d’/4 — y’),so that 
VQ Vt\|db 1f{@ > 
= = + 
ar | | (4 »)] v_ 
For the web, the shear flow varies in a parabolic manner, from 
q— 2(4max) f = Vtdb/2I at y = d/2 to (dmax)w = (Vtd/I)(b/2 + d/8) 


at y = 0, Fig. 7-20d. 
Integrating to determine the force in the web, F,,, we have, 


d -{ d 
Fy = fads Ry, eae y 
Vil db 1 me te 
I| 2° 2\4?° 37 


Simplification is possible by noting that the moment of inertia for the 
cross-sectional area is 


Lax g 1 38 
= 2) —br + br — + — 
vi | n($) | D4 
Neglecting the first term, since the thickness of each flange is small, then 
td? 
l= 2b+<=d 
7 (2 +34) 


Substituting this into the above equation, we see that F,,, = V, which is 
to be expected, Fig. 7—20e. 


d/2 


—d/2 
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Shear flow q 


Fig. 7-21 


From the foregoing analysis, three important points should be observed. 
First, the value of q changes over the cross section, since Q will be different 
for each area segment A’ for which it is determined. In particular, g will 
vary linearly along segments (flanges) that are perpendicular to the 
direction of V, and parabolically along segments (web) that are inclined or 
parallel to V. Second, q will always act parallel to the walls of the member, 
since the section on which q is calculated is taken perpendicular to the 
walls. And third, the directional sense of q is such that the shear appears 
to “flow” through the cross section, inward at the beam’s top flange, 
“combining” and then “flowing” downward through the web, since it must 
contribute to the shear force V, and then separating and “flowing” 
outward at the bottom flange. If one is able to “visualize” this “flow” it will 
provide an easy means for establishing not only the direction of q, but also 
the corresponding direction of 7. Other examples of how q is directed 
along the segments of thin-walled members are shown in Fig. 7-21. In all 
cases, symmetry prevails about an axis that is collinear with V. As a result, 
q “flows” in a direction such that it will provide the vertical force V and yet 
also satisfy horizontal force equilibrium for the cross section. 


Important Points 


The shear flow formula g = VQ/I can be used to determine the 
distribution of the shear flow throughout a thin-walled member 
provided the shear V acts along an axis of symmetry or principal 
centroidal axis of inertia for the cross section. 

If a member is made from segments having thin walls, only the 
shear flow parallel to the walls of the member is important. 

The shear flow varies linearly along segments that are perpendicular 
to the direction of the shear V. 

The shear flow varies parabolically along segments that are 
inclined or parallel to the direction of the shear V. 

On the cross section, the shear “flows” along the segments so that 
it results in the vertical shear force V and yet satisfies horizontal 
force equilibrium. 
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EXAMPLE | 7.8 


The thin-walled box beam in Fig. 7—22a is subjected to a shear of 
10 kip. Determine the variation of the shear flow throughout the cross 
section. 


SOLUTION 

By symmetry, the neutral axis passes through the center of the cross 
section. For thin-walled members we use centerline dimensions for 
calculating the moment of inertia. 


= (2in.)(7in.)? + 2[(Sin.)(1 in.)(3.5 in.)?] = 179.7 in4 


Only the shear flow at points B, C, and D has to be determined. For 
point B, the area A’ ~ 0, Fig. 7-225, since it can be thought of as 
being located entirely at point B. Alternatively, A’ can also represent 
the entire cross-sectional area, in which case Qz = y’A’ = 0 since 
y’ = 0. Because QO, = 0, then 


Ge — 0 


For point C, the area A’ is shown dark shaded in Fig. 7—22c. Here, 
we have used the mean dimensions since point C is on the centerline 
of each segment. We have 


0. = yA’ = Goin Om.) in) — 17m 
Since there are two points of attachment, 


4 (“2c 1 e kip(17.5 in?) 
i 179.7 in* 


Gc = ) = 0.487 kip/in. 


The shear flow at D is determined using the three dark-shaded 
rectangles shown in Fig. 7—22d. Again, using centerline dimensions 


3ye) | 


Qp=Xy'A'= | 


Because there are two points of attachment, 


af (“22) at = kip(29.75 in?) 
oN 2 179.7 in* 


dp = ) = 0.828 kip/in. 

Using these results, and the symmetry of the cross section, the 
shear-flow distribution is plotted in Fig. 7-22e. The distribution is 
linear along the horizontal segments (perpendicular to V) and parabolic 
along the vertical segments (parallel to V). 


(1 in.) (3.5 in.) + [3.5 in.](5 in.)(1 in.) = 29.75 in? 


— 0.487 kip/in. 


| 
zl 0.828 kip/in. 
— 


A 


mal 
— 0.487 kip/in. 


Fig. 7-22 
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(c) 


*7.5 Shear Center for Open 
Thin-Walled Members 


In the previous section, it was assumed that the internal shear V was 
applied along a principal centroidal axis of inertia that also represents an 
axis of symmetry for the cross section. In this section we will consider the 
effect of applying the shear along a principal centroidal axis that is not an 
axis of symmetry. As before, only open thin-walled members will be 
analyzed, so the dimensions to the centerline of the walls of the members 
will be used. A typical example of this case is the channel section shown 
in Fig. 7-23a. Here it is cantilevered from a fixed support and is subjected 
to the force P. If this force is applied along the once vertical, 
unsymmetrical axis that passes through the centroid C of the cross 
section, the channel will not only bend downward, it will also twist 
clockwise as shown. 


(max) f 


(max) w 


(max) iE 


Shear-flow distribution 


(b) 


Fig. 7-23 
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To understand why the member twists, it is necessary to show the shear- 
flow distribution along the channel’s flanges and web, Fig. 7—-23b. When this 
distribution is integrated over the flange and web areas, it will give 
resultant forces of F f in each flange and a force of V = P in the web, 
Fig. 7-23c. If the moments of these forces are summed about point A, it can 
be seen that the couple or torque created by the flange forces is responsible 
for twisting the member. The actual twist is clockwise when viewed from 
the front of the beam as shown in Fig. 7-23a, since reactive internal 
“equilibrium” forces F cause the twisting. In order to prevent this twisting 
it is therefore necessary to apply P at a point O located an eccentric 
distance e from the web of the channel, Fig. 7-23d. We require 
2M, = Fd = Pe, or 


eis 


ey 


Using the method discussed in the previous section, F ¢ can be evaluated 
in terms of P (= V) and the dimensions of the flanges and web. Once this 
is done, then P will cancel upon substitution into the above equation, and 
it becomes possible to express e simply as a function of the cross-sectional 
geometry (see Example 7.9). The point O so located is called the shear 
center or flexural center. When P is applied at the shear center, the beam 
will bend without twisting as shown in Fig. 7-23e. Design handbooks often 
list the location of this point for a variety of beams having thin-walled 
cross sections that are commonly used in practice. 

From this analysis, it should be noted that the shear center will always 
lie on an axis of symmetry of a member’s cross-sectional area. For 
example, if the channel is rotated 90° and P is applied at A, Fig. 7-24a, no 
twisting will occur since the shear flow in the web and flanges for this Demonstration of how a cantilever beam 
case is symmetrical, and therefore the force resultants in these elements a a ee 

é : 3 (above) and through the shear center 
will create zero moments about A, Fig. 7-24b. Obviously, if a member has __(pelow). 

a cross section with two axes of symmetry, as in the case of a wide-flange 
beam, the shear center will then coincide with the intersection of these 
axes (the centroid). 


Fig. 7-24 


394 


CHAPTER 7 TRANSVERSE SHEAR 


Important Points 


The shear center is the point through which a force can be applied 
which will cause a beam to bend and yet not twist. 

The shear center will always lie on an axis of symmetry of the 
cross section. 

The location of the shear center is only a function of the 
geometry of the cross section, and does not depend upon 
the applied loading. 


Procedure for Analysis 


The location of the shear center for an open thin-walled member for 
which the internal shear is in the same direction as a principal 
centroidal axis for the cross section may be determined by using the 
following procedure. 


Shear-Flow Resultants. 


By observation, determine the direction of the shear flow 
through the various segments of the cross section, and sketch the 
force resultants on each segment of the cross section. (For 
example, see Fig. 7-23c.) Since the shear center is determined by 
taking the moments of these force resultants about a point (A), 
choose this point at a location that eliminates the moments of as 
many force resultants as possible. 


The magnitudes of the force resultants that create a moment 
about A must be calculated. For any segment this is done by 
determining the shear flow g at an arbitrary point on the segment 
and then integrating q along the segment’s length. Realize that V 
will create a linear variation of shear flow in segments that are 
perpendicular to V, and a parabolic variation of shear flow in 
segments that are parallel or inclined to V. 


Shear Center. 


Sum the moments of the shear-flow resultants about point A and 
set this moment equal to the moment of V about A. Solve this 
equation to determine the moment-arm or eccentric distance e, 
which locates the line of action of V from A. 


If an axis of symmetry for the cross section exists, the shear center 
lies at the point where this axis intersects the line of action of V. 
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EXAMPLE | 7.9 


Determine the location of the shear center for the thin-walled channel 
section having the dimensions shown in Fig. 7—25a. 


SOLUTION 


Shear-Flow Resultants. A vertical downward shear V applied to the 
section causes the shear to flow through the flanges and web as shown in 
Fig. 7-25. This causes force resultants Fy and V in the flanges and web 
as shown in Fig. 7-25c. We will take moments about point A so that only 
the force F on the lower flange has to be determined. 

The cross-sectional area can be divided into three component 
rectangles—a web and two flanges. Since each component is assumed to 


be thin, the moment of inertia of the area about the neutral axis is 
if bye oe (2 ) 
Pt ON | ot | 
12} c ( 2 ) | ) 6 b (Ginsee == 


(Gress) ie 


Shear flow distribution 
_VQ_ V(h/2)[b- x _ V(b x) eo 
TT (th?/2){(h/6) +b] Al(a/6) + 6] 


From Fig. 7—25d, q at the arbitrary position x is 


Hence, the force F’r is 


b V b Vb2 
om i 44x = FICh/6) + a iD 4) 9% = (hfe) +B) 


This same result can also be determined by first finding (dmax)s, 


Fig. 7-25), then determining the triangular area +b(dmax) fami 


Shear Center. Summing moments about point A, Fig. 7-25c, we 
require 

Vb-h 
[(n/6) + 5] 


SAS A 


b? 
e= [(4/3) + 2b] Ans. 


As stated previously, e depends only on the geometry of the cross 
section. 
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EXAMPLE | 7.10 


Determine the location of the shear center for the angle having 
equal legs, Fig. 7-26a. Also, find the internal shear force resultant in 
each leg. 


Shear-flow distribution 


(b) 


(c) 
Fig. 7-26 


SOLUTION 
When a vertical downward shear V is applied at the section, the shear 
flow and shear-flow resultants are directed as shown in Fig. 7-26b and 
7-26c, respectively. Note that the force F in each leg must be equal, 
since for equilibrium the sum of their horizontal components must be 
equal to zero. Also, the lines of action of both forces intersect point O; 
therefore, this point must be the shear center since the sum of the 
moments of these forces and V about O is zero, Fig. 7—26c. 

The magnitude of F can be determined by first finding the shear 
flow at the arbitrary location s along the top leg, Fig. 7—-26d. Here 


ee, 
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Fig. 7-26 (cont.) 


The moment of inertia of the angle, about the neutral axis, must be 
determined from “first principles,” since the legs are inclined with 
respect to the neutral axis. For the area element dA = t ds, Fig. 7—26e, 
we have 


: {2 | , pl Sab 
= aa =2 f ——=(Di—as. rds =1(0%s bs + *) = 
I> 0 vo. ) 3: q © 


Thus, the shear flow is 


VQ 4 1 
ai Fala bs 


= 3V s(0- *) 
V2b 2 


The variation of g is parabolic, and it reaches a maximum value when 
s = bas shown in Fig. 7—26b. The force F is therefore 


b b 
ae) 
[i= as— SO — as 
[a V2b3 Jo 2 


Ans. 


NOTE: This result can be easily verified since the sum of the vertical 
components of the force Fin each leg must equal V and, as stated previously, 
the sum of the horizontal components equals zero. 
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P [PROBLEMS 


7-50. A shear force of V = 300 KN is applied to the box 7-54. The aluminum strut is 10 mm thick and has the cross 
girder. Determine the shear flow at points A and B. section shown. If it is subjected to a shear of, V = 150 N, 


. : determine the shear flow at points A and B. 
7-51. A shear force of V = 450 KN is applied to the box 


girder. Determine the shear flow at points C and D. 7-55. The aluminum strut is 10 mm thick and has the cross 
section shown. If it is subjected to a shear of V = 150 N, 
determine the maximum shear flow in the strut. 


10 mm 


40 mm 


10 mm | 


40 mm 
30 mm 30 mm 


10mm 10mm 


Probs. 7-54/55 


Probs. 7-50/51 


*7_-52, A shear force of V = 18 kN is applied to the *7-56. The beam is subjected to a shear force of 


symmetric box girder. Determine the shear flow at A and B. V = 5 kip. Determine the shear flow at points A and B. 
e7-53. A shear force of V = 18 KN is applied to the box e7-57. The beam is constructed from four plates and is 
girder. Determine the shear flow at C. subjected to a shear force of V = 5 kip. Determine the 


maximum shear flow in the cross section. 


10 mm 


Probs. 7-52/53 Probs. 7-56/57 
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7-58. The channel is subjected to a shear of V = 75 kN. 
Determine the shear flow developed at point A. 


7-59. The channel is subjected to a shear of V = 75 kN. 
Determine the maximum shear flow in the channel. 


30 mm Probs. 7-58/59 

*7-60. The angle is subjected to a shear of V = 2 kip. 
Sketch the distribution of shear flow along the leg AB. 
Indicate numerical values at all peaks. 


Prob. 7-60 


°7-61. The assembly is subjected to a vertical shear of 
V =7 kip. Determine the shear flow at points A and B and 
the maximum shear flow in the cross section. 


0.5 in. ; 0.5 in. 
0.5 in. Prob. 7-61 


7-62. Determine the shear-stress variation over the cross 
section of the thin-walled tube as a function of elevation y and 
show that Tmax = 2V/A, where A = 2art. Hint: Choose a 
differential area element dA = Rt dé. Using dQ = ydA, 
formulate Q for a circular section from 6 to (7 — @) and show 


that O = 2R°t cos 0, where cos 6 = VR — ¥/R. 


Prob. 7-62 


7-63. Determine the location e of the shear center, 
point O, for the thin-walled member having the cross 
section shown where b) > b,. The member segments have 
the same thickness ¢. 


I 
bbb, + 


Prob. 7-63 


*7-64. Determine the location e of the shear center, 
point O, for the thin-walled member having the cross 
section shown. The member segments have the same 
thickness f. 


Prob. 7-64 
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e7-65. Determine the location e of the shear center, *7-68. Determine the location e of the shear center, 
point O, for the thin-walled member having a slit along its point O, for the beam having the cross section shown. The 
side. Each element has a constant thickness ¢. thickness is f. 


Prob. 7-65 


7-66. Determine the location e of the shear center, 
point O, for the thin-walled member having the cross 
section shown. 


Prob. 7-68 


°7-69. Determine the location e of the shear center, 
point O, for the thin-walled member having the cross 
section shown. The member segments have the same 
thickness t. 


e fe. 


Prob. 7-66 kb — 


7-67. Determine the location e of the shear center, Prob. 7-69 

point O, for the thin-walled member having the cross 

section shown. The member segments have the same 7-70. Determine the location e of the shear center, point O, 
thickness ¢. for the thin-walled member having the cross section shown. 


/—b 
Prob. 7-67 Prob. 7-70 


CHAPTER REVIEW 


Transverse shear stress in beams is determined indirectly 
by using the flexure formula and the relationship 
between moment and shear (V = dM/dx). The result 
is the shear formula 


ee 
~ Tf 


In particular, the value for Q is the moment of the 
area A’ about the neutral axis,Q = y’ A’. This area is 
the portion of the cross-sectional area that is “held 
on” to the beam above (or below) the thickness t 
where 7 is to be determined. 
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If the beam has a rectangular cross section, then the 
shear-stress distribution will be parabolic, having a 
maximum value at the neutral axis. The maximum 


4 
shear stress can be determined using 7 = 1.5 A 


Fasteners, such as nails, bolts, glue, or welds, are used 
to connect the composite parts of a “built-up” section. 
The shear force resisted by these fasteners is 
determined from the shear flow, g, or force per unit 
length, that must be carried by the beam. The shear 
flow is 
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If the beam is made from thin-walled segments, then 
the shear-flow distribution along each segment can be 
determined. This distribution will vary linearly along 
horizontal segments, and parabolically along inclined 
or vertical segments. 


(Gedy 


Shear-flow distribution 


2(4max)f 


(Greedy 


2(4max) f 


Provided the shear-flow distribution in each element 
of an open thin-walled section is known, then using a 
balance of moments, the location O of the shear center 
for the cross section can be determined. When a load 
is applied to the member through this point, the member 
will bend, and not twist. 


REVIEW PROBLEMS 403 


a REVIEW PROBLEMS 


7-71. Sketch the intensity of the shear-stress distribution e7-73. The member is subjected to a shear force of 
acting over the beam’s cross-sectional area, and determine V = 2 KN. Determine the shear flow at points A, B, and C. 
the resultant shear force acting on the segment AB. The The thickness of each thin-walled segment is 15 mm. 


shear acting at the section is V = 35 kip. Show that 
Iya = 872.49 in*. 


Prob. 7-73 


7-74. The beam is constructed from four boards glued 
together at their seams. If the glue can withstand 75 Ib/in., 
what is the maximum vertical shear V that the beam can 


Prob. 7-71 support? 
*7-72, The beam is fabricated from four boards nailed 7-75. Solve Prob. 7-74 if the beam is rotated 90° from the 
together as shown. Determine the shear force each nail position shown. 


along the sides C and the top D must resist if the nails are 
uniformly spaced at s = 3 in. The beam is subjected to a 
shear of V = 4.5 kip. 


Vv 


4 in. i 
0.5 in. 0.5 in. 


Prob. 7-72 a Probs. 7-74/75 


The offset hanger supporting this ski gondola is subjected to the combined loadings 
of axial force and bending moment. 


Combined Loadings 


CHAPTER OBJECTIVES 


This chapter serves as a review of the stress analysis that has been 
developed in the previous chapters regarding axial load, torsion, 
bending, and shear. We will discuss the solution of problems where 
several of these internal loads occur simultaneously on a member's cross 
section. Before doing this, however, the chapter begins with an analysis 
of stress developed in thin-walled pressure vessels. 


8.1.  Thin-Walled Pressure Vessels 


Cylindrical or spherical vessels are commonly used in industry to serve 
as boilers or tanks. When under pressure, the material of which they 
are made is subjected to a loading from all directions. Although this is 
the case, the vessel can be analyzed in a simple manner provided it has a 
thin wall. In general, “thin wall” refers to a vessel having an inner-radius- 
to-wall-thickness ratio of 10 or more (r/t = 10). Specifically, when 
r/t = 10 the results of a thin-wall analysis will predict a stress that is 
approximately 4% Jess than the actual maximum stress in the vessel. For 
larger r/t ratios this error will be even smaller. 

Provided the vessel wall is “thin,” the stress distribution throughout its 
thickness will not vary significantly, and so we will assume that it is 
uniform or constant. Using this assumption, we will now analyze the state 
of stress in thin-walled cylindrical and spherical pressure vessels. In both 
cases, the pressure in the vessel is understood to be the gauge pressure, 
that is, it measures the pressure above atmospheric pressure, since 
atmospheric pressure is assumed to exist both inside and outside the 
vessel’s wall before the vessel is pressurized. 


Cylindrical pressure vessels, such as this 
gas tank, have semi-spherical end caps 
rather than flat ones in order to reduce the 
stress in the tank. 
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Cylindrical Vessels. Consider the cylindrical vessel in Fig. 8-1a, 
having a wall thickness ¢, inner radius r, and subjected to a gauge 
pressure p that developed within the vessel by a contained gas. Due to 
this loading, a small element of the vessel that is sufficiently removed 
from the ends and oriented as shown in Fig. 8—1a, is subjected to normal 
stresses o, in the circumferential or hoop direction and oa, in the 
longitudinal or axial direction. 

The hoop stress can be determined by considering the vessel to be 
sectioned by planes a, b, and c. A free-body diagram of the back segment 
along with the contained gas is shown in Fig. 8-1b. Here only the 
loadings in the x direction are shown. These loadings are developed by 
the uniform hoop stress o,, acting on the vessel’s wall, and the pressure 
acting on the vertical face of the gas. For equilibrium in the x direction, 
we require 


LE = 0; 2[o,(t dy)] — p(2r dy) = 0 


hese (8-1) 


The longitudinal stress can be determined by considering the left 
portion of section b of the cylinder, Fig. 8—la. As shown in Fig. 8—1c, a 
acts uniformly throughout the wall, and p acts on the section of the 
contained gas. Since the mean radius is approximately equal to the 
vessel’s inner radius, equilibrium in the y direction requires 


(b) 


ZF, = 0; o(2mrt) — p(mr’) = 0 
pr 
Oy = Ot (8-2) 


In the above equations, 


\\ 
he 01,0 = the normal stress in the hoop and longitudinal directions, 
— respectively. Each is assumed to be constant throughout the 
HE wall of the cylinder, and each subjects the material to 

Xi —/ tension. 

a p = the internal gauge pressure developed by the contained 

gas 
i) r = the inner radius of the cylinder 
Fig. 8-1 t = the thickness of the wall (r/t = 10) 
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By comparison, note that the hoop or circumferential stress is 
twice as large as the longitudinal or axial stress. Consequently, when 
fabricating cylindrical pressure vessels from rolled-formed plates, the 
longitudinal joints must be designed to carry twice as much stress as the 
circumferential joints. 


Spherical Vessels. We can analyze a spherical pressure vessel 
in a similar manner. To do this, consider the vessel to have a wall 
thickness ¢, inner radius r, and subjected to an internal gauge pressure 
D, Fig. 8-2a. If the vessel is sectioned in half, the resulting free-body 
diagram is shown in Fig. 8-25. Like the cylinder, equilibrium in the y 
direction requires 


=F, = 0; o(2mrt) — p(mr*) = 0 
mee 
ORS = my, (8-3) 


This is the same result as that obtained for the longitudinal stress in the 
cylindrical pressure vessel. Furthermore, from the analysis, this stress will 
be the same regardless of the orientation of the hemispheric free-body 
diagram. Consequently, a small element of the material is subjected to 
the state of stress shown in Fig. 8—2a. 

The above analysis indicates that an element of material taken from 
either a cylindrical or a spherical pressure vessel is subjected to biaxial 
stress, i.c., normal stress existing in only two directions. Actually, the 
pressure also subjects the material to a radial stress, 0, which acts along 
a radial line. This stress has a maximum value equal to the pressure p at 
the interior wall and it decreases through the wall to zero at the exterior 
surface of the vessel, since the gauge pressure there is zero. For thin- 
walled vessels, however, we will ignore this radial-stress component, 
since our limiting assumption of r/t = 10 results in oy and o; being, 
respectively, 5 and 10 times higher than the maximum radial stress, 
(03)max = D- Finally, if the vessel is subjected to an external pressure, the 
compressive stress developed within the thin wall may cause the vessel 
to become unstable, and collapse may occur by buckling rather than 
causing the material to fracture. 


| ee 


“ae 


Shown is the barrel of a shotgun which 
was clogged with debris just before 
firing. Gas pressure from the charge 
increased the circumferential stress 
within the barrel enough to cause the 
rupture. 
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EXAMPLE | 8.1 


A cylindrical pressure vessel has an inner diameter of 4 ft and a 
thickness of 5 in. Determine the maximum internal pressure it can 
sustain so that neither its circumferential nor its longitudinal stress 
component exceeds 20 ksi. Under the same conditions, what is the 
maximum internal pressure that a similar-size spherical vessel can 
sustain? 


SOLUTION 


Cylindrical Pressure Vessel. The maximum stress occurs in the 
circumferential direction. From Eq. 8-1 we have 


p(24 in.) 
ut . 


7 I 


20 kip/in? = 


p = 417 psi 


Note that when this pressure is reached, from Eq. 8-2, the stress 
in the longitudinal direction will be o7 = 5(20 ksi) = 10 ksi. 
Furthermore, the maximum stress in the radial direction occurs on the 
material at the inner wall of the vessel and is (03) max = p = 417 psi. 
This value is 48 times smaller than the circumferential stress (20 ksi), 
and as stated earlier, its effects will be neglected. 


Spherical Vessel. Here the maximum stress occurs in any two 
perpendicular directions on an element of the vessel, Fig. 8-2a. From 
Eq. 8-3, we have 


p(24 in.) 
a in.) 


Pp = 833 psi 


20 kip/in? = 


NOTE: Although it is more difficult to fabricate, the spherical 
pressure vessel will carry twice as much internal pressure as a 
cylindrical vessel. 
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P [PROBLEMS 


8-1. Aspherical gas tank has an inner radius of r = 1.5 m. 
If it is subjected to an internal pressure of p = 300 kPa, 
determine its required thickness if the maximum normal 
stress is not to exceed 12 MPa. 


8-2. A pressurized spherical tank is to be made of 
0.5-in.-thick steel. If it is subjected to an internal pressure 
of p = 200 psi, determine its outer radius if the maximum 
normal stress is not to exceed 15 ksi. 


8-3. The thin-walled cylinder can be supported in one of 
two ways as shown. Determine the state of stress in the wall 
of the cylinder for both cases if the piston P causes the 
internal pressure to be 65 psi. The wall has a thickness of 
0.25 in. and the inner diameter of the cylinder is 8 in. 


(a) (b) 
Prob. 8-3 


*§8-4, The tank of the air compressor is subjected to an 
internal pressure of 90 psi. If the internal diameter of 
the tank is 22 in., and the wall thickness is 0.25 in., 
determine the stress components acting at point A. Draw a 
volume element of the material at this point, and show the 
results on the element. 


aro oe 
‘eg & 


Swar|| 1 


Prob. 8-4 


e8-5. The spherical gas tank is fabricated by bolting together 
two hemispherical thin shells of thickness 30 mm. If the gas 
contained in the tank is under a gauge pressure of 2 MPa, 
determine the normal stress developed in the wall of the tank 
and in each of the bolts. The tank has an inner diameter of 8 m 
and is sealed with 900 bolts each 25 mm in diameter. 

8-6. The spherical gas tank is fabricated by bolting 
together two hemispherical thin shells. If the 8-m inner 
diameter tank is to be designed to withstand a gauge pressure 
of 2 MPa, determine the minimum wall thickness of the 
tank and the minimum number of 25-mm diameter bolts 
that must be used to seal it. The tank and the bolts are made 
from material having an allowable normal stress of 150 MPa 
and 250 MPa, respectively. 


Probs. 8-5/6 


8-7. A boiler is constructed of 8-mm thick steel plates that 
are fastened together at their ends using a butt joint 
consisting of two 8-mm cover plates and rivets having a 
diameter of 10 mm and spaced 50 mm apart as shown. If the 
steam pressure in the boiler is 1.35 MPa, determine (a) the 
circumferential stress in the boiler’s plate apart from 
the seam, (b) the circumferential stress in the outer cover plate 
along the rivet line a—a, and (c) the shear stress in the rivets. 


Prob. 8-7 
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*8-8. The gas storage tank is fabricated by bolting together 
two half cylindrical thin shells and two hemispherical shells 
as shown. If the tank is designed to withstand a pressure 
of 3 MPa, determine the required minimum thickness of 
the cylindrical and hemispherical shells and the minimum 
required number of longitudinal bolts per meter length at 
each side of the cylindrical shell. The tank and the 25 mm 
diameter bolts are made from material having an allowable 
normal stress of 150 MPa and 250 MPa, respectively. The 
tank has an inner diameter of 4 m. 


°8-9. The gas storage tank is fabricated by bolting together 
two half cylindrical thin shells and two hemispherical shells 
as shown. If the tank is designed to withstand a pressure of 
3 MPa, determine the required minimum thickness of the 
cylindrical and hemispherical shells and the minimum 
required number of bolts for each hemispherical cap. The 
tank and the 25 mm diameter bolts are made from material 
having an allowable normal stress of 150 MPa and 250 MPa, 
respectively. The tank has an inner diameter of 4 m. 


Probs. 8-8/9 


8-10. A wood pipe having an inner diameter of 3 ft is 
bound together using steel hoops each having a cross- 
sectional area of 0.2 in’. If the allowable stress for the hoops 
IS Ogllow = 12 ksi, determine their maximum spacing s along 
the section of pipe so that the pipe can resist an internal 
gauge pressure of 4 psi. Assume each hoop supports the 
pressure loading acting along the length s of the pipe. 


Prob. 8-10 


8-11. The staves or vertical members of the wooden tank 
are held together using semicircular hoops having a 
thickness of 0.5 in. and a width of 2 in. Determine the 
normal stress in hoop AB if the tank is subjected to an 
internal gauge pressure of 2 psi and this loading is 
transmitted directly to the hoops. Also, if 0.25-in.-diameter 
bolts are used to connect each hoop together, determine the 
tensile stress in each bolt at A and B. Assume hoop AB 
supports the pressure loading within a 12-in. length of the 
tank as shown. 


Prob. 8-11 


*8-12. Two hemispheres having an inner radius of 2 ft and 
wall thickness of 0.25 in. are fitted together, and the inside 
gauge pressure is reduced to —10 psi. If the coefficient 
of static friction is uw, = 0.5 between the hemispheres, 
determine (a) the torque T needed to initiate the rotation 
of the top hemisphere relative to the bottom one, (b) the 
vertical force needed to pull the top hemisphere off 
the bottom one, and (c) the horizontal force needed to slide 
the top hemisphere off the bottom one. 


Prob. 8-12 


°8-13. The 304 stainless steel band initially fits snugly 
around the smooth rigid cylinder. If the band is then subjected 
to a nonlinear temperature drop of AT = 20 sin’ 6 °F, 
where @ is in radians, determine the circumferential stress in 
the band. 


1 in. 


Prob. 8-13 


8-14. The ring, having the dimensions shown, is placed 
over a flexible membrane which is pumped up with a 
pressure p. Determine the change in the internal radius of 
the ring after this pressure is applied. The modulus of 
elasticity for the ring is E. 


Prob. 8-14 


8-15. The inner ring A has an inner radius r; and outer 
radius r>. Before heating, the outer ring B has an inner 
radius r3 and an outer radius r4,and r2 > r3. If the outer ring 
is heated and then fitted over the inner ring, determine the 
pressure between the two rings when ring B reaches the 
temperature of the inner ring. The material has a modulus of 
elasticity of E and a coefficient of thermal expansion of a. 


Prob. 8-15 
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*8-16. The cylindrical tank is fabricated by welding a 
strip of thin plate helically, making an angle @ with the 
longitudinal axis of the tank. If the strip has a width w and 
thickness f, and the gas within the tank of diameter d is 
pressured to p, show that the normal stress developed along 
the strip is given by a, = (pd/8t)(3 — cos 28). 


Prob. 8-16 


8-17. In order to increase the strength of the pressure 
vessel, filament winding of the same material is wrapped 
around the circumference of the vessel as shown. If the 
pretension in the filament is T and the vessel is subjected to 
an internal pressure p, determine the hoop stresses in the 
filament and in the wall of the vessel. Use the free-body 
diagram shown, and assume the filament winding has a 
thickness ¢’ and width w for a corresponding length of the 
vessel. 


Prob. 8-17 
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This chimney is subjected to the combined 
loading of wind and weight. It is important 
to investigate the tensile stress in the 
chimney since masonry is weak in tension. 


8.2 State of Stress Caused 
by Combined Loadings 


In previous chapters we developed methods for determining the stress 
distributions in a member subjected to either an internal axial force, a 
shear force, a bending moment, or a torsional moment. Most often, 
however, the cross section of a member is subjected to several of these 
loadings simultaneously. When this occurs, the method of superposition 
can be used to determine the resultant stress distribution. Recall from 
Sec. 4.3 that the principle of superposition can be used for this purpose 
provided a linear relationship exists between the stress and the loads. 
Also, the geometry of the member should not undergo significant change 
when the loads are applied. These conditions are necessary in order to 
ensure that the stress produced by one load is not related to the stress 
produced by any other load. 


Procedure for Analysis 


The following procedure provides a general means for establishing 
the normal and shear stress components at a point in a member 
when the member is subjected to several different types of loadings 
simultaneously. It is assumed that the material is homogeneous and 
behaves in a linear elastic manner. Also, Saint-Venant’s principle 
requires that the point where the stress is to be determined is far 
removed from any discontinuities in the cross section or points of 
applied load. 


Internal Loading. 


© Section the member perpendicular to its axis at the point where 
the stress is to be determined and obtain the resultant internal 
normal and shear force components and the bending and 
torsional moment components. 


The force components should act through the centroid of the 
cross section, and the moment components should be computed 
about centroidal axes, which represent the principal axes of 
inertia for the cross section. 


Stress Components. 


e Determine the stress component associated with each internal 
loading. For each case, represent the effect either as a distribution 
of stress acting over the entire cross-sectional area, or show the 
stress on an element of the material located at a specified point 
on the cross section. 
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Normal Force. 


e The internal normal force is developed by a uniform normal-stress 
distribution determined from 0 = P/A. 


Shear Force. 


e The internal shear force in a member is developed by a 
shear-stress distribution determined from the shear formula, 
7 = VQ/It. Special care, however, must be exercised when 
applying this equation, as noted in Sec. 7.2. 


Bending Moment. 


© For straight members the internal bending moment is developed by 
a normal-stress distribution that varies linearly from zero at the 
neutral axis to a maximum at the outer boundary of the member. 
This stress distribution is determined from the flexure formula, 
ao = My/I. If the member is curved, the stress distribution is 
nonlinear and is determined from 0 = My/[Ae(R — y)]. 


Torsional Moment. 


e For circular shafts and tubes the internal torsional moment is 
developed by a shear-stress distribution that varies linearly from 
the central axis of the shaft to a maximum at the shaft’s outer 
boundary. This stress distribution is determined from the 
torsional formula, 7 = Tp/J. 


Thin-Walled Pressure Vessels. 


e If the vessel is a thin-walled cylinder, the internal pressure p 
will cause a biaxial state of stress in the material such that the 
hoop or circumferential stress component is 0, = pr/t and the 
longitudinal stress component is 7, = pr/2t. If the vessel is a thin- 
walled sphere, then the biaxial state of stress is represented by two 
equivalent components, each having a magnitude of 0 = pr/2t. 


Superposition. 


© Once the normal and shear stress components for each loading 
have been calculated, use the principle of superposition and 
determine the resultant normal and shear stress components. 
Represent the results on an element of material located at the 
point, or show the results as a distribution of stress acting over 
the member’s cross-sectional area. 


Problems in this section, which involve combined loadings, serve as a 
basic review of the application of the stress equations mentioned above. 
A thorough understanding of how these equations are applied, as 
indicated in the previous chapters, is necessary if one is to successfully 
solve the problems at the end of this section. The following examples 
should be carefully studied before proceeding to solve the problems. 
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EXAMPLE | 8.2 


3.75 psi 


Normal Force 


(c) 


11.25 psi 


A force of 150 Ib is applied to the edge of the member shown in 
Fig. 8-3a. Neglect the weight of the member and determine the state 
of stress at points B and C. 


SOLUTION 


Internal Loadings. The member is sectioned through B and C. For 
equilibrium at the section there must be an axial force of 150 Ib acting 
through the centroid and a bending moment of 750 Ib-in. about the 
centroidal or principal axis, Fig. 8-3. 

Stress Components. 

Normal Force. The uniform normal-stress distribution due to the 
normal force is shown in Fig. 8—3c. Here 


P 150 Ib 
= oma 


Bending Moment. The normal-stress distribution due to the 
bending moment is shown in Fig. 8-3d. The maximum stress is 


Mc 750 1b-in.(5 in.) 
Omax = = 
I 4 (4in.)(10 in.)? 


= 11.25 psi 


Superposition. If the above normal-stress distributions are added 
algebraically, the resultant stress distribution is shown in Fig. 8—3e. 
Although it is not needed here, the location of the line of zero stress 
can be determined by proportional triangles; i.e., 

7.5 psi 15 psi 


x  (10in. — x) 
x = 3.33 in. 


Elements of material at B and C are subjected only to normal or 
uniaxial stress as shown in Figs. 8-3f and 8-3g. Hence, 


op = 75 psi (tension) Ans. 
Oc = 15psi (compression) 


Bending Moment Combined Loading 


(d) (e) 
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EXAMPLE | 8.3 


The tank in Fig. 84a has an inner radius of 24 in. and a thickness 

of 0.5 in. It is filled to the top with water having a specific weight - t=0.5in. 
of yy = 62.4 lb/ft®. If it is made of steel having a specific weight of - - 

Yst = 490 lb/ft?, determine the state of stress at point A. The tank is open 

at the top. 


SOLUTION 


Internal Loadings. The free-body diagram of the section of both 
the tank and the water above point A is shown in Fig. 8-4b. Notice that 
the weight of the water is supported by the water surface just below the 
section, not by the walls of the tank. In the vertical direction, the walls 
simply hold up the weight of the tank. This weight is 


Ds \2 DARN 
— — 3 ————- — ——-> 
) st YstV st (490 lb/ft | a 12 i) a( et) c ft) 
= WT Mo 


The stress in the circumferential direction is developed by the water 
pressure at level A. To obtain this pressure we must use Pascal's law, 
which states that the pressure at a point located a depth z in the water is 
P = Ywz. Consequently, the pressure on the tank at level A is 


D = Yer — (O24 lb Gh) = 1872 lb/ it — 130psi 


Stress Components. 


Circumferential Stress. Since r/t = 24 in./0.5 in. = 48 > 10, the tank 
is a thin-walled vessel. Applying Eq. 8-1, using the inner radius r = 24 in., 
we have 


pr 1.30 Ib/in? (24 in.) 
ae 0.5 in. 


Oo, = = 62.4 psi Ans. 


Longitudinal Stress. Since the weight of the tank is supported 


uniformly by the walls, we have 


Wa _ 777.7 Ib 
Ay — a[(24.5 in.)? — (24 in.)?] 


02 = 10.2 psi 


NOTE: Equation 8-2,0, = pr/2t, does not apply here, since the tank is 
open at the top and therefore, as stated previously, the water cannot 
develop a loading on the walls in the longitudinal direction. 

Point A is therefore subjected to the biaxial stress shown in Fig. 8—4c. 
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EXAMPLE | 8.4 


The member shown in Fig. 8-Sa has a rectangular cross section. 
Determine the state of stress that the loading produces at point C. 


16.45 kN 


21.93 KN 


97.59 KN 
(b) 


f—"* = 
C Vv 
i N 


M 


16.45 kN 


21.93 KN 
(c) 


Fig. 8-5 


SOLUTION 


Internal Loadings. The support reactions on the member have 
been determined and are shown in Fig. 8-Sb. If the left segment AC of 
the member is considered, Fig. 8-5c, the resultant internal loadings 
at the section consist of a normal force, a shear force, and a bending 
moment. Solving, 


N = 16.45 kN V = 21.93 kN M = 32.89kN-m 
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oc = 1.32 MPa 


oc = 63.16 MPa 


Normal Force Shear Force Bending Moment 


(d) (e) 
Fig. 8-5 (cont.) 


Stress Components. 


Normal Force. The uniform normal-stress distribution acting over 
the cross section is produced by the normal force, Fig. 8-Sd. At point C, 


P 16.45(10°) N ne 
°c "A (0.050m)(0.250m) si 


Shear Force. Here the area A’ = 0, since point C is located at the 
top of the member. Thus Q = y’A’ = 0 and for C, Fig. 8—Se, the shear 
stress 


T=O0 


Bending Moment. Point C is located at y = c = 0.125 m from the 
neutral axis, so the normal stress at C, Fig. 8-5f, is 


M 32.89(10°) N-m)(0.125 m 
eee cls oe ea ) - 6316 MPa 
I [5 (0.050 m)(0.250 m)*] 


Superposition. The shear stress is zero. Adding the normal stresses 
determined above gives a compressive stress at C having a value of 


Oc = 1.32 MPa + 63.16 MPa = 64.5 MPa Ans. 


This result, acting on an element at C, is shown in Fig. 8-5g. 


(f) 


417 


418 CHAPTER 8 COMBINED LOADINGS 


EXAMPLE | 8.5 


The rectangular block of negligible weight in Fig. 8—6a is subjected to 
a vertical force of 40 KN, which is applied to its corner. Determine the 
largest normal stress acting on a section through ABCD. 


SOLUTION 


Internal Loadings. If we consider the equilibrium of the bottom 
segment of the block, Fig. 8-65, it is seen that the 40-kKN force must act 
through the centroid of the cross section and two bending-moment 
components must also act about the centroidal or principal axes of 
inertia for the section. Verify these results. 


Stress Components. 


Normal Force. The uniform normal-stress distribution is shown in 
Fig. 8-6c. We have 
P 40(10°) N 


=—= = 125kP 
= Aa oem Ola =. 6 


Bending Moments. The normal-stress distribution for the 8-kKN -m 
moment is shown in Fig. 8-6d. The maximum stress is 
M,c 3)N-m(0. 
Omax — i "= soe nue = 375 kPa 
x [5(0.8m)(0.4 m)*] 
Likewise, for the 16-kKN-m moment, Fig. 8-6e, the maximum 
normal stress is 


Myc, — 16(10°) N- m(0.4 m) 

Omax — it = 1 3 
y [5 (0.4 m)(0.8 m) | 
Superposition. By inspection the normal stress at point C is the 
largest since each loading creates a compressive stress there. Therefore 


= 375 kPa 


Oc = —125kPa — 375 kPa — 375 kPa = —875kPa_ Ans. 


375 kPa 375 kPa 


Normal force Bending moment Bending moment 
(40 kN) (8 KN-m) (16 kN-m) 


(c) (d) (e) 
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EXAMPLE | 8.6 


A rectangular block has a negligible weight and is subjected to a vertical 
force P, Fig. 87a. (a) Determine the range of values for the eccentricity 
ey of the load along the y axis so that it does not cause any tensile stress 
in the block. (b) Specify the region on the cross section where P may be 
applied without causing a tensile stress in the block. 


SOLUTION 


Part (a). When P is moved to the centroid of the cross section, Fig. 8-7, 
it is necessary to add a couple moment M, = Pe, in order to maintain a 
statically equivalent loading. The combined normal stress at any coordinate 
location y on the cross section caused by these two loadings is 


po heyy (: Z a) 


Oe a ae io 


A 1, A 


Here the negative sign indicates compressive stress. 
For positive e,, Fig. 8-7a, the smallest compressive 
stress will occur along edge AB, where y = —h/2, 
Fig. 8-7b. (By inspection, P causes compression 
there, but M, causes tension.) Hence, 


Aeyh 
| 
oe ap 


This stress will remain negative, i.e., compressive, 
provided the term in parentheses is positive; i.e., 


Ae jh 
ae 
Since A = bhand I, = #bh*, then 


is 


Ge, 1 
aa” or Boas Ans. 
In other words, if —{h = é, = <h, the stress in the block along edge AB 
or CD will be zero or remain compressive. 


NOTE: This is sometimes referred to as the “middle-third rule.” It is very 
important to keep this rule in mind when loading columns or arches having 
a rectangular cross section and made of material such as stone or concrete, 
which can support little or no tensile stress. We can extend this analysis in 
the same way by placing P along the x axis in Fig. 8-7. The result will 
produce a shaded parallelogram shown in Fig. 8—7c. This region is referred 
to as the core or kern of the section. When P is applied within the kern, the 
normal stress at the corners of the cross section will be compressive. 


Here is an example of where combined 
axial and bending stress can occur. 
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EXAMPLE | 8.7 


The solid rod shown in Fig. 8-8a has a radius of 0.75 in. If it is subjected 
to the force of 500 Ib, determine the state of stress at point A. 


SOLUTION 


Internal Loadings. The rod is sectioned 
through point A. Using the free-body 
diagram of segment AB, Fig. 8-8), the 
resultant internal loadings are determined 
from the equations of equilibrium. Verify 
these results. In order to better “visualize” 
the stress distributions due to these 
loadings, we can consider the equal but 
opposite resultants acting on segment AC, 
Fig. 8-8c. 

Stress Components. 


Normal Force. The normal-stress distri- 
bution is shown in Fig. 8-8d. For point A, 
we have 


ie 500 Ib - 
Ch = (0.75 in? 283 psi = 0.283 ksi 


Bending Moment. For the moment, c = 0.75 in., so the 
normal stress at point A, Fig. 8-8e, is 


je Mc 7000 Ib-in.(0.75 in.) 
oo), = = 
ee (!a(0.75 in.)*] 
= 21,126 psi = 21.13 ksi 
Superposition. When the above results are superimposed, it is seen 
that an element of material at A is subjected to the normal stress 


ade (o-4)y = 0.283 ksi + 21.13 ksi = 21.4 ksi Ans. 


% 


0.283 ksi Yen ksi 


Normal force Bending moment 
(500 Ib) (7000 Ib-in.) 


(d) (e) 
Fig. 8-8 
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EXAMPLE | 8.8 


The solid rod shown in Fig. 8—9a has a radius of 0.75 in. If it is subjected 
to the force of 800 Ib, determine the state of stress at point A. 


SOLUTION 


Internal Loadings. The rod is sectioned through 
point A. Using the free-body diagram of segment AB, 
Fig. 8-9b, the resultant internal loadings are 
determined from the six equations of 
equilibrium. Verify these results. The equal 

but opposite resultants are shown acting on 

segment AC, Fig. 8-9c. 


Stress Components. 


Shear Force. The shear-stress distribution is shown in 
Fig. 8-9d. For point A, Q is determined from the shaded semi- 
circular area. Using the table on the inside front cover, we have 


=) ATS in.) 
Cyn = 


30 
so that 


i! 
5 (0.75 in| = (0.2814 in 


VQ _ 800 Ib(0.2813 in*) 
(Ty2)a It Ly (0.75 in.)* 2 (0.75 in.) 800 Ib (14 in.) = 11 200 Ib-in. 


“ 
= 604 psi = 0.604 ksi 800 Ib (10 in.) = 8000 Ib-in. | 


Bending Moment. Since point A lies on the neutral 
axis, Fig. 8—9e, the normal stress is 
Y= 0 


x 


Torque. Atpoint A, p, = c = 0.75 in., Fig.8-9f. Thus the shear stress is 
Tc 11 200 Ib-in.(0.75 in.) 
(Tyz)A a sean 1 sree 
[5 77(0.75 in.)*| 
Superposition. Here the element of material at A is subjected only to 
a shear stress component, where 
(Tyla = 0.604 ksi + 16.90 ksi = 17.5 ksi Ans. 


= 16 901 psi = 16.90 ksi 


8000 Ib-in. 
WwW 


11 200 Ib-in. 
oe op 0.604 ksi T ip 16.90 ksi 


Shear force Bending moment Torsional moment 
(800 Ib) (8000 Ib-in.) (11 200 Ib-in.) 


(d) (e) (f) 
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bea FUNDAMENTAL PROBLEMS 


F8-1. Determine the normal stress developed at corners F8-3. Determine the state of stress at point A on the cross 
A and B of the column. section of the beam at section a—a. 


30 kN 


Las 


0.5m! 05m 
Po mm. 


50 mm 
+—_fl, 
180 mm 


10 mm 


10mm 
eis 


Section a-a 


F8-3 


F8-1 


F8-2. Determine the state of stress at point A on the cross F8-4. Determine the magnitude of the load P that will 
section at section a—a of the cantilever beam. cause a maximum normal stress of ¢ max = 30 ksi in the 
link along section a-a. 


400 KN 


a 
| 0s ol 


300 mm 


100 mm | 
=e 
|—$ 


100 mm 


Section a—-a 


F8-2 F8-4 
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F8-5. The beam has a rectangular cross section and is F8-7. Determine the state of stress at point A on the cross 
subjected to the loading shown. Determine the components section of the pipe at section a-a. 
of stress o,, oy, and 7,, at point B. 


1510.4 5 in, 


F8-5 Section a—a 


F8-7 


F8-6. Determine the state of stress at point A on the cross 


section of the pipe assembly at section a-a. F8-8. Determine the state of stress at point A on the cross 


section of the shaft at section a—a. 


20 mm 100 mm 


A 
Section a—a Section a—a 


F8-6 F8-8 
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[PROBLEMS 


8-18. The vertical force P acts on the bottom of the plate 
having a negligible weight. Determine the shortest distance 
d to the edge of the plate at which it can be applied so that 
it produces no compressive stresses on the plate at section 
a-a. The plate has a thickness of 10 mm and P acts along the 
center line of this thickness. 


300 mm 
a a 
200 mm 500 mm 
an 
d 
P 
Prob. 8-18 


8-19. Determine the maximum and minimum normal 
stress in the bracket at section a—a when the load is applied 
atx = 0. 


*8-20. Determine the maximum and minimum normal 
stress in the bracket at section a—a when the load is applied 
at x = 300 mm. 


15mm 


15 mm 


Probs. 8—19/20 


e8-21. The coping saw has an adjustable blade that is 
tightened with a tension of 40 N. Determine the state of 
stress in the frame at points A and B. 


Prob. 8-21 


8-22. The clamp is made from members AB and AC, 
which are pin connected at A. If it exerts a compressive 
force at C and B of 180 N, determine the maximum 
compressive stress in the clamp at section a—a. The screw EF 
is subjected only to a tensile force along its axis. 


8-23. The clamp is made from members AB and AC, 
which are pin connected at A. If it exerts a compressive 
force at C and B of 180 N, sketch the stress distribution 
acting over section a—a. The screw EF is subjected only to 
a tensile force along its axis. 


30mm, 40mm 


180 N 
lee 
‘am | 180 N 
Section a—a 


Probs. 8—22/23 
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*8-24, The bearing pin supports the load of 700 Ib. 
Determine the stress components in the support member 
at point A. The support is 0.5 in. thick. 


e8-25. The bearing pin supports the load of 700 Ib. 
Determine the stress components in the support member 
at point B. The support is 0.5 in. thick. 


2 in. 
30° # 
1.25 in. 
700 Ib 
Probs. 8-24/25 


8-26. The offset link supports the loading of P = 30 KN. 
Determine its required width w if the allowable normal 
stress iS Oallow = 73 MPa. The link has a thickness of 40 mm. 


8-27. The offset link has a width of w = 200 mm and a 
thickness of 40 mm. If the allowable normal stress is 
Callow = 75 MPa, determine the maximum load P that can 
be applied to the cables. 


Probs. 8—26/27 
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*8-28. The joint is subjected to a force of P = 80 lb and 
F = 0. Sketch the normal-stress distribution acting over 
section a—a if the member has a rectangular cross-sectional 
area of width 2 in. and thickness 0.5 in. 


¢8-29. The joint is subjected to a force of P = 200 Ib and 
F = 150 lb. Determine the state of stress at points A and B 
and sketch the results on differential elements located at 
these points. The member has a rectangular cross-sectional 
area of width 0.75 in. and thickness 0.5 in. 


2 in. 


Probs. 8—28/29 


8-30. If the 75-kg man stands in the position shown, 
determine the state of stress at point A on the cross section 
of the plank at section a—a. The center of gravity of the man 
is at G. Assume that the contact point at C is smooth. 


J ‘a aa 50 
yj bt! mm 
12.5 mm 7 


Section a—a and b—b 


Prob. 8-30 
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8-31. Determine the smallest distance d to the edge of the 
plate at which the force P can be applied so that it produces 
no compressive stresses in the plate at section a-a. The 
plate has a thickness of 20 mm and P acts along the 
centerline of this thickness. 


*8-32. The horizontal force of P = 80 kN acts at the end 
of the plate. The plate has a thickness of 10 mm and P acts 
along the centerline of this thickness such that d = 50 mm. 
Plot the distribution of normal stress acting along 
section a—a. 


a 


Probs. 8-31/32 


e8-33. The pliers are made from two steel parts pinned 
together at A. If a smooth bolt is held in the jaws and a 
gripping force of 10 lb is applied at the handles, determine 
the state of stress developed in the pliers at points B and C. 
Here the cross section is rectangular, having the dimensions 
shown in the figure. 


8-34. Solve Prob. 8-33 for points D and E. 


0.18 in. 10 Ib 


10 Ib 


Probs. 8-33/34 


8-35. The wide-flange beam is subjected to the loading 
shown. Determine the stress components at points A and B 
and show the results on a volume element at each of these 
points. Use the shear formula to compute the shear stress. 


| ‘B 


“oft | aft! att! 


Prob. 8-35 


*8-36. The drill is jammed in the wall and is subjected to 
the torque and force shown. Determine the state of stress at 
point A on the cross section of drill bit at section a—a. 


¢8-37. The drill is jammed in the wall and is subjected to 
the torque and force shown. Determine the state of stress at 
point B on the cross section of drill bit at section a—a. 


400 mm 


150 N 


Section a—a 


Probs. 8—36/37 


8.2 


8-38. Since concrete can support little or no tension, this 
problem can be avoided by using wires or rods to prestress 
the concrete once it is formed. Consider the simply 
supported beam shown, which has a rectangular cross 
section of 18 in. by 12 in. If concrete has a specific weight of 
150 Ib/ft®, determine the required tension in rod AB, which 
runs through the beam so that no tensile stress is developed 
in the concrete at its center section a—a. Neglect the size of 
the rod and any deflection of the beam. 


8-39. Solve Prob. 8-38 if the rod has a diameter of 0.5 in. 
Use the transformed area method discussed in Sec. 6.6. 
Eg = 29(10%) ksi, E, = 3.60(10°) ksi. 


6 in. 6 in. 


Probs. 8-38/39 


*8-40. Determine the state of stress at point A when 
the beam is subjected to the cable force of 4 KN. Indicate 
the result as a differential volume element. 


°8-41. Determine the state of stress at point B when 
the beam is subjected to the cable force of 4 KN. Indicate 
the result as a differential volume element. 


Probs. 8—40/41 
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8-42. The bar has a diameter of 80 mm. Determine the 
stress components that act at point A and show the results 
on a volume element located at this point. 


8-43. The bar has a diameter of 80 mm. Determine the 
stress components that act at point B and show the results 
on a volume element located at this point. 


5 kN Probs. 8—42/43 


*8-44, Determine the normal stress developed at points 
A and B. Neglect the weight of the block. 


e8-45. Sketch the normal stress distribution acting over the 
cross section at section a—a. Neglect the weight of the block. 


6 kip 


Probs. 8—44/45 


8-46. The support is subjected to the compressive load P. 
Determine the absolute maximum and minimum normal 
stress acting in the material. 


Prob. 8-46 
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8-47. The support is subjected to the compressive load P. °8-49. If the baby has a mass of 5 kg and his center of 
Determine the maximum and minimum normal stress mass is at G, determine the normal stress at points A and B 
acting in the material. All horizontal cross sections are on the cross section of the rod at section a—a. There are two 
circular. rods, one on each side of the cradle. 


Section a-a 


Prob. 8-49 
8-50. The C-clamp applies a compressive stress on the 
cylindrical block of 80 psi. Determine the maximum normal 
stress developed in the clamp. 


Prob. 8-47 


*8-48. The post has a circular cross section of radius c. 
Determine the maximum radius e at which the load can be 
applied so that no part of the post experiences a tensile 
stress. Neglect the weight of the post. 


Prob. 8-50 
8-51. A post having the dimensions shown is subjected to 
the bearing load P. Specify the region to which this load can 
be applied without causing tensile stress to be developed at 
points A, B,C, and D. 


Prob. 8—48 Prob. 8-51 
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*8-52. The hook is used to lift the force of 600 Ib. 8-55. The bar has a diameter of 40 mm. If it is subjected to 
Determine the maximum tensile and compressive stresses the two force components at its end as shown, determine 
at section a-a. The cross section is circular and has a the state of stress at point A and show the results on a 
diameter of 1 in. Use the curved-beam formula to compute differential volume element located at this point. 


the bending stress. : 
*8-56. Solve Prob. 8-55 for point B. 


300 Ib 300 Ib 


Probs. 8—55/56 


Prob. 8-52 


°8-53. The masonry pier is subjected to the 800-kKN load. 
Determine the equation of the line y = f(x) along which 
the load can be placed without causing a tensile stress in the 
pier. Neglect the weight of the pier. 


e8-57. The 2-in.-diameter rod is subjected to the loads 
shown. Determine the state of stress at point A, and show the 
results on a differential element located at this point. 


8-58. The 2-in.-diameter rod is subjected to the loads 


ee See oe lea shown. Determine the state of stress at point B, and show 


x = 0.25 m and y = 0.5 m, determine the normal stress at : ; : : 
each corner A, B, C, D (not shown) and plot the stress the results on a differential element located at this point. 
distribution over the cross section. Neglect the weight of je 
the pier. 


800 lb 


Probs. 8—57/58 


Probs. 8-53/54 
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8-59. If P =60kN, determine the maximum normal 
stress developed on the cross section of the column. 


*8-60. Determine the maximum allowable force P, if the 
column is made from material having an allowable normal 
stress Of Oajow = 100 MPa. 


Probs. 8-59/60 


°8-61. The beveled gear is subjected to the loads shown. 
Determine the stress components acting on the shaft at 
point A, and show the results on a volume element located 
at this point. The shaft has a diameter of 1 in. and is fixed to 
the wall at C. 


8-62. The beveled gear is subjected to the loads shown. 
Determine the stress components acting on the shaft at 
point B, and show the results on a volume element located 
at this point. The shaft has a diameter of 1 in. and is fixed to 
the wall at C. 


Probs. 8—61/62 


8-63. The uniform sign has a weight of 1500 lb and 
is supported by the pipe AB, which has an inner radius of 
2.75 in. and an outer radius of 3.00 in. If the face of the sign 
is subjected to a uniform wind pressure of p = 150 lb/ft’, 
determine the state of stress at points C and D. Show the 
results on a differential volume element located at each of 
these points. Neglect the thickness of the sign, and assume 
that it is supported along the outside edge of the pipe. 


*8-64. Solve Prob. 8-63 for points E and F 


Probs. 8-63/64 


°8-65. Determine the state of stress at point A on the 
cross section of the pipe at section a—a. 


8-66. Determine the state of stress at point B on the cross 
section of the pipe at section a—a. 


50 Ib 


y lin. 


Section a—a 
60° 


Probs. 8-65/66 
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°8-67. The eccentric force P is applied at a distance e, 
from the centroid on the concrete support shown. 
Determine the range along the y axis where P can be applied 
on the cross section so that no tensile stress is developed in 
the material. 


Prob. 8-67 


*8-68. The bar has a diameter of 40 mm. If it is subjected 
toa force of 800 N as shown, determine the stress components 
that act at point A and show the results on a volume element 
located at this point. 


°8-69. Solve Prob. 8-68 for point B. 


Probs. 8-68/69 


8-70. The 3.in.-diameter shaft is subjected to the loading 
shown. Determine the stress components at point A. Sketch 
the results on a volume element located at this point. The 
journal bearing at C can exert only force components C, 
and C, on the shaft, and the thrust bearing at D can exert 
force components D,, D,, and D, on the shaft. 


8-71. Solve Prob. 8-70 for the stress components at 
point B. 


Probs. 8—70/71 


*8-72. The hook is subjected to the force of 80 lb. 
Determine the state of stress at point A at section a—a. The 
cross section is circular and has a diameter of 0.5 in. Use the 
curved-beam formula to compute the bending stress. 


°8-73. The hook is subjected to the force of 80 Ib. 
Determine the state of stress at point B at section a—a. The 
cross section has a diameter of 0.5 in. Use the curved-beam 
formula to compute the bending stress. 


80 Ib 


Probs. 8—72/73 
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CHAPTER REVIEW 


A pressure vessel is considered to 
have a thin wall provided r/t = 10. 
For a thin-walled cylindrical vessel, 
the circumferential or hoop stress is 


Oe Sa 
aay 


This stress is twice as great as the 
longitudinal stress, 


pr 

oO, = — 
a: 

Thin-walled spherical vessels have the 

same stress within their walls in all 

directions. It is 


pr 
Oi Oo 


Superposition of stress components 
can be used to determine the normal 
and shear stress at a point in a member 
subjected to a combined loading. To 
do this, it is first necessary to determine 
the resultant axial and shear forces and 
the internal resultant torsional and 
bending moments at the section where 
the point is located. Then the normal 
and shear stress resultant components 
at the point are determined by 
algebraically adding the normal and 
shear stress components of each 
loading. 
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P8-1 P8-3 
P8-1. Explain why failure of this garden hose occurred P8-3. Unlike the turnbuckle at B, which is connected 
near its end and why the tear occurred along its length. Use along the axis of the rod, the one at A has been welded to the 
numerical values to explain your result. Assume the water edges of the rod, and so it will be subjected to additional 
pressure is 30 psi. stress. Use the same numerical values for the tensile load in 
each rod and the rod’s diameter, and compare the stress in 
each rod. 


P82 
: : : . P84 
P8-2. This open-ended silo contains granular material. It 
is constructed from wood slats and held together with steel P8-4. A constant wind blowing against the side of this 
bands. Explain, using numerical values, why the bands are chimney has caused creeping strains in the mortar joints, such 
not spaced evenly along the height of the cylinder. Also, that the chimney has a noticeable deformation. Explain how 
how would you find this spacing if each band is to be to obtain the stress distribution over a section at the base of 


subjected to the same stress? the chimney, and sketch this distribution over the section. 
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[F] REVIEW PROBLEMS 


8-74. The block is subjected to the three axial loads 
shown. Determine the normal stress developed at points A 
and B. Neglect the weight of the block. 


100 Ib 


B 


Prob. 8-74 


8-75. The 20-kg drum is suspended from the hook 
mounted on the wooden frame. Determine the state of 
stress at point FE on the cross section of the frame at 
section a—a. Indicate the results on an element. 


*8-76. The 20-kg drum is suspended from the hook 
mounted on the wooden frame. Determine the state of 
stress at point F on the cross section of the frame at 
section b-b. Indicate the results on an element. 


50 mm 


Ta 
25 mm] f 
75mm 


too 


Section a—a 


Lx! 


25 mm 


Section b—b 


Probs. 8—75/76 


e8-77. The eye is subjected to the force of 50 Ib. 
Determine the maximum tensile and compressive stresses at 
section a—a. The cross section is circular and has a diameter 
of 0.25 in. Use the curved-beam formula to compute the 
bending stress. 


8-78. Solve Prob. 8-77 if the cross section is square, having 
dimensions of 0.25 in. by 0.25 in. 


50 Ib 


Probs. 8—77/78 


8-79. If the cross section of the femur at section a—a can 
be approximated as a circular tube as shown, determine the 
maximum normal stress developed on the cross section at 
section a—a due to the load of 75 Ib. 


‘ 
1 é 0.5 in. 


Section a—a 


Prob. 8-79 


*8-80. The hydraulic cylinder is required to support a 
force of P = 100 KN. If the cylinder has an inner diameter 
of 100 mm and is made from a material having an allowable 
normal stress of Gajow = 150 MPa, determine the required 
minimum thickness ¢ of the wall of the cylinder. 


°8-81. The hydraulic cylinder has an inner diameter of 
100 mm and wall thickness of t = 4mm. If it is made from 
a material having an allowable normal stress of Gajow = 
150 MPa, determine the maximum allowable force P. 


Probs. 8-80/81 


8-82. The screw of the clamp exerts a compressive force 
of 500 lb on the wood blocks. Determine the maximum 
normal stress developed along section a—a. The cross 
section there is rectangular, 0.75 in. by 0.50 in. 


4in. 


0.75 in. 


Prob. 8-82 
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8-83. Air pressure in the cylinder is increased by exerting 
forces P = 2 kN on the two pistons, each having a radius 
of 45 mm. If the cylinder has a wall thickness of 2 mm, 
determine the state of stress in the wall of the cylinder. 


*8-84. Determine the maximum force P that can be 
exerted on each of the two pistons so that the circumferential 
stress component in the cylinder does not exceed 3 MPa. 
Each piston has a radius of 45 mm and the cylinder has a 
wall thickness of 2 mm. 


Probs. 8-83/84 


e8-85. The cap on the cylindrical tank is bolted to the tank 
along the flanges. The tank has an inner diameter of 1.5 m 
and a wall thickness of 18 mm. If the largest normal stress is 
not to exceed 150 MPa, determine the maximum pressure 
the tank can sustain. Also, compute the number of bolts 
required to attach the cap to the tank if each bolt has a 
diameter of 20 mm. The allowable stress for the bolts is 
(Satlow)b = 180 MPa. 


8-86. The cap on the cylindrical tank is bolted to the tank 
along the flanges. The tank has an inner diameter of 1.5 m 
and a wall thickness of 18 mm. If the pressure in the tank is 
p = 1.20 MPa, determine the force in each of the 16 bolts 
that are used to attach the cap to the tank. Also, specify the 
state of stress in the wall of the tank. 


Probs. 8-85/86 


These turbine blades are subjected to a complex pattern of stress. For design it is 
necessary to determine where and in what direction the maximum stress occurs. 


Stress Transformation 


CHAPTER OBJECTIVES 


In this chapter, we will show how to transform the stress components 
that are associated with a particular coordinate system into components 
associated with a coordinate system having a different orientation. 
Once the necessary transformation equations are established, we will 
then be able to obtain the maximum normal and maximum shear stress 
at a point and find the orientation of elements upon which they act. 
Plane-stress transformation will be discussed in the first part of the 
chapter, since this condition is most common in engineering practice. 
At the end of the chapter we will discuss a method for finding the 
absolute maximum shear stress at a point when the material is 
subjected to both plane and three-dimensional states of stress. 


9.1 Plane-Stress Transformation 


It was shown in Sec. 1.3 that the general state of stress at a point is 
characterized by six independent normal and shear stress components, 
which act on the faces of an element of material located at the point, 
Fig. 9-la. This state of stress, however, is not often encountered in 
engineering practice. Instead, engineers frequently make approximations 
or simplifications of the loadings on a body in order that the stress 
produced in a structural member or mechanical element can be analyzed 
ina single plane. When this is the case, the material is said to be subjected to 
plane stress, Fig. 9-1b. For example, if there is no load on the surface of a 
body, then the normal and shear stress components will be zero on the face 
of an element that lies on this surface. Consequently, the corresponding 
stress components on the opposite face will also be zero, and so the 
material at the point will be subjected to plane stress. This case occurred 
throughout the previous chapter. 
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General state of stress Plane stress 
(a) (b) 
Fig. 9-1 


The general state of plane stress at a point is therefore represented by 
a combination of two normal-stress components, o,, 7, and one shear- 
stress component, 7,,, which act on four faces of the element. For 
convenience, in this text we will view this state of stress in the x-y plane, 
Fig. 9-2a. If this state of stress is defined on an element having a different 
orientation as in Fig. 9-2b, then it will be subjected to three different 
stress components defined as oy, oy, Tyy. In other words, the state of 
plane stress at the point is uniquely represented by two normal stress 
components and one shear stress component acting on an element that 
has a specific orientation at the point. 

In this section, we will show how to transform the stress components 
from the orientation of an element in Fig. 92a to the orientation of the 
element in Fig. 9-25. This is like knowing two force components, say, F, 
and F,, directed along the x, y axes, that produce a resultant force Fr, 
and then trying to find the force components F,, and F,,, directed along 
the x’, y’ axes, so they produce the same resultant. The transformation 
for force must only account for the force component’s magnitude and 
direction. The transformation of stress components, however, is more 
difficult since the transformation must account for the magnitude and 
direction of each stress component and the orientation of the area upon 
which each component acts. 
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Procedure for Analysis 


If the state of stress at a point is known for a given orientation of an 
element of material, Fig. 93a, then the state of stress in an element 
having some other orientation, 6, Fig. 9-35, can be determined using 
the following procedure. 


¢ To determine the normal and shear stress components oy, Ty 
acting on the +x’ face of the element, Fig. 9-3b, section the 
element in Fig. 9-3a as shown in Fig. 9-3c. If the sectioned area is 
AA, then the adjacent areas of the segment will be AA sin 6 and 
AA cos 0. 


Draw the free-body diagram of the segment, which requires 
showing the forces that act on the segment, Fig. 9-3d. This is done 
by multiplying the stress components on each face by the area 
upon which they act. 


Apply the force equations of equilibrium in the x’ and y’ 
directions. The area AA will cancel from the equations and so the 
two unknown stress components a, and T,/,, can be determined. 


If 7, acting on the +y’ face of the element in Fig. 9-3), is to be 
determined, then it is necessary to consider a segment of 
the element as shown in Fig. 9-3e and follow the same procedure 
just described. Here, however, the shear stress 7,'y does not have 
to be determined if it was previously calculated, since it is com- 
plementary, that is, it must have the same magnitude on each of 
the four faces of the element, Fig. 9-3b. 


(b) 


o,AAcosé 


TAA cos 0 


Try AA sin 6 


oy AA sin 0 
(c) (d) (e) 
Fig. 9-3 
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AA 


AA cos 30° 
(b) 


' 


BY 
25 AA sin 30° 


80 AA sin 30° 


50 AA cos 30° 
(c) 
Fig. 9-4 


STRESS TRANSFORMATION 


The state of plane stress at a point on the surface of the airplane 
fuselage is represented on the element oriented as shown in Fig. 94a. 
Represent the state of stress at the point on an element that is oriented 
30° clockwise from the position shown. 


TOOT 


SOLUTION 
The rotated element is shown in Fig. 9-4d. To obtain the stress 
component on this element we will first section the element in Fig. 94a 
by the line a—a. The bottom segment is removed, and assuming the 
sectioned (inclined) plane has an area AA, the horizontal and vertical 
planes have the areas shown in Fig. 9-4b. The free-body diagram of this 
segment is shown in Fig. 9-4c. Applying the equations of force 
equilibrium in the x’ and y’ directions to avoid a simultaneous solution 
for the two unknowns o, and Ty, we have 
+7XFy=0; o, AA — (50 AA cos 30°) cos 30° 

+ (25 AA cos 30°) sin 30° + (80 AA sin 30°) sin 30° 

+ (25 AA sin 30°) cos 30° = 0 


oy = —4.15 MPa Ans. 


TN = 0; a2, AA — 60 AA cos 30") sin 30° 
— (25 AA cos 30°) cos 30° — (80 AA sin 30°) cos 30° 
+ (25 AA sin 30°) sin 30° = 
Ty'y = 68.8 MPa Ans. 
Since a is negative, it acts in the opposite direction of that shown in 


Fig. 9-4c. The results are shown on the top of the element in Fig. 9-4d, 
since this surface is the one considered in Fig. 9-4c. 


9.1. PLANE-STRESS TRANSFORMATION 


We must now repeat the procedure to obtain the stress on the 
perpendicular plane b—b. Sectioning the element in Fig. 9-4a along 
b-b results in a segment having sides with areas shown in Fig. 9-4e. 
Orienting the +x’ axis outward, perpendicular to the sectioned face, 
the associated free-body diagram is shown in Fig. 9-4f. Thus, 


tNDFy = 0; oy AA — (25 AA cos 30°) sin 30° 
+ (80 AA cos 30°) cos 30° — (25 AA sin 30°) cos 30° 
— (50 AA sin 30°) sin 30° = 0 
Oy = —25.8 MPa Ans. 


—Tyy AA + (25 AA cos 30°) cos 30° 
+ (80 AA cos 30°) sin 30° — (25 AA sin 30°) sin 30° 
+ (50 AA sin 30°) cos 30° = 0 
Ty'y = 68.8 MPa Ans. 


Since o is a negative quantity, it acts opposite to its direction shown 
in Fig. 9-4f. The stress components are shown acting on the right side 
of the element in Fig. 9-4d. 

From this analysis we may therefore conclude that the state of stress 
at the point can be represented by choosing an element oriented as 
shown in Fig. 94a, or by choosing one oriented as shown in Fig. 9-4d. 
In other words, these states of stress are equivalent. 


50 AA sin 30° 


25 AA sin 30° 
25 AA cos 30° 


80 AA cos 30° 


a 


4.15 MPa 
68.8 MPa 


AA sin 30° 


AA cos 30 y: 


(e) 
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9.2 General Equations of Plane-Stress 
Transformation 


The method of transforming the normal and shear stress components 
from the x, y to the x’, y’ coordinate axes, as discussed in the previous 
section, can be developed in a general manner and expressed as a set of 
stress-transformation equations. 


Sign Convention. First we must establish a sign convention for 
the stress components. To do this the +x and +x’ axes are used to define 
the outward normal from a side of the element. Then ao, and o, 
are positive when they act in the positive x and x’ directions, and 7,, and 
Ty'y' are positive when they act in the positive y and y’ directions, Fig. 9-5. 
The orientation of the plane on which the normal and shear stress 
components are to be determined will be defined by the angle 6, which is 
measured from the +x axis to the +x’ axis, Fig. 9-5b. Notice that the 
unprimed and primed sets of axes in this figure both form right-handed 
coordinate systems; that is, the positive z (or z’) axis is established by the 
right-hand rule. Curling the fingers from x (or x’) toward y (or y’) gives 
the direction for the positive z (or z’) axis that points outward, along the 
thumb. The angle @ will be positive provided it follows the curl of the 
right-hand fingers, i.e., counterclockwise as shown in Fig. 9-5. 


Normal and Shear Stress Components. Using the 
established sign convention, the element in Fig. 9-6a is sectioned along 
the inclined plane and the segment shown in Fig. 9-65 is isolated. 
Assuming the sectioned area is A A, then the horizontal and vertical faces 
of the segment have an area of AA sin 6 and AA cos 8, respectively. 


Positive Sign Convention 


Fig. 9-5 


9.2 GENERAL EQUATIONS OF PLANE-STRESS TRANSFORMATION 443 


The resulting free-body diagram of the segment is shown in Fig. 9-6c. 
Applying the equations of equilibrium to determine the unknown normal 
and shear stress components oy and 7,.,,, we have 
+72ZFy =0; oy AA — (Ty, AAsin 6) cos 6 — (oc, AA sin @) sin 6 

— (Ty AA cos 6) sin 6 — (a, AA cos 6) cos 6 = 0 
Oy = 0,008? 6 + oy sin? @ + Txy(2 sin 6 cos 8) 
+NIFy = 0; tTyy AA + (7, AA sin 6) sin @ — (o, AA sin @) cos 6 
— (tTyy AA cos @) cos 6 + (a, AA cos 6) sin 6 = 0 
Try = (oy — o,) sin @cos 6 + Txy(COS” 0 — sin? 0) 
These two equations may be simplified by using the trigonometric 


identities sin 20 = 2 sin @ cos @, sin? 9 = (1 — cos 20)/2, and cos*@ = 
(1 + cos 20)/2, in which case, 


Gee ar Oy Ox — Oy 
Oy = 5 + 5 £08 20 + Ty sin 20 (9-1) 
as is 
Try = aoe sin 20 + Ty, cos 260 (9-2) 


If the normal stress acting in the y’ direction is needed, it can be 
obtained by simply substituting (6 = 6 + 90°) for 6 into Eq. 9-1, 
Fig. 9-6d. This yields 


oO, + Oy Cy = 


oy : 
5 7 008 20 — T,y sin 20 (9-3) 


oy = 


If a, is calculated as a positive quantity, it indicates that it acts in the 
positive y’ direction as shown in Fig. 9-6d. 


Procedure for Analysis 


To apply the stress transformation Eqs. 9-1 and 9-2, it is simply 
necessary to substitute in the known data for o,, o,, T,,, and 6 in 
accordance with the established sign convention, Fig. 9-5. If a, and 
T,'y are calculated as positive quantities, then these stresses act in 
the positive direction of the x’ and y’ axes. 


For convenience, these equations can easily be programmed on a 
pocket calculator. 


(d) Fig. 9-6 
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EXAMPLE | 9.2 


25.8 MPa 


The state of plane stress at a point is represented by the element shown 
in Fig. 9-7a. Determine the state of stress at the point on another 
element oriented 30° clockwise from the position shown. 


SOLUTION 

This problem was solved in Example 9.1 using basic principles. Here 
we will apply Eqs. 9-1 and 9-2. From the established sign convention, 
Fig. 9-5, it is seen that 


o,=-80MPa  o,=50MPa ty = —25 MPa 


Plane CD. To obtain the stress components on plane CD, Fig. 9-75, 

the positive x’ axis is directed outward, perpendicular to CD, and the 

associated y’ axis is directed along CD. The angle measured from the x 

to the x’ axis is 9 = —30° (clockwise). Applying Eqs. 9-1 and 9-2 yields 
O,+tdy OO, 


o 
Oy = 5 oP 5 * cos 20 + Txy sin 20 


=30) +50) —380)— 50 
5 ate 


—25.8 MPa Ans. 
Ca One 
sin 20 + 7,, cos 20 


cos 2(—30°) + (—25) sin 2(—30°) 


jae 30 (= 25) cos 21307) 


= —68.8 MPa Ans. 


The negative signs indicate that 7, and 7, act in the negative x’ and 
y’ directions, respectively. The results are shown acting on the element 
in Fig. 9—7d. 

Plane BC. Ina similar manner, the stress components acting on face 
BC, Fig. 9-7c, are obtained using 8 = 60°. Applying Eqs. 9-1 and 9-2,* 
we get 


—80 + 50 % —80 — 50 

2 2) 
= —4.15 MPa Ans. 
Dee 


cos 2(60°) + (—25) sin 2(60°) 


Oy 
sin 2(60°) + (—25) cos 2(60°) 


68.8 MPa Ans. 


Here 7, has been calculated twice in order to provide a check. The 
negative sign for 7, indicates that this stress acts in the negative x’ 
direction, Fig. 9-7c. The results are shown on the element in Fig. 9-7d. 


*Alternatively, we could apply Eq. 9-3 with @ = —30° rather than Eq. 9-1. 
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9.3 Principal Stresses and Maximum 
In-Plane Shear Stress 


From Eggs. 9-1 and 9-2, it can be seen that the magnitudes of a, and Ty 
depend on the angle of inclination 6 of the planes on which these stresses 
act. In engineering practice it is often important to determine the 
orientation of the element that causes the normal stress to be a maximum 
and a minimum and the orientation that causes the shear stress to be a 
maximum. In this section each of these problems will be considered. 


In-Plane Principal Stresses. To determine the maximum and 
minimum normal stress, we must differentiate Eq. 9-1 with respect to 6 
and set the result equal to zero. This gives 


do. CO, ~ o 


Tia : ~(2 sin 20) + 27, cos 20 = 0 


Solving this equation we obtain the orientation 6 = 0, of the planes of 
maximum and minimum normal stress. 


Txy 


(ox ~ ay)/2 a 


tan 20, = 


The solution has two roots, @,,, and 0,,. Specifically, the values of 26,, 
and 26, are 180° apart, so @,, and 6,,, will be 90° apart. 

The values of 6,, and @,, must be substituted into Eq. 9-1 if we are to 
obtain the required normal stresses. To do this we can obtain the 
necessary sine and cosine of 26,, and 26,, from the shaded triangles 
shown in Fig. 9-8. The construction of these triangles is based on Eq. 9-4, 
assuming that 7,, and (a7, — a,) are both positive or both negative 
quantities. 
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The cracks in this concrete beam were caused 
by tension stress, even though the beam was 
subjected to both an internal moment and 
shear. The stress-transformation equations 
can be used to predict the direction of the 
cracks, and the principal normal stresses that 
caused them. 


Substituting these trigonometric values into Eq. 9-1 and simplifying, we 
obtain 


Ox, + Oy Oy — Oy 2 
O12 = 7 as Ge ar ase (9-5) 


Depending upon the sign chosen, this result gives the maximum or 
minimum in-plane normal stress acting at a point, where 0, = o>. This 
particular set of values are called the in-plane principal stresses, and the 
corresponding planes on which they act are called the principal planes 
of stress, Fig. 9-9. Furthermore, if the trigonometric relations for 6,, or 
6,, are substituted into Eq. 9-2, it can be seen that 7, = 0; in other 
words, no shear stress acts on the principal planes. 


y 


In-plane principal stresses 


Fig. 9-9 
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Maximum In-Plane Shear Stress. The orientation of an element 
that is subjected to maximum shear stress on its sides can be determined 
by taking the derivative of Eq. 9-2 with respect to 6 and setting the result 
equal to zero. This gives 


tan 20, = as ane (9-6) 


Txy 


The two roots of this equation, 6,, and @,,, can be determined from the 
shaded triangles shown in Fig. 9-10. By comparison with Eq. 9-4, tan 26, 
is the negative reciprocal of tan 26, and so each root 20, is 90° from 26,, Fig. 9-10 
and the roots 6, and 6, are 45° apart. Therefore, an element subjected to 
maximum shear stress will be 45° from the position of an element that 
is subjected to the principal stress. 

Using either one of the roots @,, or 6,,, the maximum shear stress can 
be found by taking the trigonometric values of sin 20, and cos 26, from 
Fig. 9-10 and substituting them into Eq. 9-2. The result is 


a= ay, : 
Mees Veer) a Tay (9-7) 


The value of rm. as calculated from this equation is referred to as the 
maximum in-plane shear stress because it acts on the element in the x-y 
plane. 

Substituting the values for sin 26, and cos 26, into Eq. 9-1, we see that 
there is also an average normal stress on the planes of maximum in-plane 
shear stress. We get 


Ox, + Oy 
Bg = — (9-8) 


Like the stress-transformation equations, it may be convenient to 
program Eqs. 9-4 through 9-8 for use on a pocket calculator. 


Important Points 


The principal stresses represent the maximum and minimum 
normal stress at the point. 


When the state of stress is represented by the principal stresses, 
no shear stress will act on the element. 


The state of stress at the point can also be represented in terms of 
the maximum in-plane shear stress. In this case an average normal 
stress will also act on the element. 

The element representing the maximum in-plane shear stress 
with the associated average normal stresses is oriented 45° from 
the element representing the principal stresses. 
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EXAMPLE | 9.3 


a 


Notice how the failure plane is at 


an angle (23.7°) due to tearing of the 
material, Fig. 9-11c. 


90 MPa 


o2 = 46.4 MPa 


Fig. 9-11 


The state of plane stress at a failure point on the shaft is shown on 
the element in Fig. 9-11a. Represent this stress state in terms of the 
principal stresses. 


SOLUTION 
From the established sign convention, we have 


o,=—-20MPa o,=90MPa —_T,y = 60 MPa 


Orientation of Element. Applying Eq. 9-4, 
Txy 60 
(a, a)\/2) (= 20 B02 
Solving, and referring to this root as 6,,, as will be shown below, yields 


20,, = —47.49° 0, = —23.7° 


tan 265 = 


Since the difference between 26,, and 26,, is 180°, we have 
20, = 180° + 26,, = 132,51° @,, = 66.3° 


Recall that 6 is measured positive counterclockwise from the x axis to 
the outward normal (x’ axis) on the face of the element, and so the 
results are shown in Fig. 9-11b. 


Principal Stress. We have 


oO, + Oy 
912 — So 


= aE es = 2 
ae Zell za a) + (60) 


= 35.0 + 81.4 
oa, = 116 MPa Ans. 


a, = —46.4 MPa Ans. 


The principal plane on which each normal stress acts can be 
determined by applying Eq. 9-1 with, say, 6 = 0,, = —23.7°. We have 


Ox + Oy On. = 
+ 
2 2 
NN) Se —20 — 90 
= s ad + 5 cos 2( = 23.72) + 60)sin 2(5 23-7 >) 
= —46.4 MPa 


Hence, 0, = —46.4 MPa acts on the plane defined by 0,, = —23.7°, 
whereas a; = 116 MPa acts on the plane defined by @,, = 66.3°. The 
results are shown on the element in Fig. 9-11c. Recall that no shear 
stress acts on this element. 


y é 
Oy = cos 29 + 7,, sin 26 
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EXAMPLE | 9.4 


The state of plane stress at a point on a body is represented on the 
element shown in Fig. 9-12a. Represent this stress state in terms of the 
maximum in-plane shear stress and associated average normal stress. 


SOLUTION 


Orientation of Element. Since o, = —20 MPa, oa, = 90 MPa, 
and T,, = 60 MPa, applying Eq. 9-6, we have 


(ao, —0;)/2 —(—20 = 90)/2 
tan 20, = : = ( y 
Txy 60 


26 = 40,58 awe: 
20,, = 180° + 26, 4, = 111.3° 


Note that these angles shown in Fig. 9-12b are 45° away from the 
principal planes of stress, which were determined in Example 9.3. 


Maximum In-Plane Shear Stress. Applying Eq. 9-7, 


2 
Ox — Dy —20 — 90\? 
Tee a mi( 2 ae Tan = V( ) ) ar (60)? 


= + 81.4 MPa Ans. 


The proper direction of Tm. on the element can be determined 


by substituting 6 = 6,, = 21. 3° into Eq. 9-2. We have 
Ox, — Oy 
ED oa or oa sin 20 + Txy cos 20 


=20 — 90 
(= =*) sin 2(21.3°) + 60 cos 2(21.3°) 
= 81.4MPa 


This positive result indicates that Tt Ge acts in the positive y' 
direction on this face (0 = 21.3°) Fig. 9-12b. The shear stresses on 
the other three faces are directed as shown in Fig. 9-12c. 


Average Normal Stress. Besides the maximum shear stress, as 
calculated above, the element is also subjected to an average normal 
stress determined from Eq. 9-8; that is, 

Oxt+ Oy —20+ 90 


Cae = 5) = 5) = 35 MPa Ans. 


This is a tensile stress. The results are shown in Fig. 9-12c. 


81.4 MPa 
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EXAMPLE | 9.5 


When the torsional loading T is applied to the bar in Fig. 9-13a, it 
produces a state of pure shear stress in the material. Determine (a) the 
maximum in-plane shear stress and the associated average normal 
stress, and (b) the principal stress. 


SOLUTION 
From the established sign convention, 


og, =0 a, — 0 i= 


Maximum In-Plane Shear Stress. Applying Eqs. 9-7 and 9-8, 
we have 


T 2 ae ee (0)? + (-1)? = +7 Ans. 
ielane 2 xy i 


Ox,t+ Oy 0+0 
ae oe 


0 Ans. 


Thus, as expected, the maximum in-plane shear stress is represented 
by the element in Fig. 9-13a. 

NOTE: Through experiment it has been found that materials that 
are ductile will fail due to shear stress. As a result, if the bar in Fig. 
9-13a is made of mild steel, the maximum in-plane shear stress will 
cause it to fail as shown in the adjacent photo. 


Principal Stress. Applying Eqs. 9-4 and 9-5 yields 


my __§_T__ 9 = 45°,9,, = —45° 
(0, — oy)/2  (0—0)/2° ” —e 


(Or, ot OF Oy = OnNZ 
o1.=—>— (2 2) 4 ry? =04 VOPH A = br Ans. 


2 2 


tan 26, = 


Fig. 9-13 
If we now apply Eq. 9-1 with 6,, = 45°, then 
Ona; Oi — 
_ 
2 2 
= 0-0 (S7)'sim 90° — 7, 


Oy , 
cos 26 + T,, sin 260 


Oy = 


Thus, 02 = —7 acts at 6,, = 45° as shown in Fig. 9-13b, and o, = 7 acts 
on the other face, #,, = —45°. 

NOTE: Materials that are brittle fail due to normal stress. Therefore, 
if the bar in Fig. 9-13a is made of cast iron it will fail in tension at a 45° 
inclination as seen in the adjacent photo. 
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EXAMPLE | 9.6 


When the axial loading P is applied to the bar in Fig. 9-14a, it 
produces a tensile stress in the material. Determine (a) the principal 
stress and (b) the maximum in-plane shear stress and associated 
average normal stress. 


SOLUTION 
From the established sign convention, 


O, =O a — 0 Ty 00 


Principal Stress. By observation, the element oriented as shown in 
Fig. 9-14a illustrates a condition of principal stress since no shear 
stress acts on this element. This can also be shown by direct 
substitution of the above values into Eqs. 9-4 and 9-5. Thus, 


0, =a o. = 0 Ans. 


NOTE: Experiments have shown that brittle materials will fail due to 
normal stress. Thus if the bar in Fig. 9-14a is made of cast iron, it will 
cause failure as shown in the adjacent photo. 


Maximum In-Plane Shear Stress. Applying Eqs. 9-6, 9-7, and 9-8, 
we have 


—(o, - oy)/2 a =(o, = 0/2 


Geay 0 aoe 


tan 26, ; 6, = 45°50, = =43- 


CO 
Tin-plane — Al 


Cae ae Or 2 = (2 
Goin = \( 9) ‘) +7, = ve 9) ) + (0)? = 


O, + dy ao +0 o 
a, 


To determine the proper orientation of the element, apply Eq. 9-2. 


oe 0 
5 sin 20 + ry 60820 = — sin 90° +0 = —— 


This negative shear stress acts on the x’ face, in the negative y’ 
direction as shown in Fig. 9-145. 


NOTE: If the bar in Fig. 9-14a is made of a ductile material such as 
mild steel then shear stress will cause it to fail. This can be noted in the 
adjacent photo, where within the region of necking, shear stress has 
caused “slipping” along the steel’s crystalline boundaries, resulting in 
a plane of failure that has formed a cone around the bar oriented at 
approximately 45° as calculated above. 
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fe) FUNDAMENTAL PROBLEMS 


F9-1. Determine the normal stress and shear stress acting 
on the inclined plane AB. Sketch the result on the sectioned 
element. 


B 500 kPa 
|_—_——_»> 


F9-1 


F9-2. Determine the equivalent state of stress on an 
element at the same point oriented 45° clockwise with 
respect to the element shown. 


400 kPa 


r—— 300 kPa 


F9-2 


F9-3. Determine the equivalent state of stress on an 
element at the same point that represents the principal 
stresses at the point. Also, find the corresponding 


orientation of the element with respect to the element 
shown. 


F9-4,. Determine the equivalent state of stress on an 
element at the same point that represents the maximum 
in-plane shear stress at the point. 


700 kPa 


F9-4 


F9-5. The beam is subjected to the load at its end. 
Determine the maximum principal stress at point B. 


2kN F9-5 


F9-6. The beam is subjected to the loading shown. 
Determine the principal stress at point C. 


75 mm | 


75 mm | 


8kN/m 
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i PROBLEMS 


9-1. Prove that the sum of the normal stresses 
o, + oy = oy + oy is constant. See Figs. 9-2a and 9-2b. 


9-2. The state of stress at a point in a member is shown on 
the element. Determine the stress components acting on 
the inclined plane AB. Solve the problem using the method 
of equilibrium described in Sec. 9.1. 


Prob. 9-2 


9-3. The state of stress at a point in a member is shown on 
the element. Determine the stress components acting on 
the inclined plane AB. Solve the problem using the method 
of equilibrium described in Sec. 9.1. 


500 psi 


Prob. 9-3 


*9-4, The state of stress at a point in a member is shown 
on the element. Determine the stress components acting on 
the inclined plane AB. Solve the problem using the method 
of equilibrium described in Sec. 9.1. 


°9-5. Solve Prob. 9-4 using the stress-transformation 
equations developed in Sec. 9.2. 


A 400 psi 


<——— 650 psi 


B 


Probs. 9-4/5 


9-6. The state of stress at a point in a member is shown on 
the element. Determine the stress components acting on 
the inclined plane AB. Solve the problem using the method 
of equilibrium described in Sec. 9.1. 


9-7. Solve Prob. 9-6 using the stress-transformation 


equations developed in Sec. 9.2. Show the result on a 


sketch. 


90 MPa 


35 MPa 


ale 


50 MPa 


Probs. 9-6/7 
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*9-8, Determine the normal stress and shear stress acting 
on the inclined plane AB. Solve the problem using the 
method of equilibrium described in Sec. 9.1. 


e9-9, Determine the normal stress and shear stress acting 
on the inclined plane AB. Solve the problem using the stress 


transformation equations. Show the result on the sectioned 
element. 


Probs. 9-8/9 


9-10. The state of stress at a point in a member is shown 
on the element. Determine the stress components acting on 
the inclined plane AB. Solve the problem using the method 
of equilibrium described in Sec. 9.1. 


9-11. Solve Prob. 9-10 using the stress-transformation 
equations developed in Sec. 9.2. Show the result on a sketch. 


2 ksi 


3 ksi 


Probs. 9-10/11 


*9-12. Determine the equivalent state of stress on an 
element if it is oriented 50° counterclockwise from the 
element shown. Use the stress-transformation equations. 


10 ksi 


————> 16ksi 


Prob. 9-12 


e9-13. Determine the equivalent state of stress on an 
element if the element is oriented 60° clockwise from the 
element shown. Show the result on a sketch. 


350 psi 


75 psi 


200 psi 


Prob. 9-13 


9-14. The state of stress at a point is shown on the element. 
Determine (a) the principal stress and (b) the maximum 
in-plane shear stress and average normal stress at the point. 
Specify the orientation of the element in each case. Show 
the results on each element. 


—— 
iat - 


—— 12 ksi 


Prob. 9-14 


9-15. The state of stress at a point is shown on the element. 
Determine (a) the principal stress and (b) the maximum 
in-plane shear stress and average normal stress at the point. 
Specify the orientation of the element in each case. Show 
the results on each element. 


80 MPa 


50 MPa 


60 MPa 


— 


Prob. 9-15 
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*9-16. The state of stress at a point is shown on the 
element. Determine (a) the principal stress and (b) the 
maximum in-plane shear stress and average normal stress at 
the point. Specify the orientation of the element in each case. 
Sketch the results on each element. 


60 MPa 


| 30 MPa 


45 MPa 


Prob. 9-16 


°9-17. Determine the equivalent state of stress on an 
element at the same point which represents (a) the principal 
stress, and (b) the maximum in-plane shear stress and the 
associated average normal stress. Also, for each case, 
determine the corresponding orientation of the element 
with respect to the element shown. Sketch the results on 
each element. 


75 MPa 


125 MPa 


Prob. 9-17 


9-18. A point on a thin plate is subjected to the two 
successive states of stress shown. Determine the resultant 
state of stress represented on the element oriented as 
shown on the right. 


200 MPa —— 
sf 
a. 


350 MPa 


o 


y 
Txy 


Prob. 9-18 


9-19, The state of stress at a point is shown on the element. 
Determine (a) the principal stress and (b) the maximum 
in-plane shear stress and average normal stress at the point. 
Specify the orientation of the element in each case. Sketch 
the results on each element. 


160 MPa 


120 MPa 


Prob. 9-19 


*9-20. The stress acting on two planes at a point is 
indicated. Determine the normal stress a; and the principal 
stresses at the point. 


Prob. 9-20 


e9-21. The stress acting on two planes at a point is 
indicated. Determine the shear stress on plane a—a and the 
principal stresses at the point. 


Prob. 9-21 
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The following problems involve material covered in 
Chapter 8. 


9-22. The T-beam is subjected to the distributed loading 
that is applied along its centerline. Determine the principal 
stress at point A and show the results on an element located 
at this point. 


100 kN/m 


— J 20 mm 
Al} 200 mm 
75 mn | { 


feb 


20 mm 


Prob. 9-22 


e9-23. The wood beam is subjected to a load of 12 kN. Ifa 
grain of wood in the beam at point A makes an angle of 25° 
with the horizontal as shown, determine the normal and 
shear stress that act perpendicular and parallel to the grain 
due to the loading. 


*9-24, The wood beam is subjected to a load of 12 KN. 
Determine the principal stress at point A and specify the 
orientation of the element. 


Probs. 9-23/24 


e9-25. The bent rod has a diameter of 20 mm and is 
subjected to the force of 400 N. Determine the principal 
stress and the maximum in-plane shear stress that is 
developed at point A. Show the results on a properly 
oriented element located at this point. 


+100 mm--<— 150 mm— 


A 


Prob. 9-25 


9-26. The bracket is subjected to the force of 3 kip. 
Determine the principal stress and maximum in-plane shear 
stress at point A on the cross section at section a—a. Specify 
the orientation of this state of stress and show the results on 
elements. 


9-27. The bracket is subjected to the force of 3 kip. 
Determine the principal stress and maximum in-plane shear 
stress at point B on the cross section at section a—a. Specify 
the orientation of this state of stress and show the results on 
elements. 


a 


Section a—a 


Probs. 9-26/27 
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*9-28. The wide-flange beam is subjected to the loading 
shown. Determine the principal stress in the beam at point 
A and at point B. These points are located at the top and 
bottom of the web, respectively. Although it is not very 
accurate, use the shear formula to determine the shear 
stress. 


| 25 kN 


Prob. 9-28 


°9-29. The wide-flange beam is subjected to the loading 
shown. Determine the principal stress in the beam at 
point A, which is located at the top of the web. Although 
it is not very accurate, use the shear formula to determine 
the shear stress. Show the result on an element located at 
this point. 


30 kN 120 kN/m 
Al > 
. 0.3m {is 
= 20 mm 
anes a mm 
aa 20 mm 
fom: mm 
Prob. 9-29 


9-30. The cantilevered rectangular bar is subjected to the 
force of 5 kip. Determine the principal stress at points A 
and B. 


Prob. 9-30 


9-31. Determine the principal stress at point A on the 
cross section of the arm at section a-a. Specify the 
orientation of this state of stress and indicate the results on 
an element at the point. 


*9-32. Determine the maximum in-plane shear stress 
developed at point A on the cross section of the arm at 
section a—a. Specify the orientation of this state of stress and 
indicate the results on an element at the point. 


=e 7.5mm 
20 mm 


Section a—a 


Probs. 9-31/32 
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e9-33. The clamp bears down on the smooth surface at E 
by tightening the bolt. If the tensile force in the bolt is 40 kN, 
determine the principal stress at points A and B and show 
the results on elements located at each of these points. The 
cross-sectional area at A and B is shown in the adjacent 
figure. 


Prob. 9-33 


9-34. Determine the principal stress and the maximum 
in-plane shear stress that are developed at point A in the 
2-in.-diameter shaft. Show the results on an element 
located at this point. The bearings only support vertical 
reactions. 


300 Ib 
3000 Ib A =a 3000 Ib 
cal Ste_ 
-_ in. +-12 in.—+12 in a 


Prob. 9-34 


9-35. The square steel plate has a thickness of 10 mm and 
is subjected to the edge loading shown. Determine the 
maximum in-plane shear stress and the average normal 
stress developed in the steel. 


50 N/m 


eaee 


200 mm 50 N/m 


ITT TT] 


x 200 mm >| 


Prob. 9-35 


*9-36. The square steel plate has a thickness of 0.5 in. and 
is subjected to the edge loading shown. Determine the 
principal stresses developed in the steel. 


716 Ib/in. 


16 Ib/in. 


t 
t 
t 
t 
t 
t 
t 


i 4 in. 


cna acta 


Prob. 9-36 


e9-37. The shaft has a diameter d and is subjected to the 
loadings shown. Determine the principal stress and the 
maximum in-plane shear stress that is developed at point A. 
The bearings only support vertical reactions. 


| 
+ — 


L L 
2 2 


= 


Prob. 9-37 


9.3. PRINCIPAL STRESSES AND MAXIMUM IN-PLANE SHEAR STRESS 


9-38. A paper tube is formed by rolling a paper strip in 
a spiral and then gluing the edges together as shown. 
Determine the shear stress acting along the seam, which is 
at 30° from the vertical, when the tube is subjected to an 
axial force of 10 N. The paper is 1 mm thick and the tube has 
an outer diameter of 30 mm. 


9-39. Solve Prob. 9-38 for the normal stress acting 
perpendicular to the seam. 


10N 10N 


30 mm 


Probs. 9-38/39 


*9-40. Determine the principal stresses acting at point A 
of the supporting frame. Show the results on a properly 
oriented element located at this point. 


°9-41. Determine the principal stress acting at point B, 
which is located just on the web, below the horizontal 
segment on the cross section. Show the results on a properly 
oriented element located at this point. Although it is not 
very accurate, use the shear formula to calculate the shear 
stress. 


A 6kN 


Probs. 9-40/41 
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9-42. The drill pipe has an outer diameter of 3 in., a wall 
thickness of 0.25 in., and a weight of 50 1b/ft. If it is 
subjected to a torque and axial load as shown, determine 
(a) the principal stress and (b) the maximum in-plane shear 
stress at a point on its surface at section a. 


1500 Ib 


800 lb-ft 


Prob. 9-42 


9-43. Determine the principal stress in the beam at 
point A. 


eee 


Prob. 9-43 
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*9-44, Determine the principal stress at point A which is 
located at the bottom of the web. Show the results on an 
element located at this point. 


150 kN/m 
}- 0.6 m +. 0.3m 
EZ 10mm 
10 mm A i [ att 
mm 
— 
150 mm Prob. 9-44 


e9-45. Determine the maximum in-plane shear stress in 
the box beam at point A. Show the results on an element 
located at this point. 

9-46. Determine the principal stress in the box beam at 
point B. Show the results on an element located at this point. 


10 kip 


—.. Lisn-tt 


0.5 ft 


: 3 in. 
4 in.| B £ ed 
6 in. Probs. 9-45/46 
9-47, The solid shaft is subjected to a torque, bending 
moment, and shear force as shown. Determine the principal 
stresses acting at point A. 


*9-48, Solve Prob. 9-47 for point B. 


800 N Probs. 9-47/48 


e9-49, The internal loadings at a section of the beam are 
shown. Determine the principal stress at point A. Also 
compute the maximum in-plane shear stress at this point. 


Y 200 mm ( 


ie." 
Ks Nem ap 500 KN 
30 KN: my - 


z 


800 kN 


Prob. 9-49 


9-50. The internal loadings at a section of the beam 
consist of an axial force of 500 N, a shear force of 800 N, 
and two moment components of 30N-m and 40N-m. 
Determine the principal stress at point A. Also calculate the 
maximum in-plane shear stress at this point. 


500 N 


Prob. 9-50 
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9.4 Mohr’s Circle—Plane Stress 


In this section, we will show how to apply the equations for plane stress 

transformation using a graphical solution that is often convenient to 

use and easy to remember. Furthermore, this approach will allow us to 

“visualize” how the normal and shear stress components o, and 7, vary 

as the plane on which they act is oriented in different directions, Fig. 9-15a. 
If we write Eqs. 9-1 and 9-2 in the form 


Oy Oy Ox — Oy . 
Oy 5 = 5 cos 26 + T,, sin 20 (9-9) 


0, — Oo 
‘y= (2 **) sin 20 + Ty, cos 26 (9-10) 


then the parameter 6 can be eliminated by squaring each equation and 
adding the equations together. The result is 


a, + oy\ |? a, — ay \2 
2 he 2 
lo. = (5), a Tx'y" = a - Txy 


For a specific problem, o,, 0), Txy are Known constants. Thus the above 
equation can be written in a more compact form as 


(oy = Cm + Ty) = R (9-11) 
h 
where Os ag oy 
Pave = a 


Ox — Oy 2 
BoA Ty (9-12) 


If we establish coordinate axes, o positive to the right and 7 positive 
downward, and then plot Eq. 9-11, it will be seen that this equation 
represents a circle having a radius R and center on the o axis at point 
C(Gavg, 0), Fig. 9-155. This circle is called Mohr's circle, because it was 
developed by the German engineer Otto Mohr. 


(b) 
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(b) 


Each point on Mohr’s circle represents the two stress components a, 
and 7’, acting on the side of the element defined by the x’ axis, when 
the axis is in a specific direction 6. For example, when x’ is coincident 
with the x axis as shown in Fig. 9-l6a, then 6 = 0° and oy, = o,, 
Ty'y' = Tyy. We will refer to this as the “reference point” A and plot its 
coordinates A(o,,7,,), Fig. 9-16c. 

Now consider rotating the x’ axis 90° counterclockwise, Fig. 9-16b. 
Then oy = Oy, Tyy = —Tyy. These values are the coordinates of point 
G(oy, —Txy) on the circle, Fig. 9-16c. Hence, the radial line CG is 180° 
counterclockwise from the “reference line’ CA. In other words, a 
rotation 6 of the x’ axis on the element will correspond to a rotation 
20 on the circle in the same direction.* 

Once constructed, Mohr’s circle can be used to determine the 
principal stresses, the maximum in-plane shear stress and associated 
average normal stress, or the stress on any arbitrary plane. 


Fig. 9-16 


*If instead the 7 axis were established positive upwards, then the angle 26 on the circle 
would be measured in the opposite direction to the orientation 0 of the plane. 
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Procedure for Analysis 


The following steps are required to draw and use Mohr’s circle. 
Construction of the Circle. 


e Establish a coordinate system such that the horizontal axis 
represents the normal stress o, with positive to the right, and the 
vertical axis represents the shear stress 7, with positive 
downwards, Fig. 9-17a.* 


Using the positive sign convention for 0, 7), Txy, aS shown in 
Fig. 9-17b, plot the center of the circle C, which is located on the « 
axis at a distance Oy, = (@, + oy)/2 from the origin, Fig. 9-17a. 


Plot the “reference point” A having coordinates A(o,, 7,,). This 
point represents the normal and shear stress components on the 
element’s right-hand vertical face, and since the x’ axis coincides 
with the x axis, this represents 6 = 0°, Fig. 9-17a. 


Connect point A with the center C of the circle and determine 
CA by trigonometry. This distance represents the radius R of the 
circle, Fig. 9-17a. 


© Once R has been determined, sketch the circle. 
Principal Stress. 


e The principal stresses 0, and 0, (a, = o>) are the coordinates of 
points B and D where the circle intersects the o axis, i.e., where 
7 = 0, Fig. 9-17a. 
These stresses act on planes defined by angles 6,, and @,,, 
Fig. 9-17c. They are represented on the circle by angles 26, 
(shown) and 26,, (not shown) and are measured from the radial 
reference line CA fo lines CB and CD, respectively. 


Using trigonometry, only one of these angles needs to be calculated 
from the circle, since 6,, and 6, are 90° apart. Remember that the 
direction of rotation 26, on the circle (here it happens to be 
counterclockwise) represents the same direction of rotation 6, from 
the reference axis (+x) to the principal plane (+x’), Fig. 9-17c.* 


Maximum In-Plane Shear Stress. 


e The average normal stress and maximum in-plane shear stress 
components are determined from the circle as the coordinates of 
either point E or F, Fig. 9-17a. 


In this case the angles 6,, and 0,, give the orientation of the planes 
that contain these components, Fig. 9-17d. The angle 26,, is shown 
in Fig. 9-17a and can be determined using trigonometry. Here the 
rotation happens to be clockwise, from CA to CE, and so 6,, must 
be clockwise on the element, Fig. 9-17d.* 
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Procedure for Analysis (continued) 


Stresses on Arbitrary Plane. 


e The normal and shear stress components o, and 7, acting on a 
specified plane or x’ axis, defined by the angle 6, Fig. 9-17e, can 
be obtained from the circle using trigonometry to determine the 
coordinates of point P, Fig. 9-17a. 


To locate P, the known angle @ (in this case counterclockwise), 
Fig. 9-17e, must be measured on the circle in the same direction 20 
(counterclockwise), from the radial reference line CA to the 
radial line CP, Fig. 9-17a.* 


*If the 7 axis were constructed positive upwards, then the angle 26 on the circle 
would be measured in the opposite direction to the orientation 6 of the x’ axis. 


(t ty" ) max 
in-plane 


(c) (d) (e) 


Fig. 9-17 
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EXAMPLE | 9.7 


Due to the applied loading, the element at point A on the solid shaft in 
Fig. 9-18a is subjected to the state of stress shown. Determine the principal 
stresses acting at this point. 

M 
SOLUTION << 


Construction of the Circle. From Fig. 9-182, E 


o, = —12ksi a, — 0 Tey a ORS 


The center of the circle is at 


ioe O 
a = 


The reference point A(—12, —6) and the center C(—6, 0) are plotted in 
Fig. 9-18b. The circle is constructed having a radius of 


R= V(12 — 6)? + (6) = 8.49 ksi 


Principal Stress. The principal stresses are indicated by the 
coordinates of points B and D. We have, for 0, > 9, 


a, = 8.49 — 6 = 2.49 ksi Ans. 
a2, = —6 — 8.49 = —-145 ksi Ans. 


The orientation of the element can be determined by calculating the 
angle 26,, in Fig. 9-18b, which here is measured counterclockwise from 
CA to CD. It defines the direction 6,, of 7 and its associated principal , 
plane. We have 


The element is oriented such that the x’ axis or a> is directed 22.5° 
counterclockwise from the horizontal (x axis) as shown in Fig. 9-18c. 


2.49 ksi 
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EXAMPLE |9.8 


The state of plane stress at a point is shown on the element in Fig. 9-19a. 
Determine the maximum in-plane shear stress at this point. 


SOLUTION 
Construction of the Circle. From the problem data, 


o,=—-20MPa  o,=90MPa 7, = 60 MPa 


The o, 7 axes are established in Fig.9-19b. The center of the circle C is 
located on the o axis, at the point 


~20 + 90 
ti wi 


ao (MPa) 
Point C and the reference point A(—20, 60) are plotted. Applying 
the Pythagorean theorem to the shaded triangle to determine the 
circle’s radius CA, we have 


R = V‘(60)? + (55)? = 81.4 MPa 


Maximum In-Plane Shear Stress. The maximum in-plane shear 
stress and the average normal stress are identified by point E (or F) 
on the circle. The coordinates of point E(35, 81.4) give 


Tne = 81.4MPa Ans. 
Oye — 2) MIVA Ans. 


The angle 6,,, measured counterclockwise from CA to CE, can be 
found from the circle, identified as 20,,. We have 


35 
2 tao |) — 
Ge, an ( 60 ) 5 


6, = 21.3° Ans. 


1 


This counterclockwise angle defines the direction of the x’ axis, 
Fig. 9-19c. Since point E has positive coordinates, then the average 
normal stress and the maximum in-plane shear stress both act in the 
positive x' and y’ directions as shown. 
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EXAMPLE |9.9 


The state of plane stress at a point is shown on the element in 12 ksi 
Fig. 9-20a. Represent this state of stress on an element oriented 30° 
counterclockwise from the position shown. 


SOLUTION 
Construction of the Circle. From the problem data, 


o, = —8ksi Gy = 12 ksi Ty = TO KSI 


The o and 7 axes are established in Fig. 9-20b. The center of the circle 
Cis on the o axis at 


Sy ae 1 : 
Ce = ae 2 ksi 


The reference point for @ = 0° has coordinates A(—8, —6). 
Hence from the shaded triangle the radius CA is 


R= / (10)? 6)" = 11,66 


Stresses on 30° Element. Since the element is to be rotated 
30° counterclockwise, we must construct a radial line CP, 
2(30°) = 60° counterclockwise, measured from CA(@ = 0°), 
Fig. 9-20b. The coordinates of point P(o,’, T,'y,) must now be 
obtained. From the geometry of the circle, 


6 
g = tan"'5) = 30.96° ys = 60° — 30.96° = 29.04° 


oy = 2 — 11.66 cos 29.04° = —8.20 ksi Ans. 


Tx'y = 11.66 sin 29.04° = 5.66 ksi Ans. 
5.66 ksi 
These two stress components act on face BD of the element shown ) 8.20 ksi_~ * 
in Fig. 9-20c since the x’ axis for this face is oriented 30° 30° 
counterclockwise from the x axis. : 
The stress components acting on the adjacent face DE of the 
element, which is 60° clockwise from the positive x axis, Fig. 9-20c, are 
represented by the coordinates of point Q on the circle. This point 
lies on the radial line CQ, which is 180° from CP. The coordinates of 


(60 
point Q are 12.2 ay 
= 2 + 11.66 cos 29.04° = 12.2 ksi Ans. 


—(11.66 sin 29.04) = —5.66 ksi (check) Ans. 


NOTE: Here 7,,, acts in the —y’ direction. 
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hea FUNDAMENTAL PROBLEMS 


F9-7. Determine the normal stress and shear stress acting 
on the inclined plane AB. Sketch the result on the sectioned 
element. 


F9-7 


F9-8. Determine the equivalent state of stress on an 
element at the same point that represents the principal 
stresses at the point. Also, find the corresponding 
orientation of the element with respect to the element 
shown. Sketch the results on the element. 


F9-8 
F9-9. The hollow circular shaft is subjected to the torque 


of 4 kN-m. Determine the principal stress developed at a 
point on the surface of the shaft. 


4kN-m 


= 
a~ 


40 mm 


F9-9 


F9-10. Determine the principal stress developed at point A 
on the cross section of the beam at section a-a. 


Section a-a 


F9-10 


F9-11. Determine the maximum in-plane shear stress 
developed at point A on the cross section of the beam at 
section a—a, which is located just to the left of the 60-kN 
force. Point A is just below the flange. 


+—h 


lag 00 mm 


10 mm 


4 


10mm 180 mm 


10 mm 
Section a-a 


F9-11 


i PROBLEMS 
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9-51. Solve Prob. 9-4 using Mohr’s circle. 
*9-52. Solve Prob. 9-6 using Mohr’s circle. 
°9-53. Solve Prob. 9-14 using Mohr’s circle. 
9-54. Solve Prob. 9-16 using Mohr’s circle. 
9-55. Solve Prob. 9-12 using Mohr’s circle. 
*9-56. Solve Prob. 9-11 using Mohr’s circle. 


9-57. Mohr’s circle for the state of stress in Fig. 9-15a is 
shown in Fig. 9-155. Show that finding the coordinates of 
point P(oy, Ty) on the circle gives the same value as the 
stress-transformation Eqs. 9-1 and 9-2. 


9-58. Determine the equivalent state of stress if an 
element is oriented 25° counterclockwise from the element 
shown. 


550 MPa 


Prob. 9-58 


9-59. Determine the equivalent state of stress if an 
element is oriented 20° clockwise from the element shown. 


| 2 ksi 


Tk ” 


| > 4ksi 


Prob. 9-59 


*9-60. Determine the equivalent state of stress if an 
element is oriented 30° clockwise from the element shown. 
Show the result on the element. 


9 ksi 


6 ksi 


Prob. 9-60 


°9-61. Determine the equivalent state of stress for an 
element oriented 60° counterclockwise from the element 
shown. Show the result on the element. 


250 MPa 


400 MPa 


560 MPa 


Prob. 9-61 
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9-62. Determine the equivalent state of stress for an 
element oriented 30° clockwise from the element shown. 
Show the result on the element. 


5 ksi 


2 ksi 


| 


Prob. 9-62 


9-63. Determine the principal stress, the maximum in-plane 
shear stress, and average normal stress. Specify the orientation 
of the element in each case. 


Prob. 9-63 


*9-64. Determine the principal stress, the maximum 
in-plane shear stress, and average normal stress. Specify the 
orientation of the element in each case. 


20 MPa 


80 MPa 


30 MPa 


Prob. 9-64 


e9-65. Determine the principal stress, the maximum in- 
plane shear stress, and average normal stress. Specify the 
orientation of the element in each case. 


$< 


120 psi 


300 psi 


Prob. 9-65 


9-66. Determine the principal stress, the maximum in-plane 
shear stress, and average normal stress. Specify the orientation 
of the element in each case. 


30 MPa 


45 MPa 


Prob. 9-66 


9-67. Determine the principal stress, the maximum in-plane 
shear stress, and average normal stress. Specify the orientation 
of the element in each case. 


200 MPa 
| > 500 MPa 


350 MPa 


Prob. 9-67 


*9_68, Draw Mohr’s circle that describes each of the 
following states of stress. 


700 psi 4 ksi 
40 MPa_<——— 
600 psi 
—_—_—_—* 
(a) (b) (c) 
Prob. 9-68 


The following problems involve material covered in 
Chapter 8. 


9-69. The frame supports the distributed loading of 
200 N/m. Determine the normal and shear stresses at point 
D that act perpendicular and parallel, respectively, to the 
grain. The grain at this point makes an angle of 30° with the 
horizontal as shown. 


9-70. The frame supports the distributed loading of 
200 N/m. Determine the normal and shear stresses at point 
E that act perpendicular and parallel, respectively, to the 
grain. The grain at this point makes an angle of 60° with the 
horizontal as shown. 


200 N/m 


ma somm 
wal fe 


100 mm 


Probs. 9-69/70 


9-71. The stair tread of the escalator is supported on two 
of its sides by the moving pin at A and the roller at B. Ifa 
man having a weight of 300 lb stands in the center of the 
tread, determine the principal stresses developed in the 
supporting truck on the cross section at point C. The stairs 
move at constant velocity. 


Ma | os in. 
t—4 P 
2 in. 


Prob. 9-71 
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*9-72, The thin-walled pipe has an inner diameter of 
0.5 in. and a thickness of 0.025 in. If it is subjected to an 
internal pressure of 500 psi and the axial tension and 
torsional loadings shown, determine the principal stress at a 
point on the surface of the pipe. 


200 Ib 200 Ib 


20 lb-ft 20 lb-ft 


Prob. 9-72 


¢9-73. The cantilevered rectangular bar is subjected to the 
force of 5 kip. Determine the principal stress at point A. 


9-74. Solve Prob. 9-73 for the principal stress at point B. 


Probs. 9-73/74 


9-75. The 2-in.-diameter drive shaft AB on the helicopter 
is subjected to an axial tension of 10 000 lb and a torque 
of 3001b-ft. Determine the principal stress and the 
maximum in-plane shear stress that act at a point on the 
surface of the shaft. 


Prob. 9-75 
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*9-76. The pedal crank for a bicycle has the cross section 
shown. If it is fixed to the gear at B and does not rotate 
while subjected to a force of 75 lb, determine the principal 
stress in the material on the cross section at point C. 


Prob. 9-76 


°9-77. A spherical pressure vessel has an inner radius of 
5 ft and a wall thickness of 0.5 in. Draw Mohtr’s circle for the 
state of stress at a point on the vessel and explain the 
significance of the result. The vessel is subjected to an 
internal pressure of 80 psi. 


9-78. The cylindrical pressure vessel has an inner radius 
of 1.25 m and a wall thickness of 15 mm. It is made from 
steel plates that are welded along the 45° seam. Determine 
the normal and shear stress components along this seam if 
the vessel is subjected to an internal pressure of 8 MPa. 


Prob. 9-78 


e9-79, Determine the normal and shear stresses at point 
D that act perpendicular and parallel, respectively, to the 
grains. The grains at this point make an angle of 30° with 
the horizontal as shown. Point D is located just to the left of 
the 10-kN force. 


*9-80. Determine the principal stress at point D, which is 
located just to the left of the 10-KN force. 


10 kN 


x 1m a 1m 


D 300 
100 wom 2 | i foal 


| 


100 mm 


Probs. 9-79/80 


e9-81. Determine the principal stress at point A on the 
cross section of the hanger at section a-a. Specify the 
orientation of this state of stress and indicate the result on 
an element at the point. 


9-82. Determine the principal stress at point A on the 
cross section of the hanger at section b-b. Specify the 
orientation of the state of stress and indicate the results on 
an element at the point. 


0.75 eae an rs 
a b 


Sections a—a 
andb—b 


Probs. 9-81/82 


9-83. Determine the principal stresses and the maximum 
in-plane shear stress that are developed at point A. Show 
the results on an element located at this point. The rod has a 
diameter of 40 mm. 


450 N 


a 
150 mm 

1B Pas mmn—| 
150 mm 

aye 


450N Prob. 9-83 
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9.5 Absolute Maximum Shear Stress 


When a point in a body is subjected to a general three-dimensional 
state of stress, an element of material has a normal-stress and two 
shear-stress components acting on each of its faces, Fig. 9-21a. Like the 
case of plane stress, it is possible to develop stress-transformation 
equations that can be used to determine the normal and shear stress 
components o and 7 acting on any skewed plane of the element, Fig. 9-21. 
Furthermore, at the point it is also possible to determine the unique 
orientation of an element having only principal stresses acting on its 
faces. As shown in Fig. 9-21c, in general these principal stresses will 
have magnitudes of maximum, intermediate, and minimum intensity, 
Le., Omax = Sint = Omin- This is a condition known as triaxial stress. 

A discussion of the transformation of stress in three dimensions is 
beyond the scope of this text; however, it is discussed in books related 
to the theory of elasticity. For our purposes, we will confine our 
attention only to the case of plane stress. For example, consider the 


Omin 


triaxial stress 


(c) 


Fig. 9-21 
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(b) 


Fig. 9-22 


x-y plane stress 


(a) 


material to be subjected to the in-plane principal stresses a, and a, 
shown in Fig. 9-22a, where both of these stresses are tensile. If we view 
the element in two dimensions, that is, in the y—z, x-z, and x—y planes, 
Fig. 9-22b, 9-22c, and 9-22d, then we can use Moht’s circle to determine 
the maximum in-plane shear for each case and from this, determine the 
absolute maximum shear Stress in the material. For example, the diameter 
of Mohtr’s circle extends between 0 and a for the case shown in Fig. 9-225. 
From this circle, Fig. 9-22e, the maximum in-plane shear stress is 
Tyz' = 02/2. For all three circles, it is seen that although the maximum in- 
plane shear stress is 7, = (0 — @)/2, this value is not the absolute 
maximum shear stress. Instead, from Fig. 9—22e, 


O1 
iy 
o, and a> have 
the same sign 


(9-13) 


(Tyy)max 
(Ty'z)max Z 3 
‘a “ Maximum in-plane 
Absolute maximum shear stress 
shear stress 


(e) 
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(10 


(Tyy))max 


(Tyz))max 


Maximum in-plane and 
absolute maximum shear stress 
x-y plane stress rT 


(a) (b) 
Fig. 9-23 


If one of the in-plane principal stresses has the opposite sign of that of 
the other, Fig. 9-23a, then the three Mohr’s circles that describe the state of 
stress for element orientations about each coordinate axis are shown in 
Fig. 9-23b. Clearly, in this case 


Oi) mp 

abs —— 
T max 2 
(9-14) 
o, and o> have 
opposite signs 


Calculation of the absolute maximum shear stress as indicated here is 
important when designing members made of a ductile material, since the 
strength of the material depends on its ability to resist shear stress. This 
situation will be discussed further in Sec. 10.7. 


Important Points 


e The general three-dimensional state of stress at a point can be 
represented by an element oriented so that only three principal 
StresSeS Omax, Tint» Omin act on it. 


In the case of plane stress, if the in-plane principal stresses both 
have the same sign, the absolute maximum shear stress will occur 
out of the plane and has a value of 72s = Omax/2. This value is 
greater than the in-plane shear stress. 


If the in-plane principal stresses are of opposite signs, then the 
absolute maximum shear stress will equal the maximum in-plane 
Shear stress; that 18, 7% = (Oy, — Omin)/2- 
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EXAMPLE |9.10 


Fig. 9-24 


The point on the surface of the cylindrical pressure vessel in Fig. 9—24a 
is subjected to the state of plane stress. Determine the absolute 
maximum shear stress at this point. 


SOLUTION 

The principal stresses are 0, = 32 MPa, a = 16 MPa. If these stresses 
are plotted along the o axis, the three Mohr’s circles can be constructed 
that describe the stress state viewed in each of the three perpendicular 
planes, Fig. 9-245. The largest circle has a radius of 16 MPa and 
describes the state of stress in the plane only containing 0, = 32 MPa, 
shown shaded in Fig. 9-24a. An orientation of an element 45° within 
this plane yields the state of absolute maximum shear stress and the 
associated average normal stress, namely, 


Tavs = 16 MPa Ans. 
4, — to MPA 


This same result for 7»; can be obtained from direct application of 
Eq. 9-13. 


Ans. 


By comparison, the maximum in-plane shear stress can be 
determined from the Mohr’s circle drawn between ao, = 32 MPa and 
a2 = 16 MPa, Fig. 9-24b. This gives a value of 


Ee 


T max 
in-plane D 


32 + 16 
es IE 
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EXAMPLE |9.11 


Due to an applied loading, an element at the point on a machine shaft is 
subjected to the state of plane stress shown in Fig. 9-25a. Determine the 
principal stresses and the absolute maximum shear stress at the point. 


SOLUTION 


Principal Stresses. The in-plane principal stresses can 
be determined from Mohr’s circle. The center of the 
circle is on the o axis at ogy, = (—20 + 0)/2 = —10 psi. 
Plotting the reference point A(—20, —40), the radius CA 
is established and the circle is drawn as shown in 
Fig. 9-25b. The radius is 


R = V(20 — 10)? + (40)? = 41.2 psi 


The principal stresses are at the points where the circle 
intersects the o axis; 1.e., 

o, = —10 + 41.2 = 31.2 psi 

o2 = —10 — 41.2 = —51.2 psi 


From the circle, the counterclockwise angle 260, measured 
from CA to the —a axis, is 


40 
26 = =1/ "| = 76.0° 
6 = tan (= — a) 76.0 


Thus, 
8 = 38.0° 


This counterclockwise rotation defines the direction of the x’ axis and 
a» and its associated principal plane, Fig. 9-25c. We have 


o, = 31.2 psi o7 = —51.2 psi Ans. 


Absolute Maximum Shear Stress. Since these 20 = 76.0° + 90° = 166°, 
stresses have opposite signs, applying Eq. 9-14 we have 
On = Op le = (Sol) 


T abs = 5) = 5 = 41.2 psi Ans. 


Pai si 7 o (psi) 
at > amen a —10 psi | = 31.2 psi 


NOTE: ‘These same results can also be obtained by 
drawing Mohr’s circle for each orientation of an element 
about the x, y, and z axes, Fig. 9-25d. Since a, and a are 
of opposite signs, then the absolute maximum shear 
stress equals the maximum in-plane shear stress. 
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[7] PROBLEMS 


*9_84, Draw the three Mohr’s circles that describe each of 
the following states of stress. 


5 ksi 


140 MPa ee 


(b) 


Prob. 9-84 


e9-85. Draw the three Mohr’s circles that describe the 
following state of stress. 


Prob. 9-85 


9-86. The stress at a point is shown on the element. 
Determine the principal stress and the absolute maximum 
shear stress. 


80 MPa —< | | 


Prob. 9-86 


9-87. The stress at a point is shown on the element. 
Determine the principal stress and the absolute maximum 
shear stress. 


30 psi 


| 


Prob. 9-87 


*9-88. The stress at a point is shown on the element. 
Determine the principal stress and the absolute maximum 
shear stress. 


2 ksi 


8 ksi 


Prob. 9-88 


°9-89, The stress at a point is shown on the element. 
Determine the principal stress and the absolute maximum 
shear stress. 


120 MPa Prob. 9-89 


9-90. The state of stress at a point is shown on the 
element. Determine the principal stress and the absolute 
maximum shear stress. 


5 ksi 


Prob. 9-90 


9-91. Consider the general case of plane stress as shown. 
Write a computer program that will show a plot of the three 
Mohr’s circles for the element, and will also calculate the 
maximum in-plane shear stress and the absolute maximum 
shear stress. 


Ox 


Prob. 9-91 


9.5 ABSOLUTE MAXIMUM SHEAR STRESS 479 


*9-92. The solid shaft is subjected to a torque, bending 
moment, and shear force as shown. Determine the principal 
stress acting at points A and B and the absolute maximum 
shear stress. 


800 N Prob. 9-92 


¢9-93. The propane gas tank has an inner diameter of 
1500 mm and wall thickness of 15 mm. If the tank is 
pressurized to 2 MPa, determine the absolute maximum 
shear stress in the wall of the tank. 


Prob. 9-93 


9-94. Determine the principal stress and absolute 
maximum shear stress developed at point A on the cross 
section of the bracket at section a-a. 


9-95. Determine the principal stress and absolute 
maximum shear stress developed at point B on the cross 
section of the bracket at section a-a. 


1 0.25 in. 


0.25 in: lee 


1.5 in.1.5 in. 
Section a—a 


Probs. 9-94/95 
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CHAPTER REVIEW 


Plane stress occurs when the material at a point y 
is subjected to two normal stress components 
ao, and oy, and a shear stress 7,,. Provided 
these components are known, then the stress 
components acting on an element having a 
different orientation 6 can be determined using 
the two force equations of equilibrium or the 
equations of stress transformation. 


Ox + Oy Oxy — Oy 
Oy = 5 5 cos 20 + 7T,y sin 20 
Ce =Giy 
Tie = 5 sin 20 + 7, cos 20 


For design, it is important to determine the 
orientation of the element that produces 
the maximum principal normal stresses and 
the maximum in-plane shear stress. Using the 
stress transformation equations, it is found that 
no shear stress acts on the planes of principal 
stress. The principal stresses are 


Ox, + Oy Ox, — Oy 2 3 
Oe Nera | 


The planes of maximum in-plane shear stress Cave 
are oriented 45° from this orientation, and on 
these shear planes there is an associated 
average normal stress. 


T max 
in-plane 


Mohr’s circle provides a _ semi- 
graphical method for finding the stress 
on any plane, the principal normal 
stresses, and the maximum in-plane 
shear stress. To draw the circle, the 7 
and 7 axes are established, the center 
of the circle C[(a, + o,)/2,0] and 
the reference point A(o,,7,y) are 
plotted. The radius R of the circle 
extends between these two points and 
is determined from trigonometry. 
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If 7, and o>, are of the same sign, then 
the absolute maximum shear stress 
will lie out of plane. 


In the case of plane stress, the 
absolute maximum shear stress will 
be equal to the maximum in-plane 
shear stress provided the principal 
stresses 0 and a» have the opposite 


x-y plane stress 


x-y plane stress 
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L REVIEW PROBLEMS 


*9-96. The solid propeller shaft on a ship extends outward 
from the hull. During operation it turns at w = 15 rad/s 
when the engine develops 900 kW of power. This causes a 
thrust of F = 1.23 MN on the shaft. If the shaft has an outer 
diameter of 250 mm, determine the principal stresses at any 
point located on the surface of the shaft. 


¢9-97. The solid propeller shaft on a ship extends outward 
from the hull. During operation it turns at w = 15 rad/s 
when the engine develops 900 kW of power. This causes a 
thrust of F = 1.23MN on the shaft. If the shaft has a 
diameter of 250 mm, determine the maximum in-plane shear 
stress at any point located on the surface of the shaft. 


Probs. 9-96/97 


9-98. The steel pipe has an inner diameter of 2.75 in. and 
an outer diameter of 3 in. If it is fixed at C and subjected to 
the horizontal 20-Ib force acting on the handle of the pipe 
wrench at its end, determine the principal stresses in the 
pipe at point A, which is located on the surface of the pipe. 


9-99, Solve Prob. 9-98 for point B, which is located on the 
surface of the pipe. 


20 Ib 


x Probs. 9-98/99 


*9-100. The clamp exerts a force of 150 lb on the boards 
at G. Determine the axial force in each screw, AB and CD, 
and then compute the principal stresses at points E and F. 
Show the results on properly oriented elements located at 
these points. The section through EF is rectangular and is 
1 in. wide. 


DS 
— - i} 4in. 
1.5 in. 1.5 in. 


Prob. 9-100 


9-101. The shaft has a diameter d and is subjected to the 
loadings shown. Determine the principal stress and 
the maximum in-plane shear stress that is developed 
anywhere on the surface of the shaft. 


re 


To 


Prob. 9-101 


9-102. The state of stress at a point in a member is shown 
on the element. Determine the stress components acting on 


the plane AB. 
Uy 28 MPa 
a 100 MPa 


B 


Prob. 9-102 


9-103. The propeller shaft of the tugboat is subjected to 
the compressive force and torque shown. If the shaft has an 
inner diameter of 100 mm and an outer diameter of 150 mm, 
determine the principal stress at a point A located on the 
outer surface. 


O10 ess 
6 6 6 6Htoo 
10 kN 
2kN-m 
Prob. 9-103 


*9-104. The box beam is subjected to the loading shown. 
Determine the principal stress in the beam at points A 
and B. 


800 Ib 1200 Ib 
6 in | 
fs in. cc a a : 
ie 


» 
Ley 1: 
ei 


2 
meal 
8 in. | ft—-+2.5 fbn i ft——_ 


Prob. 9-104 
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e9-105. The wooden strut is subjected to the loading 
shown. Determine the principal stresses that act at point C 
and specify the orientation of the element at this point. 
The strut is supported by a bolt (pin) at B and smooth 
support at A. 


SON SON 40N 


nee L : 


100 mm | i i 
Se aan a , 50 mm 
300mm" JT (‘200 mm'200 mm'200 mm 


100mm 100mm 


Prob. 9-105 


9-106. The wooden strut is subjected to the loading 
shown. If grains of wood in the strut at point C make an 
angle of 60° with the horizontal as shown, determine the 
normal and shear stresses that act perpendicular and 
parallel to the grains, respectively, due to the loading. The 
strut is supported by a bolt (pin) at B and smooth support 
at A. 


SON SON 40N 


AN WN if 
be Lan , 50 mm | 
200 mm! / + ("200 mm '200 mm'200 mm 

100mm 100mm 


Prob. 9-106 


Complex stresses developed within this airolane wing are analyzed from strain gauge data. 
(Courtesy of Measurements Group, Inc., Raleigh, North Carolina, 27611, USA.) 


Strain Transformation 


CHAPTER OBJECTIVES 


The transformation of strain at a point is similar to the transformation 
of stress, and as a result the methods of Chapter 9 will be applied 
in this chapter. Here we will also discuss various ways for measuring 
strain and develop some important material-property relationships, 
including a generalized form of Hooke’s law. At the end of the chapter, 
a few of the theories used to predict the failure of a material will be 
discussed. 


10.1. Plane Strain 


As outlined in Sec. 2.2, the general state of strain at a point in a body is 
represented by a combination of three components of normal strain, €,, 
€,, €,, and three components of shear strain y,, Yxz, Yyz- These six 
components tend to deform each face of an element of the material, and 
like stress, the normal and shear strain components at the point will vary 
according to the orientation of the element. The strains at a point are 
often determined by using strain gauges, which measure normal strain in 
specified directions. For both analysis and design, however, engineers 
must sometimes transform this data in order to obtain the strain in other 
directions. 
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Plane stress, 7, 0,, does not cause plane 
strain in the x-y plane since e, #0. 


Fig. 10-1 


+0 


(b) 
Positive sign convention 


Fig. 10-2 


To understand how this is done, we will first confine our attention to a 
study of plane strain. Specifically, we will not consider the effects of the 
components €,, y,,, and Yin general, then, a plane-strained element 
is subjected to two components of normal strain, €,, €,, and one 
component of shear strain, y,,. Although plane strain and plane stress 
each have three components lying in the same plane, realize that plane 
stress does not necessarily cause plane strain or vice versa. The reason for 
this has to do with the Poisson effect discussed in Sec. 3.6. For example, if 
the element in Fig. 10-1 is subjected to plane stress a, and a, not only 
are normal strains €, and €, produced, but there is also an associated 
normal strain, €,. This is obviously not a case of plane strain. In general, 
then, unless v = 0, the Poisson effect will prevent the simultaneous 
occurrence of plane strain and plane stress. 


10.2 General Equations of Plane-Strain 
Transformation 


It is important in plane-strain analysis to establish transformation 
equations that can be used to determine the x’, y’ components of normal 
and shear strain at a point, provided the x, y components of strain are 
known. Essentially this problem is one of geometry and requires relating 
the deformations and rotations of line segments, which represent the 
sides of differential elements that are parallel to each set of axes. 


Sign Convention. Before the strain-transformation equations can 
be developed, we must first establish a sign convention for the strains. 
With reference to the differential element shown in Fig. 10—2a, normal 
strains €, and €, are positive if they cause elongation along the x and y 
axes, respectively, and the shear strain y,, is positive if the interior angle 
AOB becomes smaller than 90°. This sign convention also follows the 
corresponding one used for plane stress, Fig. 9—Sa, that is, positive 7,, vy, 
T xy Will cause the element to deform in the positive €,, €,, Yxy directions, 
respectively. 

The problem here will be to determine at a point the normal and shear 
strains €,, €y, Y,’y', measured relative to the x’, y’ axes, if we know e,, 
€), Yxy, measured relative to the x, y axes. If the angle between the x and 
x’ axes is 0, then, like the case of plane stress, 0 will be positive provided 
it follows the curl of the right-hand fingers, i.e., counterclockwise, as 
shown in Fig. 10-25. 


10.2 GENERAL EQUATIONS OF PLANE-STRAIN TRANSFORMATION 


Normal and Shear Strains. In order to develop the strain- 
transformation equation for €,, we must determine the elongation of 
a line segment dx’ that lies along the x’ axis and is subjected to strain 
components €,, €), Yxy- AS shown in Fig. 10—3a, the components of the 
line dx’ along the x and y axes are 


dx = dx' cos 6 
(10-1) 
dy = dx' sin @ 


When the positive normal strain €, occurs, the line dx is elongated 
€, dx, Fig. 10-3, which causes line dx’ to elongate e, dx cos 0. Likewise, 
when e,, occurs, line dy elongates €, dy, Fig. 10-3c, which causes line dx’ 
to elongate €,dysin6@. Finally, assuming that dx remains fixed in 
position, the shear strain y,,, which is the change in angle between dx 
and dy, causes the top of line dy to be displaced y,, dy to the right, as 
shown in Fig. 10—3d. This causes dx’ to elongate y,, dy cos 6. If all three 
of these elongations are added together, the resultant elongation of dx' 
is then 


5x’ = €, dx cos 6 + ey dysin6 + yx, dy cos 0 


From Eq. 2-2, the normal strain along the line dx’ is €, = dx'/dx’'. 
Using Eq. 10-1, we therefore have 


Ey = €, cos’ 6 + ey sin’ 6 + y,, sin 0 cos 0 (10-2) 


The rubber specimen is constrained between 
the two fixed supports, and so it will undergo 
plane strain when loads are applied to it in the 
horizontal plane. 
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dx 


Before deformation 


Normal strain ey 
(c) 
: y 
y 
Yxydy sind A dy cos6 x 
\ Yxy yo Yxyay CO os 


Shear strain y,, 
(d) 
Fig. 10-3 
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y 


' 


y 


\ 
Yxydy sind 
\ 


Yrxydy — Yxydy cos we yf 
VG > 


ERE a \ 


dx 


Shear strain y,, 


(d) (e) 
Fig. 10-3 (cont.) 


The strain-transformation equation for y,, can be developed by 
considering the amount of rotation each of the line segments dx’ and dy’ 
undergo when subjected to the strain components €,, €), yxy. First 
we will consider the rotation of dx’, which is defined by the 
counterclockwise angle a shown in Fig. 10-3e. It can be determined by 
the displacement caused by dy’ using a = 6y'/dx'. To obtain dy’, 
consider the following three displacement components acting in the y’ 
direction: one from €,, giving —€, dx sin 0, Fig. 10-3b; another from e,, 
giving €, dy cos 6, Fig. 10—3c; and the last from y,,, giving —y,, dy sin 6, 
Fig. 10-3d. Thus, dy’, as caused by all three strain components, is 


dy’ = —e, dx sin@ + €,dycos@ — y,, dy sin 


Dividing each term by dx’ and using Eq. 10-1, with a = dy’/dx', we have 
a = (—e€, + €,) sin @ cos @ — yx, sin’ 6 (10-3) 

As shown in Fig. 10-3e, the line dy’ rotates by an amount B. We can 
determine this angle by a similar analysis, or by simply substituting 


6 + 90° for @ into Eq. 10-3. Using the identities sin(@ + 90°) = cos 6, 
cos(@ + 90°) = —sin 6, we have 


p= (-e, > €,) sm(6 + 90°) cos(0 + 90") — ¥,, sin?(@ + 90°) 


—(-e, + €,) cos Osin@ — y,, cos” 0 


Since a and B represent the rotation of the sides dx' and dy’ of a 
differential element whose sides were originally oriented along the x’ 
and y’ axes, Fig. 10-3e, the element is then subjected to a shear strain of 


Yury) = a— B = —2(e, — €,) sin6 cos 6 + y,,(cos*@ — sin’) (10-4) 
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6 dy' ) 
. 
x 7 a iad x 
Positive normal strain, €,: Positive shear strain, y,/y 
(a) (b) 
Fig. 10-4 


Using the trigonometric identities sin 20 = 2sin@cos 6, cos*6 = 
(1 + cos 26)/2, and sin 6 + cos’ @ = 1, we can rewrite Eqs. 10-2 and 
10-4 in the final form 


€é, +e €, —€ Yy 
Ei = = eee 5 “cos 26 + —~sin 20 (10-5) 


Ye'y' ec Y 
—_ -( ‘ sin 26 + me 20 (10-6) 


These strain-transformation equations give the normal strain e,, in the 
x’ direction and the shear strain y, of an element oriented at an angle 
0, as shown in Fig. 10-4. According to the established sign convention, 
if €, is positive, the element elongates in the positive x’ direction, 
Fig. 10-4a, and if yy, is positive, the element deforms as shown in 
Fig. 10-4. 

If the normal strain in the y’ direction is required, it can be obtained 
from Eq. 10-5 by simply substituting (@ + 90°) for 0. The result is 


Ga ar ey Crane Yay 
éy 5 7 008 20 => sin 20 (10-7) 


The similarity between the above three equations and those for plane- 
stress transformation, Eqs. 9-1, 9-2, and 9-3, should be noted. By 
comparison, 0;, Oy, x, @y correspond to €,;, €y, Ex’, €y; and Tyy, Tyy 
correspond to y,,/2, Yyy/2. 


y> 
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Principal Strains. Like stress, an element can be oriented at a point 
so that the element’s deformation is caused only by normal strains, with 
no shear strain. When this occurs the normal strains are referred to as 
principal strains, and if the material is isotropic, the axes along which 
these strains occur will coincide with the axes that define the planes of 
principal stress. 

From Eggs. 9-4 and 9-5, and the correspondence between stress and 
strain mentioned above, the direction of the x’ axis and the two values of 
the principal strains e€, and €, are determined from 


Vx 
tan 20, = ——— (10-8) 


€; = € 


i €, —€,\? Yy 2 
x iY) x y xy 
ci2 = a Se (22 oh (%) (10-9) 


Complex stresses are often developed Maximum In-Plane Shear Strain. Using Eqs. 9-6, 9-7, and 9-8, 
ab she joie. weere. the, cynical the direction of the x’ axis, and the maximum in-plane shear strain and 


and hemispherical vessels are joined ied ve dat fet ihe fallow 
together. The stresses are determined by associated average normal Strain are determine rom e€ touowing 


making measurements of strain. equations: 
€; — € 

tan 20, = (=) (10-10) 

Yxy 

eS y Ey — 2) ei 

= aF 10-11 
2 ( Dm, 2) ( ) 

€, + €y 
Eavg — 2 (10-12) 


Important Points 


In the case of plane stress, plane-strain analysis may be used within the plane of the stresses to analyze the 
data from strain gauges. Remember, though, there will be a normal strain that is perpendicular to the 
gauges due to the Poisson effect. 


When the state of strain is represented by the principal strains, no shear strain will act on the element. 


The state of strain at a point can also be represented in terms of the maximum in-plane shear strain. In this 
case an average normal strain will also act on the element. 


The element representing the maximum in-plane shear strain and its associated average normal strains is 
45° from the orientation of an element representing the principal strains. 


10.2 GENERAL EQUATIONS OF PLANE-STRAIN TRANSFORMATION 


EXAMPLE |10.1 


A differential element of material at a point is subjected to a state 
of plane strain €, = 500(10°°), e, = —300(10), y,, = 200(10°), 
which tends to distort the element as shown in Fig. 10-S5a. Determine 
the equivalent strains acting on an element of the material oriented at 
the point, clockwise 30° from the original position. 


SOLUTION 

The strain-transformation Eqs. 10-5 and 10-6 will be used to solve the 
problem. Since 6 is positive counterclockwise, then for this problem 
0 = —30°. Thus, 


coGs Veceee ec Pelee) 
Ey ) 5) COs 2 sin 
7 ee + (—300) 
e 


200(107°) ] . 
+ — ae sin(2(—30°)) 


ep = 218108) 


Jao ns Peo ao cos(2(—30°)) 


VY 
‘ sin 20 + = 0s 20 


200(10°°) 
2 
Yx'y' = 793(10*) Ans. 


(107°) sin(2(—30°)) + 


= - a cos(2(—30°)) 


The strain in the y’ direction can be obtained from Eq. 10-7 with 
6 = —30°. However, we can also obtain €, using Eq. 10-5 with 
6 = 60°(6 = —30° + 90°), Fig. 10-5b. We have with e,, replacing €,,, 


eee! 90 4 sinop 
= ,) 2 COs ,) sin 


_ pe + (—300) 


2 
200(10~°) 
2 


ao f Po [eo cos(2(60°)) 


sin(2(60°)) 


€y = —13.4(10°°) Ans. 


These results tend to distort the element as shown in Fig. 10-5Sc. 
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EXAMPLE |10.2 


A differential element of material at a point is subjected to a state 
of plane strain defined by e, = —350(10°°), ie 200(10~°), = 
80(10°°), which tends to distort the element as shown in Fig. 10-6a. 
Determine the principal strains at the point and the associated 
orientation of the element. 


SOLUTION 
Orientation of the Element. From Eq. 10-8 we have 


~ (=350 — 200)(10) 
Thus, 26, = —8.28° and —8.28° + 180° = 171.72°, so that 


6, = —4.14° and 85.9° Ans. 


Each of these angles is measured positive counterclockwise, from the x 
axis to the outward normals on each face of the element, Fig. 10-6b. 


Principal Strains. The principal strains are determined from Eq. 10-9. 
We have 


€é, te En = 6.2 ae 

cae a(S) +2) 
_ (=350 + 200)(10°%) (= = yy G ( 

2 2 


= —75.0(10~°) + 277.9(10°) 
€, = 203(10°)  «, = —353(10°) Ans. 


We can determine which of these two strains deforms the element in 
the x’ direction by applying Eq. 10-5 with @ = —4.14°. Thus, 
€, + €y €, — € 


y Yxy 
€y = 5 ap 5 cos 26 + =u 20 


= (SR ) 0 4: (2 a0) cos 2(—4.14°) 


2 2 


80(10°°) | 
+ —> sin 2(—4.14°) 


€, = —353(10°°) 
Hence €, = €2. When subjected to the principal strains, the element 
is distorted as shown in Fig. 10-6b. 
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EXAMPLE |10.3 


A differential element of material at a point is subjected to a state 
of plane strain defined by e€, = —350(10°), Ce 200(10°°), 
Ve 80(10°°), which tends to distort the element as shown in 
Fig. 10—-7a. Determine the maximum in-plane shear strain at the point 
and the associated orientation of the element. 


SOLUTION 
Orientation of the Element. From Eq. 10-10 we have 


Ey — &y (—350 — 200)(10~) 
ae Ae 80(10-°) 
Thus, 20, = 81.72° and 81.72° + 180° = 261.72°, so that 


tan 20, = -( 
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0, = 40.9° and 131° 


Note that this orientation is 45° from that shown in Fig. 10-6b in 
Example 10.2 as expected. 


Maximum In-Plane Shear Strain. Applying Eq. 10-11 gives 


Vie AC = a ' ey 
2 2 2 


Re mole 


ye, = 556(10) Ans. 


Due to the square root, the proper sign of ym». can be obtained by 
applying Eq. 10-6 with 6, = 40.9°. We have 
Yx'y’ Ex ~ €y Yxy 
== q- (oy 
5 5 sin 20 5 cos 20 
-( —350 — 200 
2 


) ee », , 80(10°) . 
(10) sin 2(40.9°) + a 2(40.9°) 


Yx'y' = 556(10°°) 


This result is positive and so ym», tends to distort the element so 
that the right angle between dx’ and dy’ is decreased (positive sign 
convention), Fig. 10-7. 
Also, there are associated average normal strains imposed on the 
element that are determined from Eq. 10-12: 
€, te = 
= x ; i 0 200 49-6) = ~75(10-) 


These strains tend to cause the element to contract, Fig. 10-7b. 
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*10.3  Mohr’s Circle—Plane Strain. 


Since the equations of plane-strain transformation are mathematically 
similar to the equations of plane-stress transformation, we can also solve 
problems involving the transformation of strain using Mohr’s circle. 

Like the case for stress, the parameter 6 in Eqs. 10-5 and 10-6 can be 
eliminated and the result rewritten in the form 


Vx 2 
(€y — €ayg)? + (2) = R? (10-13) 
where 
€, + €y 
Eave — 2 


ee) 


Equation 10-13 represents the equation of Mohr’s circle for strain. It has 
a center on the € axis at point C(€,y,, 0) and a radius R. 


Procedure for Analysis 


The procedure for drawing Mohr’s circle for strain follows the same 
one established for stress. 


Construction of the Circle. 


e Establish a coordinate system such that the abscissa represents 
the normal strain €, with positive to the right, and the ordinate 
represents half the value of the shear strain, y/2, with positive 
downward, Fig. 10-8. 


Using the positive sign convention for €,, €y, Y,y, aS shown in 
Fig. 10-2, determine the center of the circle C, which is located 
on the € axis at a distance €,,, = (€, + €,)/2 from the origin, 
Fig. 10-8. 

Plot the reference point A having coordinates A(€,, y,,/2). This 
point represents the case for which the x’ axis coincides with the 
x axis. Hence 6 = 0°, Fig. 10-8. 


Connect point A with the center C of the circle and from the 
shaded triangle determine the radius R of the circle, Fig. 10-8. 


Once R has been determined, sketch the circle. 


10.3. Monr’s CIRCLE—PLANE STRAIN 


Principal Strains. 


The principal strains €, and €, are determined from the circle 
as the coordinates of points B and D, that is where y/2 = 0, 
Fig. 10-9a. 

The orientation of the plane on which e, acts can be determined 
from the circle by calculating 26,, using trigonometry. Here this 
angle happens to be counterclockwise from the radial reference 
line CA to line CB, Fig. 10-9a. Remember that the rotation of 6,, 
must be in this same direction, from the element’s reference axis x 
to the x’ axis, Fig. 10-9b.* 

When e; and e€, are indicated as being positive as in Fig. 10-9a, 
the element in Fig. 10-95 will elongate in the x’ and y’ directions 
as shown by the dashed outline. 


Maximum In-Plane Shear Strain. 


The average normal strain and half the maximum in-plane shear 
strain are determined from the circle as the coordinates of point 
E or F, Fig. 10-9a. 

The orientation of the plane on which SS and €,y, act can be 
determined from the circle by calculating 26,, using trigonometry. 
Here this angle happens to be clockwise from the radial 
reference line CA fo line CE, Fig. 10-9a. Remember that the 
rotation of @,, must be in this same direction, from the element’s 
reference axis x to the x’ axis, Fig. 10—9c.* 


Strains on Arbitrary Plane. 


The normal and shear strain components €, and y,’y for a plane 
oriented at an angle 0, Fig. 10-9d, can be obtained from the circle 
using trigonometry to determine the coordinates of point P, 
Fig. 10-9a. 


To locate P, the known angle 6 of the x’ axis is measured on the 
circle as 20. This measurement is made from the radial reference 
line CA to the radial line CP. Remember that measurements 
for 26 on the circle must be in the same direction as 6 for the 
x’ axis.* 

If the value of ey is required, it can be determined by 
calculating the e coordinate of point Q in Fig. 10-9a. The line 
CQ lies 180° away from CP and thus represents a 90° rotation 
of the x’ axis. 


*If the y/2 axis were constructed positive upwards, then the angle 26 on the circle 


would be measured in the opposite direction to the orientation 0 of the plane. 
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EXAMPLE |10.4 


Fig. 10-10 


The state of plane strain at a point is represented by the components 
ex = 250(10°°), e, = —150(10°), and y,, = 120(10). Determine 
the principal strains and the orientation of the element. 


SOLUTION 


Construction of the Circle. The e and y/2 axes are established in 
Fig. 10-10a. Remember that the positive y/2 axis must be directed 
downward so that counterclockwise rotations of the element 
correspond to counterclockwise rotation around the circle, and vice 
versa. The center of the circle C is located on the e€ axis at 


e (107°) 


250 + (—150 
Eave = : ) 40°) = S010) 


Since y,,/2.— 60(10 ©), thereference point A (@ = 0°) has coordinates 
A(250(10°), 60(10°°)). From the shaded triangle in Fig. 10-10a, the 
radius of the circle is CA; that is, 


R = [V(250 — 50)? + (60)?](10-°) = 208.8(10~) 


Principal Strains. The e coordinates of points B and D represent 
the principal strains. They are 


€, = (50 + 208.8)(10°°) = 259(10°°) 
€) = (50 — 208.8)(10 °) = —159(10°°) Ans. 


The direction of the positive principal strain €, is defined by the 
counterclockwise angle 26,,, measured from the radial reference line 
CA (@ = 0°) to the line CB. We have 


60 
(250 — 50) 
C7 838. Ans. 


tan 207 = 


Hence, the side dx’ of the element is oriented counterclockwise 8.35° 
as shown in Fig. 10-105. This also defines the direction of €,. The 
deformation of the element is also shown in the figure. 


10.3. Monur’s CIRCLE—PLANE STRAIN 


EXAMPLE |10.5 


The state of plane strain at a point is represented by the components 
€, = 250(10°°), e, = —150(10°°), and y,, = 120(10°°). Determine 
the maximum in-plane shear strains and the orientation of an element. 


SOLUTION 
The circle has been established in the previous example and is shown 
in Fig. 10-11a. 


Maximum In-Plane Shear Strain. Half the maximum in-plane shear 
strain and average normal strain are represented by the coordinates of 
point F or Fon the circle. From the coordinates of point E, 


max 
( Yx'y' ) in-plane 


= 208.8(10°°) 


(Yx'y')may — 418(10°°) 


in-plane 


Eavg = 50(10°) 


To orient the element, we can determine the clockwise angle 20,, 
measured from CA (6 = 0°) to CE. 


De = 218.55") 
C= OO. Ans. 


This angle is shown in Fig. 10-115. Since the shear strain defined from 
point E on the circle has a positive value and the average normal 
strain is also positive, these strains deform the element into the 
dashed shape shown in the figure. 


Fig. 10-11 
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EXAMPLE |10.6 


The state of plane strain at a point is represented on an element having 
components e, = —300(10°), €, = —100(10°), and y,, = 100(10°). 
Determine the state of strain on an element oriented 20° clockwise from 
this reported position. 


SOLUTION 


Construction of the Circle. The € and y/2 axes are established in 
Fig. 10-12a. The center of the circle is on the € axis at 


Jao = —200(10°) 


2 


(= — 100 
ay Eavg am 
«(10~°) 


The reference point A has coordinates A(—300(10~°), 50(10~°)). The 
radius CA determined from the shaded triangle is therefore 


R = [V(300 — 200) + (50)?|(10%) = 111.8(10~*) 


Strains on Inclined Element. Since the element is to be oriented 
20° clockwise, we must establish a radial line CP, 2(20°) = 40° 
clockwise, measured from CA (6 = 0°), Fig. 10-12a. The coordinates 
of point P (€,, yy/2) are obtained from the geometry of the circle. 
Note that 


50 
tan! = Oo5ie = 40° — 26.57° = 13.43° 
co) an (am = on) aS. w 0 6.57 3.43 


Thus, 
—(200 + 111.8 cos 13.43°)(10°°) 
—309(10°°) 


—(111.8 sin 13.43°)(10~) 
—52.0(10°°) Ans. 


The normal strain €,, can be determined from the € coordinate of 


point Q on the circle, Fig. 10-12a. Why? 
€y = —(200 — 111.8 cos 13.43°)(10°) = —91.3(10°°) Ans. 


As a result of these strains, the element deforms relative to the x’, y’ 
Fig. 10-12 axes as shown in Fig. 10-125. 
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| | PROBLEMS 


10-1. Prove that the sum of the normal strains in 
perpendicular directions is constant. 


10-2. The state of strain at the point has components 
of €, = 200(10), e, = —300(10°), and y,y = 400(10°). 
Use the strain-transformation equations to determine the 
equivalent in-plane strains on an element oriented at an 
angle of 30° counterclockwise from the original position. 
Sketch the deformed element due to these strains within the 
x-y plane. 


Prob. 10-2 


10-3. A strain gauge is mounted on the 1-in.-diameter 
A-36 steel shaft in the manner shown. When the shaft is 
rotating with an angular velocity of w = 1760 rev/min, the 
reading on the strain gauge is « = 800(10°). Determine 
the power output of the motor. Assume the shaft is only 
subjected to a torque. 


Prob. 10-3 


*10-4. The state of strain at a point on a wrench 
has components €, = 120(10°), €, = —180(10°°), Yxy = 
150(10~°). Use the strain-transformation equations to 
determine (a) the in-plane principal strains and (b) the 
maximum in-plane shear strain and average normal strain. 
In each case specify the orientation of the element and show 
how the strains deform the element within the x-y plane. 


10-5. The state of strain at the point on the arm 
has components €,=250(10°), €y= —450(10°°), Yxy= 
—825(10 °°). Use the strain-transformation equations to 
determine (a) the in-plane principal strains and (b) the 
maximum in-plane shear strain and average normal strain. 
In each case specify the orientation of the element and show 
how the strains deform the element within the x-y plane. 


Prob. 10-5 


10-6. The state of strain at the point has components of 
€, = —100(10°°), €, = 400(10°°), and y,, = —300(10°). 
Use the strain-transformation equations to determine the 
equivalent in-plane strains on an element oriented at an 
angle of 60° counterclockwise from the original position. 
Sketch the deformed element due to these strains within 
the x—y plane. 


10-7. The state of strain at the point has components of 
e, = 100(10), €, = 300(10°), and y,, = —150(10°). 
Use the strain-transformation equations to determine the 
equivalent in-plane strains on an element oriented 6 = 30° 
clockwise. Sketch the deformed element due to these 
strains within the xy plane. 


Probs. 10-6/7 
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*10-8. The state of strain at the point on the bracket 
has components €, = —200(10°), «, = —650(10°°), Vxy = 
—175(10°°). Use the strain-transformation equations to 
determine the equivalent in-plane strains on an element 
oriented at an angle of 6 = 20° counterclockwise from the 
original position. Sketch the deformed element due to these 
strains within the x—-y plane. 


Prob. 10-8 


10-9. The state of strain at the point has components of 
ex = 180(10°), €, = —120(10°°), and y,y = —100(10°). 
Use the strain-transformation equations to determine (a) 
the in-plane principal strains and (b) the maximum in-plane 
shear strain and average normal strain. In each case specify 
the orientation of the element and show how the strains 
deform the element within the x-y plane. 


Prob. 10-9 


10-10. The state of strain at the point on the bracket 
has components e€, = 400(10°°), ey = —250(10°°), Veg 
310(10°°). Use the strain-transformation equations to 
determine the equivalent in-plane strains on an element 
oriented at an angle of 6 = 30° clockwise from the original 
position. Sketch the deformed element due to these strains 


within the x-y plane. 


Prob. 10-10 


10-11. The state of strain at the point has components of 
€, = —100(10°°), €, = —200(10), and y,, = 100(10°*). 
Use the strain-transformation equations to determine (a) 
the in-plane principal strains and (b) the maximum in-plane 
shear strain and average normal strain. In each case specify 
the orientation of the element and show how the strains 
deform the element within the x-y plane. 


Prob. 10-11 


*10-12. The state of plane strain on an element is given by 
€, = 500(10°), €, = 300(10°), and y,, = —200(10~). 
Determine the equivalent state of strain on an element at 
the same point oriented 45° clockwise with respect to the 
original element. 


y 
| 
e,dy : ———— —_ 
\ \ 
| \ \ 
dy Ye" \ r ; 
| 2-4 \ 
\ \ 
_| a x 
Yor ~ =" 
2 
dx €,dx 
Prob. 10-12 


10-13. The state of plane strain on an element is 
€, = —300(10°°), €, = 0, and y,, = 150(10°°). Determine 
the equivalent state of strain which represents (a) the 
principal strains, and (b) the maximum in-plane shear strain 
and the associated average normal strain. Specify the 
orientation of the corresponding elements for these states 
of strain with respect to the original element. 


k-€,dx 


Prob. 10-13 
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10-14. The state of strain at the point on a boom of an 
hydraulic engine crane has components of e, = 250(10~), 
e, = 300(10°), and y,y = —180(10°). Use the strain- 
transformation equations to determine (a) the in-plane 
principal strains and (b) the maximum in-plane shear strain 
and average normal strain. In each case, specify the 
orientation of the element and show how the strains deform 
the element within the x-y plane. 


Prob. 10-14 


m10-15. Consider the general case of plane strain where 
€x, €y, and y,, are known. Write a computer program that 
can be used to determine the normal and shear strain, €, 
and y,’, on the plane of an element oriented 6 from the 
horizontal. Also, include the principal strains and the 
element’s orientation, and the maximum in-plane shear 
strain, the average normal strain, and the element’s 
orientation. 


*10-16. The state of strain at a point on a support 
has components of e, = 350(10°), ey = 400(10°°), 
Yxy = —675(10°°). Use the strain-transformation equations 
to determine (a) the in-plane principal strains and (b) the 
maximum in-plane shear strain and average normal strain. 
In each case specify the orientation of the element and show 
how the strains deform the element within the x-y plane. 


°10-17. Solve part (a) of Prob. 10-4 using Mohr’s circle. 
10-18. Solve part (b) of Prob. 10-4 using Mohr’s circle. 
10-19. Solve Prob. 10-8 using Mohr’s circle. 

*10-20. Solve Prob. 10-10 using Mohr’s circle. 

¢10-21. Solve Prob. 10-14 using Mohr’s circle. 
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(1 + e9)dy (1 + €;)dx 


x—y plane strain 


2 
(Vx ts )max 
2 


(b) 
Fig. 10-13 


NR 


(1-)dy (1 + €;)dx 
x—y plane strain 


(a) 


CG@pees 
2 = 


2 
(Yxy)max 


(b) 
Fig. 10-14 


*10.4 Absolute Maximum Shear Strain 


In Sec. 9.5 it was pointed out that in the case of plane stress, the absolute 
maximum shear stress in an element of material will occur out of the plane 
when the principal stresses have the same sign, i.e., both are tensile or both 
are compressive. A similar result occurs for plane strain. For example, if 
the principal in-plane strains cause elongations, Fig. 10—-13a, then the three 
Mohtr’s circles describing the normal and shear strain components for 
elements oriented about the x’, y’, and z’ axes are shown in Fig. 10-13). 
By inspection, the largest circle has a radius R = (y,',)max/2- Hence, 


Wis = (Cae ee = il 


(10-14) 
€, and €> have the same sign 


This value gives the absolute maximum shear strain for the material. 
Note that it is /arger than the maximum in-plane shear strain, which is 
(Yx'y')max = €; ~ €. 

Now consider the case where one of the in-plane principal strains is 
of opposite sign to the other in-plane principal strain, so that €, causes 
elongation and e, causes contraction, Fig. 10-14a. Mohr’s circles, which 
describe the strains on each element’s orientation about the x’, y’, z’ 
axes, are shown in Fig. 10-145. Here 


Y= Re Sh 
ee (10-15) 


€, and €, have opposite signs 


We may therefore summarize the above two cases as follows. If the 
in-plane principal strains both have the same sign, the absolute maximum 
shear strain will occur out of plane and has a value of yabs = Emax. 
However, if the in-plane principal strains are of opposite signs, then the 
absolute maximum shear strain equals the maximum in-plane shear strain. 


Important Points 


e The absolute maximum shear strain will be Jarger than the 
maximum in-plane shear strain whenever the in-plane principal 
strains have the same sign. When this occurs the absolute 
maximum shear strain will act out of the plane. 


If the in-plane principal strains are of opposite signs, then 
the absolute maximum shear strain will equal the maximum 
in-plane shear strain. 
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EXAMPLE |10.7 


The state of plane strain at a point is represented by the strain 
components e€, = —400(10°°), ey 200(10~°), Ve 150(10°°). 
Determine the maximum in-plane shear strain and the absolute 
maximum shear strain. 


SOLUTION 


Maximum In-Plane Shear Strain. We will solve this problem using 
Mohtr’s circle. From the strain components, the center of the circle is 
on the € axis at 

—400 + 200 


Ewe = 5 (10°) = —100(10~) 


Since, yy) 2. = 75(10°°), the reference point A has coordinates 
(—400(10~°), 75(10°°)). As shown in Fig. 10-15, the radius of the 
circle is therefore 


R = | V(400 — 100)? + (75)?](10-*) = 309(10°) 
Calculating the in-plane principal strains from the circle, we have 
€, = (—100 + 309)(10°°) = 209(10 °°) 
€, = (—100 — 309)(10°°) = —409(10°°) 
Also, the maximum in-plane shear strain is 
ym, = €1 — €2 = [209 — (—409)](10-°) = 618(10) Ans. 


Absolute Maximum Shear Strain. From the above results, we 
have e€; = 209(10°°), €,=—409(10°). The three Mohr’s circles, 
plotted for element orientations about each of the x, y, z axes, are also 
shown in Fig. 10-15. It is seen that since the principal in-plane strains 
have opposite signs, the maximum in-plane shear strain is also the 
absolute maximum shear strain; L.e., 


vars = 618(10 °) Ans. 
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a 
45° strain rosette 


(b) 


60° strain rosette 


(c) 
Fig. 10-16 


Typical electrical resistance 45° strain rosette. 


10.5 Strain Rosettes 


When performing a tension test on a specimen as discussed in Sec. 3.1, 
the normal strain in the material is measured using an electrical- 
resistance strain gauge, which consists of a wire grid or piece of metal 
foil bonded to the specimen. For a general loading on a body, however, 
the strains at a point on its free surface are determined using a cluster of 
three electrical-resistance strain gauges, arranged in a specified pattern. 
This pattern is referred to as a strain rosette, and once the normal strains 
on the three gauges are measured, the data can then be transformed to 
specify the state of strain at the point. Since these strains are measured 
only in the plane of the gauges, and since the body is stress-free on its 
surface, the gauges may be subjected to plane stress but not plane strain. 
Although the strain normal to the surface is not measured, realize that 
the out-of-plane displacement caused by this strain will not affect the 
in-plane measurements of the gauges. 

In the general case, the axes of the three gauges are arranged at the 
angles 0,, 0), 0. shown in Fig. 10-16a. If the readings €,, €,, €, are taken, we 
can determine the strain components €,, €,, Y,, at the point by applying 
the strain-transformation equation, Eq. 10-2, for each gauge. We have 


Eq = €, COS’ 0, + €y Sin” O, + Yxy SiN Oy COS By 
€, = €, COS” O, + ey sin? 6, + Yxy SIN 6, COS Oy (10-16) 
E. = €, COS’ 0, + €, Sin’ 8, + y,, Sin 8, Cos 8, 

The values of €,, €y, Yxy are determined by solving these three equations 


simultaneously. 
Strain rosettes are often arranged in 45° or 60° patterns. In the case of 


re} 


the 45° or “rectangular” strain rosette shown in Fig. 10-16b, 6, = 0°, 
0, = 45°, 8. = 90°, so that Eq. 10-16 gives 


Yxy = 2€p — (€q + Ee) 


And for the 60° strain rosette in Fig. 10-l6c, 0, = 0°, 6, = 60°, 
0. = 120°. Here Eq. 10-16 gives 


Ey = Eq 


(2e, + 2€, — €,) (10-17) 


Yxy = Va = Ge) 


Once €,, €y, Yxy are determined, the transformation equations of 
Sec. 10.2 or Mohr’s circle can then be used to determine the principal 
in-plane strains and the maximum in-plane shear strain at the point. 


EXAMPLE |10.8 


The state of strain at point A on the bracket in Fig. 10-17a is measured 
using the strain rosette shown in Fig. 10-17b. Due to the loadings, the 
readings from the gauges give €, = 60(10°°), e, = 135(10°°), and 
€. = 264(10°). Determine the in-plane principal strains at the point 
and the directions in which they act. 


SOLUTION 

We will use Eqs. 10-16 for the solution. Establishing an x axis as 
shown in Fig. 10-175 and measuring the angles counterclockwise 
from the + x axis to the centerlines of each gauge, we have 0, = 0°, 
0, = 60°, and 6, = 120°. Substituting these results, along with the 
problem data, into the equations gives 


60(10°°) = €, cos* 0° + e,sin? 0° + y,, sin 0° cos 0° 
= €x (1) 
135(10 °) = €, cos” 60° + €, sin? 60° + y,, sin 60° cos 60° 
= 0.25€, + 0.75€, + 0.433 yxy (2) 
264(10°°) = e, cos* 120° + €, sin* 120° + yxy sin 120° cos 120° 
= 0.25€, + 0.75€, — 0.433 yxy (3) 


Using Eq. 1 and solving Eqs. 2 and 3 simultaneously, we get 
e, = 60(10°)  €, = 246(10°) = yxy = —149(10°°) 


These same results can also be obtained in a more direct manner from 

Eq. 10-17. ee 
The in-plane principal strains can be determined using Mohr’s 

circle. The reference point on the circle is at A [60(10°°), —74.5(10 °)] 


and the center of the circle, C, is on the € axis at €ayy = 153100), 
Fig. 10-17c. From the shaded triangle, the radius is 


R = [V(153 — 607 + (745)'](10) = 119.110) 


The in-plane principal strains are thus 
e, = 153(10 *) + 119.1010°*) = 272010 *) Ans. 
= 153(10°°) — 119.1(10;*) = 33.9(10"°) Ans. 
oes 
(153 — 60) 
= 19.3° Ans. 


= tan = 38.7° 


NOTE: ‘The deformed element is shown in the dashed position in 
Fig. 10-17d. Realize that, due to the Poisson effect, the element is also 
subjected to an out-of-plane strain, i.e., in the z direction, although this 
value will not influence the calculated results. 


10.5 STRAIN ROSETTES 


Fig. 10-17 
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PTPROBLEMS 


10-22. The strain at point A on the bracket has 
components e€, = 300(10°°), ey 550(10°°), Vxy = 
—650(10 °°). Determine (a) the principal strains at A in the 
x—y plane, (b) the maximum shear strain in the x—y plane, 
and (c) the absolute maximum shear strain. 


*10-24. The strain at point A on the pressure-vessel wall 
has components e€, = 480(10°), €, = 720(10°), Vxy = 
650(10°°). Determine (a) the principal strains at A, in the 
x-—y plane, (b) the maximum shear strain in the x—y plane, 
and (c) the absolute maximum shear strain. 


Prob. 10-22 


10-23. The strain at point A on the leg of the angle has 
components €, = —140(10°), ey 180(10°°), Vxy = 
—125(10 ©). Determine (a) the principal strains at A in the 
x-—y plane, (b) the maximum shear strain in the x—y plane, 
and (c) the absolute maximum shear strain. 


Prob. 10-23 


Prob. 10-24 


e10-25. The 60° strain rosette is mounted on the bracket. 
The following readings are obtained for each gauge: 
€,= —100(10°), e€,=250(10°), and e,=150(10%). 
Determine (a) the principal strains and (b) the maximum 
in-plane shear strain and associated average normal strain. 
In each case show the deformed element due to these 
strains. 


Prob. 10-25 


10-26. The 60° strain rosette is mounted on a beam. 
The following readings are obtained for each gauge: 
€, = 200(10°), €,= —450(10°), and e,= 250(10~°). 
Determine (a) the in-plane principal strains and (b) the 
maximum in-plane shear strain and average normal strain. 
In each case show the deformed element due to these 
strains. 


Prob. 10-26 


10-27. The 45° strain rosette is mounted on a steel shaft. 
The following readings are obtained from each gauge: 
€, = 300(10°°), «, = —250(10°), and e,= —450(10°°). 
Determine (a) the in-plane principal strains and (b) the 
maximum in-plane shear strain and average normal strain. 
In each case show the deformed element due to these 
strains. 


Prob. 10-27 
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*10-28. The 45° strain rosette is mounted on the link of 
the backhoe. The following readings are obtained from 
each gauge: €, = 650(10 °°), «, = —300(10°°), «. = 480(10*). 
Determine (a) the in-plane principal strains and (b) the 
maximum in-plane shear strain and associated average 
normal strain. 


: | f\ 


Prob. 10-28 


10-29. Consider the general orientation of three strain 
gauges at a point as shown. Write a computer program that 
can be used to determine the principal in-plane strains and 
the maximum in-plane shear strain at the point. Show an 
application of the program using the values 6, = 40°, 
€, = 160(10°°), 0, = 125°, «, = 100(10°), 0, = 220°, 
€, = 80(10°°). 


Prob. 10-29 
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10.6 Material-Property Relationships 


In this section we will present some important relationships involving a 
material’s properties that are used when the material is subjected to 
multiaxial stress and strain. To do so we will assume that the material is 
homogeneous and isotropic and behaves in a linear-elastic manner. 


Generalized Hooke’s Law. If the material at a point is subjected 
to a state of triaxial stress, 7,, 7), o,, Fig. 10-18a, associated normal 
strains €,, €y, €, will be developed in the material. The stresses can be 
related to these strains by using the principle of superposition, Poisson’s 
ratio, €jat = —V€jiong, and Hooke’s law, as it applies in the uniaxial 
direction, e = o/E. For example, consider the normal strain of the 
element in the x direction, caused by separate application of each normal 
stress. When o, is applied, Fig. 10-18b, the element elongates in the x 
direction and the strain e’, is 


Application of a, causes the element to contract with a strain e€%, 
Fig. 10-18c. Here 


(b) 


Fig. 10-18 
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When these three normal strains are superimposed, the normal strain 
€, is determined for the state of stress in Fig. 10-18a. Similar equations 
can be developed for the normal strains in the y and z directions. The 
final results can be written as 


1 
ex = ald i= V(ay al oy) 

il 
A= ze = WG. 1° G)) (10-18) 
€; alo. a V(x ats oy)] 


These three equations express Hooke’s law in a general form for a 
triaxial state of stress. For application tensile stresses are considered 
positive quantities, and compressive stresses are negative. If a resulting 
normal strain is positive, it indicates that the material elongates, whereas 
a negative normal strain indicates the material contracts. 

If we now apply a shear stress 7,, to the element, Fig. 10-192, 
experimental observations indicate that the material will deform only 
due to a shear strain y,,; that is, T,, will not cause other strains in the 
material. Likewise, 7,, and 7,, will only cause shear strains y,, and y,., 
Figs. 10-19b and 10-19c, and so Hooke’s law for shear stress and shear 
strain can be written as 


(10-19) 


(b) 


Fig. 10-19 
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(a) 


o 


(b) 
Fig. 10-20 


(1 + €y)dy 


(1 + €,)dx 


(b) 
Fig. 10-21 


Relationship Involving E, v, and G. In Sec. 3.7 it was stated that 
the modulus of elasticity E is related to the shear modulus G by Eq. 3-11, 
namely, 


E 
G= 2(1 + v) (10-20) 


One way to derive this relationship is to consider an element of the 
material to be subjected to pure shear (0, = oy = o, = 0), Fig. 10-20a. 
Applying Eq. 9-5 to obtain the principal stresses yields Omax = Ty and 


Omin = —Txy. This element must be oriented 6,, = 45° counterclockwise 
from the x axis as shown in Fig. 10-20b. If the three principal stresses 
Omax = Txy, Tint = 9, and Opin = —Txy are substituted into the first of 


Eqs. 10-18, the principal strain €,,,, can be related to the shear stress 7,,. 
The result is 


Txy 
€max = — (1 + v) (10-21) 

E 
This strain, which deforms the element along the x’ axis, can also 
be related to the shear strain y,,. To do this, first note that 
since o, = 0, = 0, = 0, then from the first and second Egs. 10-18, 
€, = €, = 0. Substituting these results into the strain transformation 

Eq. 10-9, we get 


Yxy 


€1 = €max = “ay 
By Hooke’s law, y,, = 7,,/G, so that €max = Ty)/2G. Substituting into 
Eq. 10-21 and rearranging terms gives the final result, namely, Eq. 10-20. 


Dilatation and Bulk Modulus. When an elastic material is 
subjected to normal stress, its volume will change. For example, consider 
a volume element which is subjected to the principal stresses o,, 7, o;. 
If the sides of the element are originally dx, dy, dz, Fig. 10-21a, then 
after application of the stress they become (1 + €,) dx, (1 + ey) dy, 
(1 + €,) dz, Fig. 10-21b. The change in volume of the element is 
therefore 


dV = (1 + €,)(1 + €,)(1 + €,) dx dy dz — dx dy dz 
Neglecting the products of the strains since the strains are very small, we 
have 

dV = (e, + €y + €,) dx dy dz 
The change in volume per unit volume is called the “volumetric strain” 
or the dilatation e. It can be written as 
_ ov 
dV 
By comparison, the shear strains will not change the volume of the 
element, rather they will only change its rectangular shape. 


e = 6, €, + €, (10-22) 
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Also, if we use Hooke’s law, as defined by Eq. 10-18, we can write the 
dilatation in terms of the applied stress. We have 


b=9 
e=——“(o, to, + a,) (10-23) 


When a volume element of material is subjected to the uniform 
pressure p of a liquid, the pressure on the body is the same in all 
directions and is always normal to any surface on which it acts. Shear 
stresses are not present, since the shear resistance of a liquid is zero. This 
state of “hydrostatic” loading requires the normal stresses to be equal in 
any and all directions, and therefore an element of the body is subjected 


to principal stresses 7, = oy = o, = —p, Fig. 10-22. Substituting into 
Eq. 10-23 and rearranging terms yields 
Pp E 
=- 10-24 
e 3(1 — 2v) ( ) 


Since this ratio is similar to the ratio of linear elastic stress to strain, 
which defines E,i.e.,o0/e = E, the term on the right is called the volume 
modulus of elasticity or the bulk modulus. It has the same units as stress 
and will be symbolized by the letter k; that is, 


Js, 


Note that for most metals v ~ 5 sok © E. Ifa material existed that did 
not change its volume then 6V = e = 0, and k would have to be infinite. 
From Eq. 10-25 the theoretical maximum value for Poisson’s ratio is 
therefore v = 0.5. During yielding, no actual volume change of the 
material is observed, and so v = 0.5 is used when plastic yielding occurs. 


Important Points 


When a homogeneous isotropic material is subjected to a state of 
triaxial stress, the strain in each direction is influenced by the 
strains produced by all the stresses. This is the result of the Poisson 
effect, and results in the form of a generalized Hooke’s law. 


Unlike normal stress, a shear stress applied to homogeneous 
isotropic material will only produce shear strain in the same 
plane. 

The material constants E, G, and v are related mathematically. 
Dilatation, or volumetric strain, is caused only by normal strain, 
not shear strain. 

The bulk modulus is a measure of the stiffness of a volume of 
material. This material property provides an upper limit to 
Poisson’s ratio of vy = 0.5, which remains at this value while 
plastic yielding occurs. 


Hydrostatic stress 


Fig. 10-22 
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EXAMPLE |10.9 


The bracket in Example 10-8, Fig. 10-23a, is made of steel for which 
Ex = 200 GPa, vy = 0.3. Determine the principal stresses at point A. 


SOLUTION | 
From Example 10.8 the principal strains have been determined as 


ep Zon) 
ee —33,9(10") 
Since point A is on the surface of the bracket for which there is no 


loading, the stress on the surface is zero, and so point A is subjected to 
plane stress. Applying Hooke’s law with a3 = 0, we have 


= O71 = 0.3 
200(10°)  200(10°) 


Vv = 
Roe 272(10 2) 


02 
54.4(10°) = 0; — 0.305 

02 = 0.3 
200(10°)  200(10° 


6.78(10°) = 02 — 0.30; 


Vv = 
~ a1 33.9(10 = 


ie 


Solving Eqs. 1 and 2 simultaneously yields 


o1 = 62.0 MPa 


o = 25.4MPa 
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Fig. 10-23 (cont.) 


SOLUTION II 
It is also possible to solve the problem using the given state of strain, 


€, = 60(10°) €,=246(10°) y,, = —149(10°°) 


as specified in Example 10.8. Applying Hooke’s law in the x-y plane, 
we have 
Ox 0.30, 


~ 200(10°) Pa 200(10°) Pa 


Oy 0.30, 


60(10°°) 


246(10°°) 


~ 200(10°) Pa 200(10°) Pa 


o, = 29.4MPa ay = 58.0 MPa 


The shear stress is determined using Hooke’s law for shear. First, 
however, we must calculate G. 
E 200 GPa 


= = = 76.9 GP 
= Gy Posy a a 


Thus, 
Oye Txy = 76.9(10°)[—149(10°)] = —11.46 MPa 


The Mohr’s circle for this state of plane stress has a reference point 
A(29.4 MPa, —11.46 MPa) and center at oayp = 43.7 MPa, Fig. 10-23b. 
The radius is determined from the shaded triangle. 


R = V(43.7 — 29.4)? + (11.46)? = 18.3 MPa 


Therefore, 
o, = 43.7 MPa + 18.3 MPa = 62.0 MPa Ans. 
o2 = 43.7 MPa — 18.3 MPa = 25.4 MPa Ans. 
NOTE: Each of these solutions is valid provided the material is both 


linear elastic and isotropic, since then the principal planes of stress 
and strain coincide. 
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EXAMPLE |10.10 


The copper bar in Fig. 10-24 is subjected to a uniform loading along 
its edges as shown. If it has a length a = 300 mm, width b = 50 mm, 
and thickness t = 20mm before the load is applied, determine its 
new length, width, and thickness after application of the load. 
Take E., = 120 GPa, vy, = 0.34. 


500 MPa 


800 MPa 
Li 
a 
I 


500 MPa 
Fig. 10-24 


SOLUTION 
By inspection, the bar is subjected to a state of plane stress. From the 
loading we have 


o,=800MPa o,=~-S00MPa 1,=0 o,=0 


The associated normal strains are determined from the generalized 
Hooke’s law, Eq. 10-18; that is, 


Oly Vv 
€, = E am Bley + oz) 
_ _ 800MPa_ | 0.34 
120(10°) MPa =‘ 120(10°) MPa 
Oy V 
€y = E = Bex 1 Oy) 
—500 MPa 0.34 


~ 120(103) MPa 120(103) MPa 


(—500 MPa + 0) = 0.00808 


(800 MPa + 0) = —0.00643 


€, = = - Ce + Gy) 
0.34 
~ 120(10°) MPa 
The new bar length, width, and thickness are therefore 
a’ = 300mm + 0.00808(300 mm) = 302.4 mm Ans. 
b' = 50mm + (—0.00643)(50 mm) = 49.68 mm Ans. 
t’ = 20mm + (—0.000850)(20 mm) = 19.98mm Ans. 


(800 MPa — 500 MPa) = —0.000850 
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EXAMPLE |10.11 


If the rectangular block shown in Fig. 10-25 is subjected to a uniform 
pressure of p = 20 psi, determine the dilatation and the change in 
length of each side. Take EF = 600 psi, v = 0.45. 


[= b =2in. 


Fig. 10-25 


SOLUTION 
Dilatation. The dilatation can be determined using Eq. 10-23 with 
o, — 0; — 0, — —20 psi. We lave 

i =p 
= 

1 — 2(0.45) : 
= opie a psi)] 


—0.01 in?/in? Ans. 


e (t,o a) 


Change in Length. The normal strain on each side can be 
determined from Hooke’s law, Eq. 10-18; that is, 
1 


zie = Vay ate oz)] 


[-20 psi — (0.45)(—20 psi — 20 psi)] = —0.00333 in./in. 


~ 600 psi 


Thus, the change in length of each side is 
6a = —0.00333(4 in.) = —0.0133 in. 
6b = —0.00333(2 in.) = —0.00667 in. 
6c = —0.00333(3 in.) = —0.0100 in. 


The negative signs indicate that each dimension is decreased. 
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E [PROBLEMS 


10-30. For the case of plane stress, show that Hooke’s law 
can be written as 


€, + vey), oy = 
(=o) SE Aha) 
10-31. Use Hooke’s law, Eq. 10-18, to develop the strain- 


transformation equations, Eqs. 10-5 and 10-6, from the 
stress-transformation equations, Eqs. 9-1 and 9-2. 


CO, = (€) + vex) 


*10-32. A bar of copper alloy is loaded in a tension 
machine and it is determined that e, = 940(10°°) and 
o, = 14ksi, o, = 0, a, = 0. Determine the modulus of 
elasticity, E.y, and the dilatation, e,, of the copper. 
Voy = 0.35. 


¢10-33. The principal strains at a point on the aluminum 
fuselage of a jet aircraft are e, = 780(10°) and €) = 
400(10~°). Determine the associated principal stresses at 
the point in the same plane. E,, = 10(10°) ksi, vg = 0.33. 
Hint: See Prob. 10-30. 


10-34. The rod is made of aluminum 2014-T6. If it is 
subjected to the tensile load of 700 N and has a diameter of 
20 mm, determine the absolute maximum shear strain in the 
rod at a point on its surface. 


10-35. The rod is made of aluminum 2014-T6. If it is 
subjected to the tensile load of 700 N and has a diameter of 
20 mm, determine the principal strains at a point on the 
surface of the rod. 


700 N ,— 700 N 


EE 


Probs. 10—34/35 


*10-36. The steel shaft has a radius of 15 mm. Determine 
the torque T in the shaft if the two strain gauges, attached to 
the surface of the shaft, report strains of €, = —80(10~°) 
and ey = 80(10°°). Also, compute the strains acting in the x 
and y directions. F,, = 200 GPa, vs, = 0.3. 


Prob. 10-36 


10-37. Determine the bulk modulus for each of the 
following materials: (a) rubber, E, = 0.4 ksi, v, = 0.48, and 
(b) glass, Ez = 8(10%) ksi, vy = 0.24. 


10-38. The principal stresses at a point are shown in the 
figure. If the material is A-36 steel, determine the principal 
strains. 


Prob. 10-38 


10-39. The spherical pressure vessel has an inner 
diameter of 2 m and a thickness of 10 mm. A strain gauge 
having a length of 20 mm is attached to it, and it is observed 
to increase in length by 0.012 mm when the vessel 
is pressurized. Determine the pressure causing this 
deformation, and find the maximum in-plane shear stress, 
and the absolute maximum shear stress at a point on the 
outer surface of the vessel. The material is steel, for which 
Ey = 200 GPa and vy = 0.3. 


20 mm 


Prob. 10-39 


*10-40. The strain in the x direction at point A on the 
steel beam is measured and found to be e, = —100(10°°). 
Determine the applied load P. What is the shear strain y,y 
at point A? Ey = 29(10%) ksi, vy = 0.3. 


CFs +05 in 
0.5 in fe | Sin 
P Lele: .) 1 
» 6 in. 
3 in. | 
i ae 
3 ft ++ — 4 ft | 7 ft | 


Prob. 10-40 


°10-41. The cross section of the rectangular beam is 
subjected to the bending moment M. Determine an 
expression for the increase in length of lines AB and CD. 
The material has a modulus of elasticity E and Poisson’s 
ratio is v. 


Cc 
F7 D 
| 3 
h a 
ye =O 
CAN 
M~ 
— 
Prob. 10-41 


LL | 
10-42. The principal stresses at a point are shown in 
the figure. If the material is aluminum for which 
E, = 10(10°) ksi and v,, = 0.33, determine the principal 
strains. 


26 ksi 


» 4 g 15 ksi 


Prob. 10-42 
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10-43. A single strain gauge, placed on the outer surface 
and at an angle of 30° to the axis of the pipe, gives a reading 
at point A of €, = —200(10°). Determine the horizontal 
force P if the pipe has an outer diameter of 2 in. and an 
inner diameter of 1 in. The pipe is made of A-36 steel. 


*10-44. A single strain gauge, placed in the vertical plane 
on the outer surface and at an angle of 30° to the axis of the 
pipe, gives a reading at point A of e, = —200(10~%). 
Determine the principal strains in the pipe at point A. The 
pipe has an outer diameter of 2 in. and an inner diameter of 
1 in. and is made of A-36 steel. 


ase 
~ 


Probs. 10-43/44 


10-45. The cylindrical pressure vessel is fabricated using 
hemispherical end caps in order to reduce the bending stress 
that would occur if flat ends were used. The bending stresses 
at the seam where the caps are attached can be eliminated 
by proper choice of the thickness ¢, and ¢, of the caps and 
cylinder, respectively. This requires the radial expansion to 
be the same for both the hemispheres and cylinder. Show 
that this ratio is t./t, = (2 — v)/(1 — v). Assume that the 
vessel is made of the same material and both the cylinder 
and hemispheres have the same inner radius. If the cylinder 
is to have a thickness of 0.5 in., what is the required thickness 
of the hemispheres? Take v = 0.3. 


Prob. 10-45 
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10-46. The principal strains in a plane, measured 
experimentally at a point on the aluminum fuselage of a jet 
aircraft, are €; = 630(10~°) and e, = 350(10°°). If this is 
a case of plane stress, determine the associated principal 
stresses at the point in the same plane. Ey, = 10(10°) ksi 
and v,, = 0.33. 


10-47. The principal stresses at a point are shown in 
the figure. If the material is aluminum for which 
Eq = 10(10°) ksi and v, = 0.33, determine the principal 
strains. 


3 ksi 


Prob. 10-47 


*10-48. The 6061-T6 aluminum alloy plate fits snugly into 
the rigid constraint. Determine the normal stresses 7, and 
oy developed in the plate if the temperature is increased by 
AT = 50°C. To solve, add the thermal strain aAT to the 
equations for Hooke’s Law. 


Prob. 10-48 


e10-49. Initially, gaps between the A-36 steel plate and 
the rigid constraint are as shown. Determine the normal 
stresses a, and o, developed in the plate if the temperature 
is increased by AT = 100°F. To solve, add the thermal 
strain waAT to the equations for Hooke’s Law. 


Prob. 10-49 


10-50. Two strain gauges a and b are attached to a plate 
made from a material having a modulus of elasticity of 
E = 70 GPa and Poisson’s ratio v = 0.35. If the gauges give 
a reading of e, = 450(10 ©) and e, = 100(10 °), determine 
the intensities of the uniform distributed load w, and wy 
acting on the plate. The thickness of the plate is 25 mm. 


10-51. Two strain gauges a and 5 are attached to the 
surface of the plate which is subjected to the uniform 
distributed load w, = 700 KN/m and w, = —175 kN/m. 
If the gauges give a reading of e, = 450(10°) and 
€, = 100(10 °), determine the modulus of elasticity E, 
shear modulus G, and Poisson’s ratio v for the material. 


Probs. 10-50/51 


*10-52. The block is fitted between the fixed supports. If 
the glued joint can resist a maximum shear stress of 
Tallow = 2 ksi, determine the temperature rise that will 
cause the joint to fail. Take E = 10 (10°) ksi, v = 0.2, and 
Hint: Use Eq. 10-18 with an additional strain term of aAT 
(Eq. 4-4). 


40° 


Prob. 10-52 


°10-53. The smooth rigid-body cavity is filled with liquid 
6061-T6 aluminum. When cooled it is 0.012 in. from the top 
of the cavity. If the top of the cavity is covered and the 
temperature is increased by 200°F, determine the stress 
components o,, oy, and o, in the aluminum. Hint: Use 
Eqs. 10-18 with an additional strain term of aAT (Eq. 4-4). 


10-54. The smooth rigid-body cavity is filled with liquid 
6061-T6 aluminum. When cooled it is 0.012 in. from the top 
of the cavity. If the top of the cavity is not covered and the 
temperature is increased by 200°F, determine the strain 
components €,, €y, and €, in the aluminum. Hint: Use 
Eqs. 10-18 with an additional strain term of aAT (Eq. 4-4). 


Probs. 10—53/54 


x 


10-55. A thin-walled spherical pressure vessel having an 
inner radius r and thickness ¢ is subjected to an internal 
pressure p. Show that the increase in the volume within 
the vessel is AV = (2par*/Et)(1 — v). Use a small-strain 
analysis. 
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*10-56. A thin-walled cylindrical pressure vessel has an 
inner radius r, thickness f, and length L. If it is subjected 
to an internal pressure p, show that the increase in 
its inner radius is dr = re, = pr?(1 — 5v)/Et and the 
increase in its length is AL = pLr(5 — v)/Et. Using these 
results, show that the change in internal volume becomes 
dV = wr(1 + €,;)°?(1 + &))L — ar’L. Since e€; and e> are 
small quantities, show further that the change in volume 
per unit volume, called volumetric strain, can be written as 
dV/V = pr(2.5 — 2v)/Et. 


10-57. The rubber block is confined in the U-shape 
smooth rigid block. If the rubber has a modulus of elasticity 
E and Poisson’s ratio v, determine the effective modulus of 
elasticity of the rubber under the confined condition. 


Prob. 10-57 


10-58. A soft material is placed within the confines of a 
rigid cylinder which rests on a rigid support. Assuming that 
€, = 0 and e, = 0, determine the factor by which the 
modulus of elasticity will be increased when a load is 
applied if vy = 0.3 for the material. 


Prob. 10-58 
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Liider’s lines on 
mild steel strip 


Fig. 10-26 


*10.7 Theories of Failure 


When an engineer is faced with the problem of design using a specific 
material, it becomes important to place an upper /imit on the state of 
stress that defines the material’s failure. If the material is ductile, failure is 
usually specified by the initiation of yielding, whereas if the material is 
brittle, it is specified by fracture. These modes of failure are readily 
defined if the member is subjected to a uniaxial state of stress, as in the 
case of simple tension; however, if the member is subjected to biaxial or 
triaxial stress, the criterion for failure becomes more difficult to establish. 

In this section we will discuss four theories that are often used in 
engineering practice to predict the failure of a material subjected to a 
multiaxial state of stress. No single theory of failure, however, can be 
applied to a specific material at all times, because a material may behave 
in either a ductile or brittle manner depending on the temperature, 
rate of loading, chemical environment, or the way the material is shaped 
or formed. When using a particular theory of failure, it is first necessary 
to calculate the normal and shear stress at points where they are the 
largest in the member. Once this state of stress is established, the 
principal stresses at these critical points are then determined, since each 
of the following theories is based on knowing the principal stress. 


Ductile Materials 


Maximum-Shear-Stress Theory. The most common type of yielding 
of a ductile material such as steel is caused by slipping, which occurs along 
the contact planes of randomly ordered crystals that make up the 
material. If we make a specimen into a highly polished thin strip and 
subject it to a simple tension test, we can actually see how this slipping 
causes the material to yield, Fig. 10-26. The edges of the planes of 
slipping as they appear on the surface of the strip are referred to as 
Liider’s lines. These lines clearly indicate the slip planes in the strip, 
which occur at approximately 45° with the axis of the strip. 

The slipping that occurs is caused by shear stress. To show this, 
consider an element of the material taken from a tension specimen, 
when it is subjected to the yield stress oy, Fig. 10-27a. The maximum 
shear stress can be determined by drawing Mohr’s circle for the element, 
Fig. 10-27b. The results indicate that 


Oy 


= 10-26 
Tmax 2 ( ) 


Furthermore, this shear stress acts on planes that are 45° from the planes 
of principal stress, Fig. 10-27c, and these planes coincide with the 
direction of the Liider lines shown on the specimen, indicating that 
indeed failure occurs by shear. 

Using this idea, that ductile materials fail by shear, in 1868 Henri 
Tresca proposed the maximum-shear-stress theory or Tresca yield 
criterion. This theory can be used to predict the failure stress of a ductile 
material subjected to any type of loading. The theory states that yielding 
of the material begins when the absolute maximum shear stress in the 
material reaches the shear stress that causes the same material to yield 
when it is subjected only to axial tension. Therefore, to avoid failure, it is 
required that tas in the material must be less than or equal to oy/2, 
where oy is determined from a simple tension test. 

For application we will express the absolute maximum shear stress in 
terms of the principal stresses. The procedure for doing this was 
discussed in Sec. 9.5 with reference to a condition of plane stress, that is, 
where the out-of-plane principal stress is zero. If the two in-plane 
principal stresses have the same sign, i.e., they are both tensile or both 
compressive, then failure will occur out of the plane, and from Eq. 9-13, 


If instead the in-plane principal stresses are of opposite signs, then 
failure occurs in the plane, and from Eq. 9-14, 


Using these equations and Eq. 10-26, the maximum-shear-stress theory 
for plane stress can be expressed for any two in-plane principal stresses o, 
and o, by the following criteria: 


loy| Ona 


Il 


01, 07 have same signs 


loz] = oy (10-27) 


|o, — o> = oy} 01, 0 have opposite signs 


A graph of these equations is given in Fig. 10-28. Clearly, if any point 
of the material is subjected to plane stress, and its in-plane principal 
stresses are represented by a coordinate (1,0) plotted on the boundary 
or outside the shaded hexagonal area shown in this figure, the material 
will yield at the point and failure is said to occur. 
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Axial tension 
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Fig. 10-27 


Maximum-shear-stress theory 


Fig. 10-28 
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Fig. 10-29 
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STRAIN TRANSFORMATION 


Maximum-Distortion-Energy Theory. It was stated in Sec. 3.5 that 
an external loading will deform a material, causing it to store energy 
internally throughout its volume. The energy per unit volume of material 
is called the strain-energy density, and if the material is subjected to a 
uniaxial stress the strain-energy density, defined by Eq. 3-6, becomes 


1 
“Soe (10-28) 


If the material is subjected to triaxial stress, Fig. 10-29a, then each 
principal stress contributes a portion of the total strain-energy density, 
so that 


u = =a 1€; + =Ore) + = O3€ 
) 1€1 ) 2€2 ) 3€3 


Furthermore, if the material behaves in a linear-elastic manner, then 
Hooke’s law applies. Therefore, substituting Eq. 10-18 into the above 
equation and simplifying, we get 


1 
u [eo + 0° + 07 — 2v(o\07 + a0; + 730) (10-29) 


~ 2E 


This strain-energy density can be considered as the sum of two parts, 
one part representing the energy needed to cause a volume change of 
the element with no change in shape, and the other part representing the 
energy needed to distort the element. Specifically, the energy stored in the 
element as a result of its volume being changed is caused by application 
of the average principal stress, 0,yy = (a, + a2 + o3)/3, since this stress 
causes equal principal strains in the material, Fig. 10-295. The remaining 
portion of the stress, (71 — Gayg), (72 — Favg), (03 — Gavg), Causes the 
energy of distortion, Fig. 10-29c. 

Experimental evidence has shown that materials do not yield when 
subjected to a uniform (hydrostatic) stress, such as o,,, discussed above. 
As a result, in 1904, M. Huber proposed that yielding in a ductile 
material occurs when the distortion energy per unit volume of the 
material equals or exceeds the distortion energy per unit volume of the 
same material when it is subjected to yielding in a simple tension test. 
This theory is called the maximum-distortion-energy theory, and since it 
was later redefined independently by R. von Mises and H. Hencky, it 
sometimes also bears their names. 

To obtain the distortion energy per unit volume, we will substitute the 
stresses (71 — Gayg), (72 — Gavg), and (73 — Gayg) for oj, o2, and a3, 
respectively, into Eq. 10-29, realizing that Gayp = (01 + o2 + @3)/3. 
Expanding and simplifying, we obtain 


1lt+p 
Ud = ee [(o1 = 0p)" + (ap — 3) + (03 — 01)" 


In the case of plane stress, 73 = 0, and this equation reduces to 
1l+pv 
Uu = 
a SE 


For a uniaxial tension test,a, = ay, 02 = 03 = 0, and so 


(o? — 040, + oy) 


ley 5 
Oo 
aE 
Since the maximum-distortion-energy theory requires uy = (uy)y, then 
for the case of plane or biaxial stress, we have 


(ua)y = 


CG a1 oO, — 84 (10-30) 


This is the equation of an ellipse, Fig. 10-30. Thus, if a point in the 
material is stressed such that (01, 02) is plotted on the boundary or 
outside the shaded area, the material is said to fail. 

A comparison of the above two failure criteria is shown in Fig. 10-31. Note 
that both theories give the same results when the principal stresses are 
equal, i.e.,7, = 02 = ay, or when one of the principal stresses is zero and 
the other has a magnitude of oy. If the material is subjected to pure shear, 7, 
then the theories have the largest discrepancy in predicting failure. The 
stress coordinates of these points on the curves can be determined by 
considering the element shown in Fig. 10-32a. From the associated Mohr’s 
circle for this state of stress, Fig. 10-325, we obtain principal stresses 0, = T 
and ao, = —7. Thus, with 0, = —a», then from Eq. 10-27, the maximum- 
shear-stress theory gives (ay/2, —oy/2), and from Eq. 10-30, the 
maximum-distortion-energy theory gives (ay / V3, -oy / V3), Fig. 10-31. 

Actual torsion tests, used to develop a condition of pure shear in a 
ductile specimen, have shown that the maximum-distortion-energy 
theory gives more accurate results for pure-shear failure than the 
maximum-shear-stress theory. In fact, since (oy/V3)/(oy/2) = 1.15, 
the shear stress for yielding of the material, as given by the maximum- 
distortion-energy theory, is 15% more accurate than that given by the 
maximum-shear-stress theory. 


Fig. 10-32 
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a2 
ay 
-oy 
oy 1 
coy 
Maximum-distortion-energy theory 
Fig. 10-30 
oy) 
Pure shear 
(ay, oy) 
Gy 


(-oy,-cy) 
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Failure of a brittle material 
in tension 


(a) 


a 


Failure of a brittle material 
in torsion 


(b) 
Fig. 10-33 


Fut 


Out Fut 


Out 


Maximum-normal-stress theory 


Fig. 10-34 


Brittle Materials 


Maximum-Normal-Stress Theory. It was previously stated that 
brittle materials, such as gray cast iron, tend to fail suddenly by fracture 
with no apparent yielding. In a tension test, the fracture occurs when 
the normal stress reaches the ultimate stress oy, Fig. 10-33a. Also, 
brittle fracture occurs in a torsion test due to tension since the plane of 
fracture for an element is at 45° to the shear direction, Fig. 10-33). The 
fracture surface is therefore helical as shown.* Experiments have further 
shown that during torsion the material’s strength is somewhat unaffected 
by the presence of the associated principal compressive stress being at 
right angles to the principal tensile stress. Consequently, the tensile stress 
needed to fracture a specimen during a torsion test is approximately the 
same as that needed to fracture a specimen in simple tension. Because of 
this, the maximum-normal-stress theory states that a brittle material will 
fail when the maximum tensile stress, 0), in the material reaches a value 
that is equal to the ultimate normal stress the material can sustain when 
it is subjected to simple tension. 
If the material is subjected to plane stress, we require that 


(10-31) 


These equations are shown graphically in Fig. 10-34. Therefore, if the 
stress coordinates (a, 72) at a point in the material fall on the boundary 
or outside the shaded area, the material is said to fracture. This theory is 
generally credited to W. Rankine, who proposed it in the mid-1800s. 
Experimentally it has been found to be in close agreement with the 
behavior of brittle materials that have stress-strain diagrams that are 
similar in both tension and compression. 


Mohr’s Failure Criterion. In some brittle materials tension and 
compression properties are different. When this occurs a criterion based 
on the use of Mohr’s circle may be used to predict failure. This method 
was developed by Otto Mohr and is sometimes referred to as Mohr’s 
failure criterion. To apply it, one first performs three tests on the material. 
A uniaxial tensile test and uniaxial compressive test are used to 
determine the ultimate tensile and compressive stresses (Gy); and 
(Gut)c, Tespectively. Also a torsion test is performed to determine the 
material’s ultimate shear stress T,,. Mohr’s circle for each of these stress 


*A stick of blackboard chalk fails in this way when its ends are twisted with the fingers. 
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conditions is then plotted as shown in Fig. 10-35. These three circles are 
contained in a “failure envelope” indicated by the extrapolated colored 
curve that is drawn tangent to all three circles. If a plane-stress condition 
at a point is represented by a circle that has a point of tangency with the 
envelope, or if it extends beyond the envelope’s boundary, then failure is 
said to occur. (Cute (Cue 

We may also represent this criterion on a graph of principal stresses a, 
and o>. This is shown in Fig. 10-36. Here failure occurs when the absolute 
value of either one of the principal stresses reaches a value equal to or 
greater than (o,); OF (Gyt)¢ or in general, if the state of stress at a point 7 
defined by the stress coordinates (a, 02) is plotted on the boundary or 
outside the shaded area. 

Either the maximum-normal-stress theory or Mohr’s failure criterion 
can be used in practice to predict the failure of a brittle material. a7 
However, it should be realized that their usefulness is quite limited. A 
tensile fracture occurs very suddenly, and its initiation generally depends 
on stress concentrations developed at microscopic imperfections of 
the material such as inclusions or voids, surface indentations, and 
small cracks. Since each of these irregularities varies from specimen 
to specimen, it becomes difficult to specify fracture on the basis of a 
single test. 


Failure envelope 


(Cun): 


(Cue (Cun) 


Mohr’s failure criterion 


Fig. 10-36 


Important Points 


If a material is ductile, failure is specified by the initiation of yielding, whereas if it is brittle, it is specified 
by fracture. 

Ductile failure can be defined when slipping occurs between the crystals that compose the material. This 
slipping is due to shear stress and the maximum-shear-stress theory is based on this idea. 

Strain energy is stored in a material when it is subjected to normal stress. The maximum-distortion-energy 
theory depends on the strain energy that distorts the material, and not the part that increases its volume. 


The fracture of a brittle material is caused only by the maximum tensile stress in the material, and not the 
compressive stress. This is the basis of the maximum-normal-stress theory, and it is applicable if the 
stress-strain diagram is similar in tension and compression. 


If a brittle material has a stress-strain diagram that is different in tension and compression, then Mohr's 
failure criterion may be used to predict failure. 

Due to material imperfections, tensile fracture of a brittle material is difficult to predict, and so theories of 
failure for brittle materials should be used with caution. 
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EXAMPLE |10.12 


The solid cast-iron shaft shown in Fig. 10-37a is subjected to a torque 
of T = 400 Ib- ft. Determine its smallest radius so that it does not fail 
according to the maximum-normal-stress theory. A specimen of cast 
iron, tested in tension, has an ultimate stress of (oy), = 20 ksi. 


T = 400 lb-ft 


a ) 


SOLUTION 
The maximum or critical stress occurs at a point located on the surface 
of the shaft. Assuming the shaft to have a radius r, the shear stress is 


Tc (400 1b-ft)(12in./ft)r 3055.8 Ib- in. 
Tmax — ae im 
J (a/2)r* he 


Mohr’s circle for this state of stress (pure shear) is shown in Fig. 10-37b. 
Since R = 7,,x, then 
_ 3053.8 Ib*an, 


Clam OD ae max -p 


The maximum-normal-stress theory, Eq. 10-31, requires 
lou] = our 


3055.8 Ib + in. 


rP 


Thus, the smallest radius of the shaft is determined from 


3055.8 Ib + in. 


r 


= 20 000 lb/in? 


= 20 000 Ib/in? 


P= O53) iy 
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EXAMPLE |10.13 


The solid shaft shown in Fig. 10—38a has a radius of 0.5 in. and is made 
of steel having a yield stress of ay = 36 ksi. Determine if the loadings 
cause the shaft to fail according to the maximum-shear-stress theory 
and the maximum-distortion-energy theory. 


SOLUTION 

The state of stress in the shaft is caused by both the axial force and the 
torque. Since maximum shear stress caused by the torque occurs in 
the material at the outer surface, we have 


ies —15 kip f 
x A = —19.10 ksi Tee 
" S lle in.)? i) . oN 
0.5in. 3.25 kip-in. r 


Th 3.25 kip «in. (0.5 in. 
fee bape see) ies (a) 
J (0.5 in.) 
The stress components are shown acting on an element of material 
at point A in Fig. 10-38. Rather than using Mohtr’s circle, the principal 


Semmes 16.55 ksi 


stresses can also be obtained using the stress-transformation Eq. 9-5. , 
oO, +0, ; 19.10 ksi 
a aa eer ' 
Ls 


—19.10 + -19.10 - 0\? 
—ee (ee °) + (16.55)? (b) 


= —9.55 + 19.11 Fig. 10-38 
o, = 9.56 ksi 
O72 = —28.66 ksi 
Maximum-Shear-Stress Theory. Since the principal stresses have 
opposite signs, then from Sec. 9.5, the absolute maximum shear stress 
will occur in the plane, and therefore, applying the second of 
Eqs. 10-27, we have 
lo ih = OF aI Oss, 
|9.56 — (—28.66)| =< 36 
38.2 > 36 
Thus, shear failure of the material will occur according to this theory. 
Maximum-Distortion-Energy Theory. Applying Eq. 10-30, we have 


(0? ee OOD) = oy’) = ay 
[ (9.56)? — (9.56)(—28.66) + (-28.66)?] = (36)? 


1187 = 1296 
Using this theory, failure will not occur. 
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P [PROBLEMS 


10-59. A material is subjected to plane stress. Express 
the distortion-energy theory of failure in terms of o,, 7 
and Tyy. 


y? 


*10-60. A material is subjected to plane stress. Express 
the maximum-shear-stress theory of failure in terms of o,, 
oy, and 7,,. Assume that the principal stresses are of 
different algebraic signs. 


¢10-61. An aluminum alloy 6061-T6 is to be used for 
a solid drive shaft such that it transmits 40 hp at 2400 
rev/min. Using a factor of safety of 2 with respect to 
yielding, determine the smallest-diameter shaft that can be 
selected based on the maximum-shear-stress theory. 


10-62. Solve Prob. 10-61 using the maximum-distortion- 
energy theory. 


10-63. An aluminum alloy is to be used for a drive shaft 
such that it transmits 25 hp at 1500 rev/min. Using a factor 
of safety of 2.5 with respect to yielding, determine the 
smallest-diameter shaft that can be selected based on the 
maximum-distortion-energy theory. ay = 3.5 ksi. 


*10-64. A bar with a square cross-sectional area is made 
of a material having a yield stress of oy = 120 ksi. If the bar 
is subjected to a bending moment of 75 kip: in., determine 
the required size of the bar according to the maximum- 
distortion-energy theory. Use a factor of safety of 1.5 with 
respect to yielding. 


¢10-65. Solve Prob. 10-64 using the maximum-shear- 
stress theory. 


10-66. Derive an expression for an equivalent torque T, 
that, if applied alone to a solid bar with a circular cross 
section, would cause the same energy of distortion as 
the combination of an applied bending moment M and 
torque T. 


10-67. Derive an expression for an equivalent bending 
moment M, that, if applied alone to a solid bar with a 
circular cross section, would cause the same energy of 
distortion as the combination of an applied bending 
moment M and torque T. 


*10-68. The short concrete cylinder having a diameter of 
50 mm is subjected to a torque of 500 N-m and an axial 
compressive force of 2 kN. Determine if it fails according to 
the maximum-normal-stress theory. The ultimate stress of 
the concrete is oy, = 28 MPa. 


2kN 


500 N-m 


Prob. 10-68 


¢10-69. Cast iron when tested in tension and compression 
has an ultimate strength of (oy); = 280 MPa and 
(Tut)c = 420 MPa, respectively. Also, when subjected to 
pure torsion it can sustain an ultimate shear stress of 
Tur = 168 MPa. Plot the Mohr’s circles for each case and 
establish the failure envelope. If a part made of this 
material is subjected to the state of plane stress shown, 
determine if it fails according to Mohr’s failure criterion. 


120 MPa 


100 MPa 


220 MPa 


Prob. 10-69 


10-70. Derive an expression for an equivalent bending 
moment M, that, if applied alone to a solid bar with a 
circular cross section, would cause the same maximum 
shear stress as the combination of an applied moment M 
and torque T. Assume that the principal stresses are of 
opposite algebraic signs. 


10-71. The components of plane stress at a critical point 
on an A-36 steel shell are shown. Determine if failure 
(yielding) has occurred on the basis of the maximum-shear- 
stress theory. 


*10-72. The components of plane stress at a critical point 
on an A-36 steel shell are shown. Determine if failure 
(yielding) has occurred on the basis of the maximum- 
distortion-energy theory. 


60 MPa 


40 MPa 


70 MPa 


a 


Probs. 10-71/72 


e10-73. If the 2-in. diameter shaft is made from brittle 
material having an ultimate strength of o,,, = 50 ksi for 
both tension and compression, determine if the shaft fails 
according to the maximum-normal-stress theory. Use a 
factor of safety of 1.5 against rupture. 


10-74. If the 2-in. diameter shaft is made from cast 
iron having tensile and compressive ultimate strengths 
of (o,,); = 50 ksi and (0,,,). = 75 ksi, respectively, 
determine if the shaft fails in accordance with Mohr’s 
failure criterion. 


30 kip 


4 kip - ft 


Probs. 10—73/74 
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10-75. If the A-36 steel pipe has outer and inner 
diameters of 30 mm and 20 mm, respectively, determine the 
factor of safety against yielding of the material at point A 
according to the maximum-shear-stress theory. 


*10-76. If the A-36 steel pipe has an outer and inner 
diameter of 30 mm and 20 mm, respectively, determine the 
factor of safety against yielding of the material at point A 
according to the maximum-distortion-energy theory. 


900 N 


900 N 


Probs. 10—75/76 


¢10-77. The element is subjected to the stresses shown. If 
oy = 36ksi, determine the factor of safety for the loading 
based on the maximum-shear-stress theory. 


10-78. Solve Prob. 10-77 using the maximum-distortion- 
energy theory. 


12 ksi 


Aksi 


Probs. 10-—77/78 


10-79. The yield stress for heat-treated beryllium copper 
is oy = 130 ksi. If this material is subjected to plane stress 
and elastic failure occurs when one principal stress is 145 ksi, 
what is the smallest magnitude of the other principal stress? 
Use the maximum-distortion-energy theory. 
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*10-80. The plate is made of hard copper, which yields at 
oy = 105ksi. Using the maximum-shear-stress theory, 
determine the tensile stress 7, that can be applied to the 
plate if a tensile stress 7, = 0.50, is also applied. 


e10-81. Solve Prob. 10-80 using the maximum-distortion- 
energy theory. 
oO 


= 0.50, 


Probs. 10-80/81 


10-82. The state of stress acting at a critical point on the 
seat frame of an automobile during a crash is shown in the 
figure. Determine the smallest yield stress for a steel that 
can be selected for the member, based on the maximum- 
shear-stress theory. 


10-83. Solve Prob. 10-82 using the maximum-distortion- 
energy theory. 


Probs. 10-82/83 


*10-84. A bar with a circular cross-sectional area is made 
of SAE 1045 carbon steel having a yield stress of 
oy = 150ksi. If the bar is subjected to a torque of 
30 kip: in. and a bending moment of 56 kip: in., determine 
the required diameter of the bar according to the 
maximum-distortion-energy theory. Use a factor of safety 
of 2 with respect to yielding. 


e10-85. The state of stress acting at a critical point on a 
machine element is shown in the figure. Determine the 
smallest yield stress for a steel that might be selected for the 
part, based on the maximum-shear-stress theory. 


Prob. 10-85 


10-86. The principal stresses acting at a point on a thin- 
walled cylindrical pressure vessel are 0, = pr/t, 7, = pr/2t, 
and a3; = 0. If the yield stress is oy, determine the maximum 
value of p based on (a) the maximum-shear-stress theory and 
(b) the maximum-distortion-energy theory. 


10-87. Ifa solid shaft having a diameter d is subjected to 
a torque T and moment M, show that by the maximum- 
shear-stress theory the maximum allowable shear stress is 
Tallow = (16/ard*) V M? + T?. Assume the principal stresses 
to be of opposite algebraic signs. 


*10-88. Ifa solid shaft having a diameter d is subjected to a 
torque T and moment M, show that by the maximum-normal- 
stress theory the maximum allowable principal stress is 


Callow = (16/7d?)(M + VM? + T?). 


Probs. 10-87/88 


°10-89. The shaft consists of a solid segment AB and a 
hollow segment BC, which are rigidly joined by the 
coupling at B. If the shaft is made from A-36 steel, 
determine the maximum torque T that can be applied 
according to the maximum-shear-stress theory. Use a factor 
of safety of 1.5 against yielding. 


10-90. The shaft consists of a solid segment AB and a 
hollow segment BC, which are rigidly joined by the 
coupling at B. If the shaft is made from A-36 steel, 
determine the maximum torque T that can be applied 
according to the maximum-distortion-energy theory. Use a 
factor of safety of 1.5 against yielding. 


Probs. 10-89/90 


10-91. The internal loadings at a critical section along the 
steel drive shaft of a ship are calculated to be a torque of 
2300 Ib ft, a bending moment of 1500 Ib: ft, and an axial 
thrust of 2500 Ib. If the yield points for tension and shear are 
oy = 100 ksi and vy = 50 ksi, respectively, determine the 
required diameter of the shaft using the maximum-shear- 
stress theory. 


1500 Ib-ft 
— 2300 lb-ft 


ra 


2500 Ib 


Prob. 10-91 
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*10-92. The gas tank has an inner diameter of 1.50 m and 
a wall thickness of 25 mm. If it is made from A-36 steel and 
the tank is pressured to 5 MPa, determine the factor of 
safety against yielding using (a) the maximum-shear-stress 
theory, and (b) the maximum-distortion-energy theory. 


Prob. 10-92 


e10-93. The gas tank is made from A-36 steel and 
has an inner diameter of 1.50 m. If the tank is designed 
to withstand a pressure of 5 MPa, determine the required 
minimum wall thickness to the nearest millimeter using 
(a) the maximum-shear-stress theory, and (b) maximum- 
distortion-energy theory. Apply a factor of safety of 1.5 
against yielding. 


Prob. 10-93 
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CHAPTER REVIEW 


When an element of material is 
subjected to deformations that only 
occur in a single plane, then it 
undergoes plane strain. If the strain 
components €,, €y, and y,, are known 
for a specified orientation of the 
element, then the strains acting 
for some other orientation of the 
element can be determined using the 
plane-strain transformation equations. 
Likewise, the principal normal strains 
and maximum in-plane shear strain 
can be determined using transformation 
equations. 


Gye = © 


~ cos 20 4 


Gea SS 


Yxy 
in 20 
) sin 


Gy = 5 5 cos 20 


Moire €, —€ of 
“" = ( ‘ sin 20 + —~cos 


Yxy 
in 20 
2 sin 


20 


€, + €y €x — €y\2 
ues ( 2 ) | ( 
Vinee ie ~ €y 2 Yay 2 
2 2 ) . G ) 


Strain transformation problems can 
also be solved in a semi-graphical 
manner using Mohr’s circle. To 
draw the circle, the « and y/2 axes 
are established and the center of 
the circle C [(e,+,)/2,0] and the 
“reference point? A  (€,,7x,/2) 
are plotted. The radius of the circle 
extends between these two points 
and is determined from trigonometry. 


If €, and € have the same sign then 
the absolute maximum shear strain 
will be out of plane. 


In the case of plane strain, the 
absolute maximum shear strain will 
be equal to the maximum in-plane 
shear strain provided the principal 
strains €, and € have opposite signs. 


€, t €y 
Ca 
avg D 
Vinx €1 
“Yin => (Si) = (5) 
Va «1 ~~ €2 


If the material is subjected to triaxial 
stress, then the strain in each 
direction is influenced by the strain 
produced by all three stresses. 
Hooke’s law then involves the 
material properties EF and v. 
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If E and v are known, then G can be 
determined. 


The dilatation is a measure of 
volumetric strain. 


The bulk modulus is used to measure 
the stiffness of a volume of material. 


If the principal stresses at a critical 
point in the material are known, then 
a theory of failure can be used as a 
basis for design. 


Ductile materials fail in shear, and 
here the maximum-shear-stress theory 
or the maximum-distortion-energy 
theory can be used to predict failure. 
Both of these theories make 
comparison to the yield stress of a 
specimen subjected to a uniaxial 
tensile stress. 


Brittle materials fail in tension, and 
so the maximum-normal-stress theory 
or Mohr’s failure criterion can be 
used to predict failure. Here comparisons 
are made with the ultimate tensile 
stress developed in a specimen. 
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10-94. A thin-walled spherical pressure vessel has an 
inner radius r, thickness ¢, and is subjected to an internal 
pressure p. If the material constants are E and v, determine 
the strain in the circumferential direction in terms of the 
stated parameters. 
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REVIEW PROBLEMS 


10-95. The strain at point A on the shell has components 
€, = 250(10~°), €, = 400(10~°), y,, = 275(10°), €, = 0. 
Determine (a) the principal strains at A, (b) the maximum 
shear strain in the x—y plane, and (c) the absolute maximum 
shear strain. 


Prob. 10-95 


*10-96. The principal plane stresses acting at a point are 
shown in the figure. If the material is machine steel having a 
yield stress of oy = 500 MPa, determine the factor of 
safety with respect to yielding if the maximum-shear-stress 
theory is considered. 


100 MPa 


150 MPa 


Prob. 10-96 


¢10-97. The components of plane stress at a critical point 
on a thin steel shell are shown. Determine if failure 
(yielding) has occurred on the basis of the maximum- 
distortion-energy theory. The yield stress for the steel is 
oy = 650 MPa. 


340 MPa 


55 MPa 


Prob. 10-97 


10-98. The 60° strain rosette is mounted on a beam. 
The following readings are obtained for each gauge: 
€, = 600(10°°), «, = —700(10°°), and e, = 350(10°). 
Determine (a) the in-plane principal strains and (b) the 
maximum in-plane shear strain and average normal strain. 
In each case show the deformed element due to these 
strains. 


60° 
60° 
b 
60° 
Cc 
Prob. 10-98 
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10-99. A strain gauge forms an angle of 45° with the axis 10-102. The state of plane strain on an element is 
of the 50-mm diameter shaft. If it gives a reading of €, = 400(10°), €, = 200(10°°), and y,, = —300(10°). 
€ = —200(10°) when the torque T is applied to the shaft, Determine the equivalent state of strain on an element at 
determine the magnitude of T. The shaft is made from A-36 the same point oriented 30° clockwise with respect to the 
steel. original element. Sketch the results on the element. 


BG 
T 
! L 
ae 
| ee | 
Yxy \ lis \ 
dy 2 \ : 
\ 
- 
| eee _ 4 
Prob. 10-99 er 
dx |-—-|€,dx 
*10-100. The A-36 steel post is subjected to the forces 


shown. If the strain gauges a and 5 at point A give readings 


of €, = 300(10°) and e, = 175(10°), determine the Beobe Agate 
magnitudes of P; and P). 


10-103. The state of plane strain on an element is 

€, = 400(10), €, = 200(10°), and y,, = —300(10°°). 

Determine the equivalent state of strain, which represents 

Ain (a) the principal strains, and (b) the maximum in-plane shear 
i. “| strain and the associated average normal strain. Specify 


{2 in the orientation of the corresponding element at the point 
LA ‘ with respect to the original element. Sketch the results on the 
4 ti element. 


Section c—c 


J ; aa in 
Prob. 10-100 | 


1 
10-101. A differential element is subjected to plane strain | 
that has the following components: €, = 950(10~°), €, —— ' x 
420(10°), yyy = —325(10~°). Use the strain-transformation Yayf ~~ 4 
equations and determine (a) the principal strains and (b) the 
maximum in-plane shear strain and the associated average 


strain. In each case specify the orientation of the element 
and show how the strains deform the element. 


Prob. 10-103 


Beams are important structural members that are used to support roof and floor loadings. 


Design of Beams 
and Shafts 


CHAPTER OBJECTIVES 


In this chapter, we will discuss how to design a beam so that it is able 
to resist both bending and shear loads. Specifically, methods used for 
designing prismatic beams and determining the shape of fully stressed 
beams will be developed. At the end of the chapter, we will consider 
the design of shafts based on the resistance of both bending and 
torsional moments. 


11.1 Basis for Beam Design 


Beams are said to be designed on the basis of strength so that they can 
resist the internal shear and moment developed along their length. To 
design a beam in this way requires application of the shear and flexure 
formulas provided the material is homogeneous and has linear elastic 
behavior. Although some beams may also be subjected to an axial force, 
the effects of this force are often neglected in design since the axial stress 
is generally much smaller than the stress developed by shear and bending. 
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As shown in Fig. 11-1, the external loadings on a beam will create 
additional stresses in the beam directly under the load. Notably, a 
compressive stress a, will be developed, in addition to the bending stress 
o, and shear stress 7,,, discussed previously. Using advanced methods of 
analysis, as treated in the theory of elasticity, it can be shown that o, 
diminishes rapidly throughout the beam’s depth, and for most beam 
span-to-depth ratios used in engineering practice, the maximum value 


Oy 

. nie of o, generally represents only a small percentage compared to the 
- Lam Ox bending stress o,, that is,7, >> o,. Furthermore, the direct application 
- 7 of concentrated loads is generally avoided in beam design. Instead, 
| gah neal bearing plates are used to spread these loads more evenly onto the 

y . . surface of the beam. 
) a Although beams are designed mainly for strength, they must also be 
z braced properly along their sides so that they do not buckle or suddenly 
4 become unstable. Furthermore, in some cases beams must be designed 
+e Tox to resist a limited amount of deflection, as when they support ceilings 
Tt made of brittle materials such as plaster. Methods for finding beam 
Fig. 11-1 deflections will be discussed in Chapter 12, and limitations placed on 


beam buckling are often discussed in codes related to structural or 
mechanical design. 

Since the shear and flexure formulas are used for beam design, we will 
discuss the general results obtained when these equations are applied to 
various points in a cantilevered beam that has a rectangular cross section 
and supports a load P at its end, Fig. 11—-2a. 

In general, at an arbitrary section a—a along the beam’s axis, Fig. 11-25, 
the internal shear V and moment M are developed from a parabolic 
shear-stress distribution, and a /inear normal-stress distribution, Fig. 11—2c. 
As a result, the stresses acting on elements located at points 1 through 5 
along the section will be as shown in Fig. 11—2d. Note that elements 1 and 
5 are subjected only to the maximum normal stress, whereas element 3, 
which is on the neutral axis, is subjected only to the maximum shear 
stress. The intermediate elements 2 and 4 resist both normal and shear 
stress. 

In each case the state of stress can be transformed into principal 
stresses, using either the stress-transformation equations or Mohr’s 
circle. The results are shown in Fig. 11—2e. Here each successive element, 
1 through 5, undergoes a counterclockwise orientation. Specifically, 
relative to element 1, considered to be at the 0° position, element 3 is 
oriented at 45° and element 5 is oriented at 90°. 


rm" 


j 


i 


Whenever large shear loads occur on a 
beam it is important to use stiffeners such as 
at A, in order to prevent any localized 
failure such as crimping of the beam flanges. 
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Fig. 11-2 


3 er : r Stress trajectories for 
If this analysis is extended to many vertical sections along the beam cantilevered beam 


other than a-a, a profile of the results can be represented by curves 
called stress trajectories. Each of these curves indicated the direction of a 
principal stress having a constant magnitude. Some of these trajectories 
are shown for the cantilevered beam in Fig. 11-3. Here the solid lines 
represent the direction of the tensile principal stresses and the dashed 
lines represent the direction of the compressive principal stresses. As 
expected, the lines intersect the neutral axis at 45° angles (like element 
3) and the solid and dashed lines will intersect at 90° because the 
principal stresses are always 90° apart. Knowing the direction of these 
lines can help engineers decide where to reinforce a beam if it is made of 
brittle material so that it does not crack or become unstable. 


Fig. 11-3 
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|; 


The two floor beams are connected 
to the beam AB, which transmits the load 
to the columns of this building frame. 
For design, all the connections can be 
considered to act as pins. 


11.2 Prismatic Beam Design 


Most beams are made of ductile materials and when this is the case 
it is generally not necessary to plot the stress trajectories for the 
beam. Instead, it is simply necessary to be sure the actual bending 
stress and shear stress in the beam do not exceed allowable bending 
and shear stress for the material as defined by structural or mechanical 
codes. In the majority of cases the suspended span of the beam will be 
relatively long, so that the internal moments become large. When this 
occurs the engineer will first consider a design based upon bending 
and then check the shear strength. A bending design requires a 
determination of the beam’s section modulus, a geometric property 
which is the ratio of J and c, that is, S = [/c. Using the flexure formula, 
oa = Mc/I, we have 


x 


Sreq’d = = (11-1) 


CO allow 


Here M is determined from the beam’s moment diagram, and the 
allowable bending stress, Glow, 1s specified in a design code. In many 
cases the beam’s as yet unknown weight will be small and can be 
neglected in comparison with the loads the beam must carry. However, 
if the additional moment caused by the weight is to be included in the 
design, a selection for S is made so that it slightly exceeds Sy.q-a- 

Once S;eqq is known, if the beam has a simple cross-sectional shape, 
such as a square, a circle, or a rectangle of known width-to-height 
proportions, its dimensions can be determined directly from S;eqq4, since 
Sreqa = I/c. However, if the cross section is made from several elements, 
such as a wide-flange section, then an infinite number of web and flange 
dimensions can be determined that satisfy the value of S,.q-q. In practice, 
however, engineers choose a particular beam meeting the requirement 
that S > S,qq from a handbook that lists the standard shapes available 
from manufacturers. Often several beams that have the same section 
modulus can be selected from these tables. If deflections are not 
restricted, usually the beam having the smallest cross-sectional area is 
chosen, since it is made of less material and is therefore both lighter and 
more economical than the others. 
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Once the beam has been selected, the shear formula 7,115, = VQ/It 
can then be used to check that the allowable shear stress is not exceeded. 
Often this requirement will not present a problem. However, if the 
beam is “short” and supports large concentrated loads, the shear-stress 
limitation may dictate the size of the beam. This limitation is particularly 
important in the design of wood beams, because wood tends to split 
along its grain due to shear (see Fig. 7-10e). 


Fabricated Beams. Since beams are often made of steel or wood, 
we will now discuss some of the tabulated properties of beams made 
from these materials. 


Steel Sections. Most manufactured steel beams are produced by 
rolling a hot ingot of steel until the desired shape is formed. These so- 
called rolled shapes have properties that are tabulated in the American 
Institute of Steel Construction (AISC) manual. A representative listing 
for wide-flange beams taken from this manual is given in Appendix B. As 
noted in this appendix, the wide-flange shapes are designated by their 
depth and weight per unit length; for example, W18 x 46 indicates a 
wide-flange cross section (W) having a depth of 18 in. and a weight 
of 46 lb/ft, Fig. 114. For any given section, the weight per length, 
dimensions, cross-sectional area, moment of inertia, and section modulus 
are reported. Also included is the radius of gyration r, which is a 
geometric property related to the section’s buckling strength. This will be 
discussed in Chapter 13. Appendix B and the AZSC Manual also list data 
for other members such as channels and angles. 


Typical profile view of a steel wide-flange 
beam. 


Wood Sections. Most beams made of wood have rectangular cross 
sections because such beams are easy to manufacture and handle. 
Manuals, such as that of the National Forest Products Association, list the 
dimensions of lumber often used in the design of wood beams. Often, 
both the nominal and actual dimensions are reported. Lumber is 
identified by its nominal dimensions, such as 2 X 4 (2 in. by 4 in.); 
however, its actual or “dressed” dimensions are smaller, being 1.5 in. by 
3.5 in. The reduction in the dimensions occurs in order to obtain a smooth 
surface from lumber that is rough sawn. Obviously, the actual dimensions 
must be used whenever stress calculations are performed on wood beams. 


0.605 in. 
18 in. 0.360 in. 
| WI18 X 46 
-—6 in. —| 
Fig. 11-4 
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Welded Bolted 


Steel plate girders 


Fig. 11-5 


Built-up Sections. A built-up section is constructed from two or 
more parts joined together to form a single unit. Since Sjeqa = M/@attow: 
the capacity of the beam to resist a moment will vary directly with its 
section modulus, and since Sreqq = I/c, then Steq is increased if I is 
increased. In order to increase I, most of the material should be placed as 
far away from the neutral axis as practical. This, of course, is what makes 
a deep wide-flange beam so efficient in resisting a moment. For a very 
large load, however, an available rolled-steel section may not have a 
section modulus great enough to support the load. Rather than using 
several available beams, instead engineers will usually “build up” a beam 
made from plates and angles. A deep I-shaped section having this form is 


Wooden box bean called a plate girder. For example, the steel plate girder in Fig. 11-5 has 
two flange plates that are either welded or, using angles, bolted to the 
(a) web plate. 


Wood beams are also “built up,” usually in the form of a box beam 
section, Fig. 11-6a. They may be made having plywood webs and larger 
boards for the flanges. For very large spans, glulam beams are used. These 
members are made from several boards glue-laminated together to form 
a single unit, Fig. 11-6b. 

Just as in the case of rolled sections or beams made from a single piece, 
the design of built-up sections requires that the bending and shear 
stresses be checked. In addition, the shear stress in the fasteners, such as 
weld, glue, nails, etc., must be checked to be certain the beam acts as a 
single unit. The principles for doing this were outlined in Sec. 7.4. 


Glulam beam 


Important Points 


(b) 


Fig. 11-6 © Beams support loadings that are applied perpendicular to their 
: axes. If they are designed on the basis of strength, they must resist 
allowable shear and bending stresses. 


e The maximum bending stress in the beam is assumed to be much 


greater than the localized stresses caused by the application of 
loadings on the surface of the beam. 
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Procedure for Analysis 


Based on the previous discussion, the following procedure provides a rational method for the design of a 
beam on the basis of strength. 


Shear and Moment Diagrams. 


© Determine the maximum shear and moment in the beam. Often this is done by constructing the beam’s 
shear and moment diagrams. 


e For built-up beams, shear and moment diagrams are useful for identifying regions where the shear and 
moment are excessively large and may require additional structural reinforcement or fasteners. 


Bending Stress. 


e If the beam is relatively long, it is designed by finding its section modulus using the flexure formula, 
Sia = Mes) Oailons 
Once S,eqq is determined, the cross-sectional dimensions for simple shapes can then be computed, since 
Say =T[ i (ee 
If rolled-steel sections are to be used, several possible values of S may be selected from the tables in 
Appendix B. Of these, choose the one having the smallest cross-sectional area, since this beam has the 
least weight and is therefore the most economical. 


Make sure that the selected section modulus, S, is slightly greater than S,eqa, so that the additional 
moment created by the beam’s weight is considered. 


Shear Stress. 


© Normally beams that are short and carry large loads, especially those made of wood, are first designed to 
resist shear and then later checked against the allowable-bending-stress requirements. 


Using the shear formula, check to see that the allowable shear stress is not exceeded; that is, use 
Tallow 2 Varers / It. 


If the beam has a solid rectangular cross section, the shear formula becomes Tajjoy = 1-5(Vmax/A) 
(See Eq. 2 of Example 7.2.), and if the cross section is a wide flange, it is generally appropriate to assume 
that the shear stress is constant over the cross-sectional area of the beam’s web so that Tayoy = Wmax/ Aweb> 
where A,,4 is determined from the product of the beam’s depth and the web’s thickness. (See the note at 
the end of Example 7.3.) 


Adequacy of Fasteners. 


e The adequacy of fasteners used on built-up beams depends upon the shear stress the fasteners can resist. 
Specifically, the required spacing of nails or bolts of a particular size is determined from the allowable shear 
flow, datlow = VQ/T, calculated at points on the cross section where the fasteners are located. (See Sec. 7.3.) 


544 CHAPTER 11. DESIGN OF BEAMS AND SHAFTS 


EXAMPLE |11.1 


A beam is to be made of steel that has an allowable bending stress of 
Callow = 24 ksi and an allowable shear stress of Tajjow = 14.5 ksi. Select 
an appropriate W shape that will carry the loading shown in Fig. 11—7a. 


SOLUTION 

Shear and Moment Diagrams. The support reactions have been 
calculated, and the shear and moment diagrams are shown in Fig. 11—7b. 
From these diagrams, V,,,, = 30 kip and M,,,, = 120 kip: ft. 


Bending Stress. The required section modulus for the beam is 
determined from the flexure formula, 


Mraz 120 kip ft (12 in./ft) ~ 


Steq’d = = = 60 in 
ea eae 24 kip/in? 


Using the table in Appendix B, the following beams are adequate: 


W18 x40 36S = 684in° 
Wie x45 SS = 727in 
Wi4x 43 § = 627 in’ 
Wi2<50) 8S —647 im 
W10xX 54 ~=S = 60.0in° 

W8 X67 ~=S = 60.4 in? 


M (kip-ft) 60 
The beam having the least weight per foot is chosen, i.e., 


x (ft) W18 x 40 


8 ft —— 
The actual maximum moment M,,,,, which includes the weight of 
the beam, can be calculated and the adequacy of the selected beam 
can be checked. In comparison with the applied loads, however, the 
beam’s weight, (0.040 kip/ft)(18 ft) = 0.720 kip, will only slightly 
increase S,eq4- In spite of this, 


Sreqa = 60 in? < 68.4 in? OK 


Shear Stress. Since the beam is a wide-flange section, the average 
shear stress within the web will be considered. (See Example 7.3.) 
Here the web is assumed to extend from the very top to the very 
bottom of the beam. From Appendix B, fora W18 X 40, d = 17.90 in., 
ty = 0.315 in. Thus, 


— Vimax _ mE ES 4a kal = 14S OK 
Ce A renin sisi se 


Use aW18 X 40. Ans. 
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EXAMPLE |11.2 


The laminated wooden beam shown in Fig. 11-84 supports a uniform 
distributed loading of 12 kN/m. If the beam is to have a height-to-width 
ratio of 1.5, determine its smallest width. The allowable bending stress 
1S Oallow = 9 MPa and the allowable shear stress is Tajjoyw = 0.6 MPa. 
Neglect the weight of the beam. 


SOLUTION 


Shear and Moment Diagrams. The support reactions at A and B 
have been calculated and the shear and moment diagrams are shown 
in Fig. 11-8b. Here V,,,, = 20 KN, M,,,, = 10.67 kKN-m. 


Bending Stress. Applying the flexure formula, 


Mmax  10.67(10°) N-m i 
Sreq'd = = 5— = 0.00119 m 
O allow 9( 10 ) N/m 


Assuming that the width is a, then the height is 1.5a, Fig. 11-8a. 
Thus, 


(a) (1.5a)$ 
(0.75a) 


i 
Sreqa = — = 0.00119 m3 = 
(é 


a = 0.003160 m? 
a = 0.147m 


Shear Stress. Applying the shear formula for rectangular sections 
(which is a special case of Tmax = VQ//t, Example 7.2), we have 


Vee 20(10°) N 
ie ae (0.147 m)(1.5)(0.147 m) 
= 0.929 MPa > 0.6 MPa 


Toe lS 


EQUATION 

Since the design fails the shear criterion, the beam must be redesigned 
on the basis of shear. 

we 

2s 

20(10°) N 

(a)(1.5a) 


a = 0.183 m = 183 mm 


Tallow — iS 


600 KN/m? = 1.5 


This larger section will also adequately resist the normal stress. 


| | | | 12kN/m 


le im 3m 
32 kN 
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EXAMPLE |11.3 


The wooden T-beam shown in Fig. 11-9a is made from two 
200mm x 30mm _ boards. If the allowable bending stress is 
Callow = 12 MPa and the allowable shear stress is Tajoy = 0.8 MPa, 
determine if the beam can safely support the loading shown. Also, 
specify the maximum spacing of nails needed to hold the two boards 
together if each nail can safely resist 1.50 KN in shear. 


1.5 kN 


SOLUTION 


Shear and Moment Diagrams. The reactions on the beam are 
shown, and the shear and moment diagrams are drawn in Fig. 11—-9b. 
Here Vin = LO KN Vie — 2 Nea: 


Bending Stress. The neutral axis (centroid) will be located from 
the bottom of the beam. Working in units of meters, we have 


SyA 
SA 
(0.1 m)(0.03 m)(0.2 m) + 0.215 m(0.03 m)(0.2 m) 


= =01 
0.03 m(0.2 m) + 0.03 m(0.2 m) oe 


y= 


Thus, 


l= 4 (003 m)(0.2 m)° + (0.03 m)(0.2 m)(0.1575 m — 0.1 m)°| 


12 
= 60.125(10~°) m4 
Since c = 0.1575 m (not 0.230 m — 0.1575 m = 0.0725 m), we require 


~ : (0.2 m)(0.03 m)* + (0.03 m)(0.2 m)(0.215 m — 0.1575 m)| 


Mae 
Oo eae ee 
allow ii 


- 2(10°) N- m(0.1575 m) 
127(10°) Pa = ay 
60.125(10°°) m 


= 5.24(10°) Pa OK 
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Shear Stress. Maximum shear stress in the beam depends upon the 
magnitude of Q and ¢. It occurs at the neutral axis, since Q is a —— 
maximum there and the neutral axis is in the web, where the thickness —— |0.0725 m 
t = 0.03 m is smallest for the cross section. For simplicity, we will use =a 
the rectangular area below the neutral axis to calculate Q, rather than 0.1575 m 
a two-part composite area above this axis, Fig. 11—9c. We have =e 


= yA (oe ™)((oists m)(0.03 m)] = 0.372(10°3) m? 


so that 


VmaxQ 
Tallow = A 


1.5(10°) N[0.372(10-3)] m? 
60.125(10~°) m4 (0.03 m) 


800(107) Pa = = 309(10°) Pa. OK 


ieee 
1 [0.0725 m , 


Nail Spacing. From the shear diagram it is seen that the shear varies — 
over the entire span. Since the nail spacing depends on the magnitude — 
of shear in the beam, for simplicity (and to be conservative), we will = 
design the spacing on the basis of V = 1.5 kN for region BC and 

V = 1KkN for region CD. Since the nails join the flange to the web, (d) 


Fig. 11-9d, we have 


Fig. 11-9 (cont.) 
Q = y'A' = (0.0725 m — 0.015 m)[(0.2 m)(0.03 m)] = 0.345(10°3) m? 
The shear flow for each region is therefore 


— VacQ _ 1.5(10°) N[0.345(10~*) m*] 
es ei 60.125(10-°) m* 


= 8.61 kN/m 


VepQ 1(10*) N[0.345(10°3) m?] 
~~ —— 60,125(10°) m4 


dcp = 5.74kN/m 


One nail can resist 1.50 KN in shear, so the maximum spacing becomes 


_1.50kN 
*BC ~ 8.61 KN/m 


1.50 kN 
= 7" = 0261 
2 = sini 


= 0.174m 


For ease of measuring, use 
Spc = 150mm 


Scp = 250mm 
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bea FUNDAMENTAL PROBLEMS 


Fl1-1. Determine the minimum dimension a to the nearest 
mm of the beam’s cross section to safely support the load. 
The wood has an allowable normal stress of @ajoy = 10 MPa 
and an allowable shear stress of Tay5y = 1 MPa. 


6kN 6kN 


F11-1 


F11-2. Determine the minimum diameter d to the nearest 
gin. of the rod to safely support the load. The rod is 
made of a material having an allowable normal stress 
Of Calow = 20ksi and an allowable shear stress of 
Tallow — 10 ksi. 


3 kip: ft 


1.5 ft iE 1.5 ft | 


3 kip 
F11-2 


Fl1-3. Determine the minimum dimension a to the nearest 
mm of the beam’s cross section to safely support the load. The 
wood has an allowable normal stress of ogjoy = 12 MPa and 
an allowable shear stress of Tajjoy = 1.5 MPa. 


15 kN 


Fl1-4. Determine the minimum dimension h to the nearest 
gin. of the beam’s cross section to safely support the load. 
The wood has an allowable normal stress of Gajjoy = 2 ksi 
and an allowable shear stress of Tajjoy = 200 psi. 


1.5 kip /ft 


F11-4 


Fl1-5. Determine the minimum dimension 5 to the nearest 
mm of the beam’s cross section to safely support the load. 
The wood has an allowable normal stress of Oajow = 12 MPa 
and an allowable shear stress of Tajoy = 1.5 MPa. 


50 kN 


A 


A: 
eas oe a eee 
ok 
3b 


L 
a 


F11-5 
F11-6. Select the lightest W410-shaped section that can 
safely support the load. The beam is made of steel having 
an allowable normal stress of Ggjjoy = 150 MPa and an 
allowable shear stress of Tayjoy = 75 MPa. 


A 


| 150 kN 
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P [PROBLEMS 


11-1. The simply supported beam is made of timber that 
has an allowable bending stress of Ogjjow = 6.5 MPa and an 
allowable shear stress of Tajjow = 500 kPa. Determine its 
dimensions if it is to be rectangular and have a height-to- 
width ratio of 1.25. 


8 kN/m 


4m 


Prob. 11-1 


11-2. The brick wall exerts a uniform distributed load 
of 1.20 kip/ft on the beam. If the allowable bending stress 
IS Callow = 22 ksi and the allowable shear stress is 
Tallow = 12 ksi, select the lightest wide-flange section with 
the shortest depth from Appendix B that will safely support 
the load. 


—4 ft | 10 ft -+— 6 ft —— 


Prob. 11-2 


11-3. The brick wall exerts a uniform distributed load 
of 1.20 kip/ft on the beam. If the allowable bending stress 
IS Ogllow = 22 ksi, determine the required width b of the 
flange to the nearest in. 


4 ft | 10 ft 


k i 6 ft —| 
| Lo | | 0.5 in 
0.5 in, | 9 in. 
0.5 in 


Prob. 11-3 


*11-4, Draw the shear and moment diagrams for the 
shaft, and determine its required diameter to the nearest 
yin. if Galow = 7 ksi and Tallow = 3 ksi. The bearings at A 
and D exert only vertical reactions on the shaft. The loading 
is applied to the pulleys at B, C, and E. 


ery 20 in. i oe 


| 
| 35 Ib 


110 Ib Prob. 11-4 


80 Ib 


e11-5. Select the lightest-weight steel wide-flange beam 
from Appendix B that will safely support the machine loading 
shown. The allowable bending stress is Ogyow = 24 ksi and 
the allowable shear stress is Tayow = 14 ksi. 


Skip Skip Skip Skip 


| 2 ft | 2 ft | 2 ft | 2 ft | al 


Prob. 11-5 


11-6. The compound beam is made from two sections, 
which are pinned together at B. Use Appendix B and select 
the lightest-weight wide-flange beam that would be safe for 
each section if the allowable bending stress is Gayjow = 24 ksi 
and the allowable shear stress is Tajjoy = 14 ksi. The beam 
supports a pipe loading of 1200 lb and 1800 lb as shown. 


1800 Ib 


Prob. 11-6 
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11-7. If the bearing pads at A and B support only vertical 
forces, determine the greatest magnitude of the uniform 
distributed loading w that can be applied to the beam. 
Oallow = 15 MPa, Tallow = 1.5 MPa. 


— mm 
INS - 25mm 
SN 
> 
Z ae 
I= 
25 mm 
Prob. 11-7 


*11-8. The simply supported beam is made of timber that 
has an allowable bending stress of Gayow = 1.20 ksi and an 
allowable shear stress of Tayow = 100 psi. Determine its 
smallest dimensions to the nearest 4 in. if it is rectangular 
and has a height-to-width ratio of 1.5. 


12 kip /ft 
A SS == = 
. 3 ft -- 3 ft | 
p)) 
15d 

= 

e 
Prob. 11-8 


e11-9. Select the lightest-weight W12 steel wide-flange 
beam from Appendix B that will safely support the loading 
shown, where P = 6 kip. The allowable bending stress 
IS Gallow = 22 ksi and the allowable shear stress is 
Tallow — 12 ksi. 


11-10. Select the lightest-weight W14 steel wide-flange 
beam having the shortest height from Appendix B that 
will safely support the loading shown, where P = 12 kip. 
The allowable bending stress is Gayow = 22 ksi and the 
allowable shear stress is Tajjoy = 12 ksi. 


DESIGN OF BEAMS AND SHAFTS 


ia] 
ia] 


| 9 ft——-|-— 6 ft | 6 ft— 


Probs. 11—9/10 


11-11. The timber beam is to be loaded as shown. If the ends 
support only vertical forces, determine the greatest magnitude 
of P that can be applied. Gayoy = 25 MPa, Tajow = 700 kPa. 


Prob. 11-11 


*11-12. Determine the minimum width of the beam to 
the nearest yin. that will safely support the loading of 
P = 8kip. The allowable bending stress is Oyyoy = 24 ksi 
and the allowable shear stress is Tajjoy = 15 ksi. 


P 
F 6 ft + 6 ft | 
6in] | A B 
—o9_4 
Prob. 11-12 


e11-13. Select the shortest and lightest-weight steel wide- 
flange beam from Appendix B that will safely support the 
loading shown. The allowable bending stress is Gajjoy = 22 ksi 
and the allowable shear stress is Tajfow = 12 ksi. 


10 kip 6 kip 


yt 4 


Prob. 11-13 


11-14. The beam is used in a railroad yard for loading and 
unloading cars. If the maximum anticipated hoist load is 
12 kip, select the lightest-weight steel wide-flange section 
from Appendix B that will safely support the loading. The 
hoist travels along the bottom flange of the beam, 
1ft = x = 25 ft, and has negligible size. Assume the beam 
is pinned to the column at B and roller supported at A. 
The allowable bending stress is Gyyow = 24ksi and 
the allowable shear stress is Tayow = 12 ksi. 


Prob. 11-14 


11-15. The simply supported beam is made of timber that 
has an allowable bending stress of Gajow = 960 psi and an 
allowable shear stress of Tajjow = 75 psi. Determine its 
dimensions if it is to be rectangular and have a height- 
to-width ratio of 1.25. 


5 kip /ft 
A _ ——_ \) B 
F 6ft 0 6ft | 
y } 155 b 
im 
oa 
Prob. 11-15 


11.2 PRISMATIC BEAM DESIGN 551 


*11-16. The simply supported beam is composed of two 
W12 X 22 sections built up as shown. Determine the 
maximum uniform loading w the beam will support if 
the allowable bending stress is Gajow = 22 ksi and the 
allowable shear stress is Tajjow = 14 ksi. 


e11-17. The simply supported beam is composed of two 
W12 X 22 sections built up as shown. Determine if the beam 
will safely support a loading of w = 2 kip/ft. The allowable 
bending stress is Ogjjoy = 22 ksi and the allowable shear 
stress iS Tallow = 14 ksi. 


Probs. 11-16/17 


11-18. Determine the smallest diameter rod that will 
safely support the loading shown. The allowable bending 
stress 18 Og]ow = 167 MPa and the allowable shear stress 
is Tallow — 97 MPa. 


11-19. The pipe has an outer diameter of 15 mm. 
Determine the smallest inner diameter so that it will safely 
support the loading shown. The allowable bending stress 
1S Gallow = 167 MPa and the allowable shear stress is 
Tallow = 97 MPa. 


25 N/m 


Le 


Probs. 11-18/19 
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*11-20. Determine the maximum uniform loading w 
the W12 x 14 beam will support if the allowable bending 
stress iS Oallow = 22 ksi and the allowable shear stress is 
Tallow — 12 ksi. 


e11-21. Determine if the W14 Xx 22 beam will safely 
support a loading of w = 1.5 kip/ft. The allowable bending 
stress iS Gajow = 22 ksi and the allowable shear stress 
is Tallow — 12 ksi. 


Probs. 11-20/21 


11-22. Determine the minimum depth h of the beam to 
the nearest F in. that will safely support the loading shown. 
The allowable bending stress is Ggjjoy = 21 ksi and the 
allowable shear stress is Tajoy = 10 ksi. The beam has a 
uniform thickness of 3 in. 


4 kip/ft 


k 12 ft >| 


Prob. 11-22 
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11-23. The box beam has an allowable bending stress 
Of Gajow = 10 MPa and an allowable shear stress of 
Tallow = 775 kPa. Determine the maximum intensity w of 
the distributed loading that it can safely support. Also, 
determine the maximum safe nail spacing for each third of 
the length of the beam. Each nail can resist a shear force 
of 200 N. 


Prob. 11-23 


*11-24. The simply supported joist is used in the 
construction of a floor for a building. In order to keep the 
floor low with respect to the sill beams C and D, the ends of 
the joists are notched as shown. If the allowable shear stress 
for the wood is Tallow = 350 psi and the allowable bending 
stress iS allow = 1500 psi, determine the height / that will 
cause the beam to reach both allowable stresses at the same 
time. Also, what load P causes this to happen? Neglect the 
stress concentration at the notch. 


11-25. The simply supported joist is used in the 
construction of a floor for a building. In order to keep the 
floor low with respect to the sill beams C and D, the ends of 
the joists are notched as shown. If the allowable shear stress 
for the wood is T,jjow = 350 psi and the allowable bending 
Stress 1S glow = 1700 psi, determine the smallest height h 
so that the beam will support a load of P = 600 lb. Also, 
will the entire joist safely support the load? Neglect the 
stress concentration at the notch. 


Probs. 11-24/25 


11-26. Select the lightest-weight steel wide-flange beam 
from Appendix B that will safely support the loading 
shown. The allowable bending stress is Oyyoy = 22 ksi and 
the allowable shear stress is Tayow = 12 ksi. 


5 | 


— 


Prob. 11-26 


18 kip-ft 


11-27. The T-beam is made from two plates welded 
together as shown. Determine the maximum uniform 
distributed load w that can be safely supported on the beam 
if the allowable bending stress is @ yoy = 150 MPa and the 
allowable shear stress is Tajow = 70 MPa. 


x 1.5 m | 


200 mm 
— 420 mm 


+R 
ee mm 


Prob. 11-27 


*11-28. The beam is made of a ceramic material having 
an allowable bending stress of Gajjow = 735 psi and an 
allowable shear stress of T,yoy = 400 psi. Determine the 
width b of the beam if the height i = 2b. 


Prob. 11-28 
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e11-29. The wood beam has a rectangular cross section. 
Determine its height 4 so that it simultaneously reaches 
its allowable bending stress of @ajoy = 1.50 ksi and an 
allowable shear stress of Tajjoy = 150 psi. Also, what is the 
maximum load P that the beam can then support? 


P P 
—_———S SS See 
a Sa 

1.5 ft l 3 ft | 1.5 t— 
a 
At 
as 
Prob. 11-29 


11-30. The beam is constructed from three boards as 
shown. If each nail can support a shear force of 300 Ib, 
determine the maximum allowable spacing of the nails, s, 
s', 8", for regions AB, BC, and CD respectively. Also, if the 
allowable bending stress is @ajjow = 1.5 ksi and the allowable 
shear stress iS Tallow = 150 psi, determine if it can safely 
support the load. 


1500 Ib 500 Ib 


Seal aaa 
2 in. 2 in. 


Prob. 11-30 
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(b) 


Wide-flange beam with cover plates 
(c) 
Fig. 11-10 


The beam for this bridge pier has a variable 
moment of inertia. This design will reduce 
material weight and save cost. 


*11.3 Fully Stressed Beams 


Since the moment in a beam generally varies along its length, the choice 
of a prismatic beam is usually inefficient since it is never fully stressed 
at points where the internal moment is less than the maximum moment 
in the beam. In order to reduce the weight of the beam, engineers 
sometimes choose a beam having a variable cross-sectional area, such 
that at each cross section along the beam, the bending stress reaches its 
maximum allowable value. Beams having a variable cross-sectional 
area are called nonprismatic beams. They are often used in machines 
since they can be readily formed by casting. Examples are shown in 
Fig. 11-10a. In structures such beams may be “haunched” at their ends as 
shown in Fig. 11-105. Also, beams may be “built up” or fabricated in a 
shop using plates. An example is a girder made from a rolled-shaped 
wide-flange beam and having cover plates welded to it in the region 
where the moment is a maximum, Fig. 11-10c. 

The stress analysis of a nonprismatic beam is generally very difficult to 
perform and is beyond the scope of this text. Most often these shapes are 
analyzed by using a computer or the theory of elasticity. The results 
obtained from such an analysis, however, do indicate that the 
assumptions used in the derivation of the flexure formula are 
approximately correct for predicting the bending stresses in 
nonprismatic sections, provided the taper or slope of the upper or lower 
boundary of the beam is not too severe. On the other hand, the shear 
formula cannot be used for nonprismatic beam design, since the results 
obtained from it are very misleading. 

Although caution is advised when applying the flexure formula to 
nonprismatic beam design, we will show here, in principle, how this 
formula can be used as an approximate means for obtaining the beam’s 
general shape. In this regard, the size of the cross section of a 
nonprismatic beam that supports a given loading can be determined 
using the flexure formula written as 


M 


A allow 


S= 


If we express the internal moment M in terms of its position x along the 
beam, then since Gjioy is a Known constant, the section modulus S or the 
beam’s dimensions become a function of x. A beam designed in this 
manner is called a fully stressed beam. Although only bending stresses 
have been considered in approximating its final shape, attention must 
also be given to ensure that the beam will resist shear, especially at 
points where concentrated loads are applied. 


EXAMPLE |11.4 


Determine the shape of a fully stressed, simply supported beam that 
supports a concentrated force at its center, Fig. 11-11a. The beam has 
a rectangular cross section of constant width b, and the allowable 
Stress 18 Callow: P 


L L 


~ 


2 2 


== SB 
|} — : 


(a) 


Fig. 11-11 
SOLUTION 
The internal moment in the beam, Fig. 11-11b, expressed as a function 
of position,0 = x < L/2,is 
IP 
M— 
7% 
Hence the required section modulus is 
MP 
Fallow 20 allow 
Since S = I/c, then for a cross-sectional area h by b we have 
I pb’ Pp 
= = a 
(& h/ 2 20 allow 
5 SIP 


s = 


Fallow? 
Ifh = hy at x = L/2, then 
ByPIL, 
he? = 
: 20 allow? 


2h? 
i, = (2"), Ans. 


By inspection, the depth 4 must therefore vary in a parabolic 
manner with the distance x. 


NOTE: In practice this shape is the basis for the design of leaf 
springs used to support the rear-end axles of most heavy trucks or 
train cars as shown in the adjacent photo. Note that although this 
result indicates that h = 0 at x = 0, it is necessary that the beam 
resist shear stress at the supports, and so practically speaking, it must 
be required that h > 0 at the supports, Fig. 11—11a. 
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EXAMPLE |11.5 


The cantilevered beam shown in Fig. 11-12a is formed into a 
trapezoidal shape having a depth hy at A and a depth 3h, at B. If it 
supports a load P at its end, determine the absolute maximum 
normal stress in the beam. The beam has a rectangular cross section 
of constant width b. 

P 


Fig. 11-12 


SOLUTION 

At any cross section, the maximum normal stress occurs at the top and 
bottom surface of the beam. However, since Oma, = M/S and the 
section modulus S increases as x increases, the absolute maximum 
normal stress does not necessarily occur at the wall B, where the 
moment is maximum. Using the flexure formula, we can express the 
maximum normal stress at an arbitrary section in terms of its position 
x, Fig. 11-125. Here the internal moment has a magnitude of M = Px. 
Since the slope of the bottom of the beam is 2h /L, Fig. 11-12a, the 
depth of the beam at position x is 

_ 2ho ho 


h=——x + ho = = (2x + L) 
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Applying the flexure formula, we have 


Mc _ Px(h/2) 6PL’x 
if (5 bh°) bho? (2x + LY? 


(1) 


To determine the position x where the absolute maximum normal 
stress occurs, we must take the derivative of o with respect to x and 
set it equal to zero. This gives 


do (44) NO Lien Lj) 
dx \ bh (2x + L)4 


Age deh I 8 = 4a = 0 
L? — 4x7 = 0 
1 
KS ae 
Substituting into Eq. 1 and simplifying, the absolute maximum normal 
stress is therefore 
ers 
max 4 bho? 


Note that at the wall, B, the maximum normal stress is 


Ans. 


PL(1.5ho) _ 2 PL 
[i2b(3h)*] 3 bho” 


which is 11.1% smaller than o,,, . 
max 


NOTE: Recall that the flexure formula was derived on the basis of 
assuming the beam to be prismatic. Since this is not the case here, 
some error is to be expected in this analysis and that of Example 11.4. 
A more exact mathematical analysis, using the theory of elasticity, 
reveals that application of the flexure formula as in the above 
example gives only small errors in the normal stress if the tapered 
angle of the beam is small. For example, if this angle is 15°, the stress 
calculated from the formula will be about 5% greater than that 
calculated by the more exact analysis. It may also be worth noting that 
the calculation of (@max)g Was done only for illustrative purposes, 
since, by Saint-Venant’s principle, the actual stress distribution at the 
support (wall) is highly irregular. 
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(a) 


(b) 


*11.4 Shaft Design 


Shafts that have circular cross sections are often used in the design of 
mechanical equipment and machinery. As a result, they can be subjected 
to cyclic or fatigue stress, which is caused by the combined bending and 
torsional loads they must transmit or resist. In addition to these loadings, 
stress concentrations may exist on a shaft due to keys, couplings, and 
sudden transitions in its cross-sectional area (Sec. 5.8). In order to design 
a shaft properly, it is therefore necessary to take all of these effects 
into account. 

Here we will discuss some of the important aspects of the design of 
shafts required to transmit power. These shafts are often subjected to 
loads applied to attached pulleys and gears, such as the one shown in 
Fig. 11—-13a. Since the loads can be applied to the shaft at various angles, 
the internal bending and torsional moments at any cross section can be 
determined by first replacing the loads by their statically equivalent 
counterparts and then resolving these loads into components in two 
perpendicular planes, Fig. 11-135. The bending-moment diagrams for the 
loads in each plane can then be drawn, and the resultant internal moment 
at any section along the shaft is then determined by vector addition, 
M = VM? + M2, Fig. 11-13c. In addition to the moment, segments 
of the shaft are also subjected to different internal torques, Fig. 11-13). 
To account for this general variation of torque along the shaft, a torque 
diagram may also be drawn, Fig. 11—-13d. 


» y 
Moment diagram caused by Moment diagram caused by 
loads in y-z plane loads in x-y plane 


y 
Torque diagram caused by torques 
applied about the shaft’s axis 


(d) 
Fig. 11-13 


Once the moment and torque diagrams have been established, it is 
then possible to investigate certain critical sections along the shaft where 
the combination of a resultant moment M and a torque T creates the 
worst stress situation. Since the moment of inertia of the shaft is the same 
about any diametrical axis, we can apply the flexure formula using the 
resultant moment to obtain the maximum bending stress. As shown in 
Fig. 11-13e, this stress will occur on two elements, C and D, each located 
on the outer boundary of the shaft. If a torque T is also resisted at this 
section, then a maximum shear stress is also developed on these 
elements, Fig. 11-13f. Furthermore, the external forces will also create 
shear stress in the shaft determined from t = VQ/It; however, this stress 
will generally contribute a much smaller stress distribution on the cross 
section compared with that developed by bending and torsion. In some 
cases, it must be investigated, but for simplicity, we will neglect its effect 
in the following analysis. In general, then, the critical element D (or C) 
on the shaft is subjected to plane stress as shown in Fig. 11-13g, where 


Mc Tc 

=— and . = 
I J 

If the allowable normal or shear stress for the material is known, the 
size of the shaft is then based on the use of these equations and selection 
of an appropriate theory of failure. For example, if the material is known 
to be ductile, then the maximum-shear-stress theory may be appropriate. 
As stated in Sec. 10.7, this theory requires the allowable shear stress, which 
is determined from the results of a simple tension test, to be equal to the 
maximum shear stress in the element. Using the stress-transformation 
equation, Eq. 9-7, for the stress state in Fig. 11-13g, we have 


2 
Tallow — () ae e 
VEY + G) 
= ae Wl ae 
21 J 


Since J = wc*/4and J = mc*/2, this equation becomes 


2. aS 
Tallow — _ 3 M + Sa 
17C 


oO 


Solving for the radius of the shaft, we get 


1/3 
c= ( o._ Alp = P) (11-2) 
TT allow 


Application of any other theory of failure will, of course, lead to a 
different formulation for c. However, in all cases it may be necessary to 
apply this formulation at various “critical sections” along the shaft in 
order to determine the particular combination of M and T that gives the 
largest value for c. 

The following example illustrates the procedure numerically. 
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wo 


(g) 
Fig. 11-13 (cont.) 
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EXAMPLE |11.6 


The shaft in Fig. 11-14a is supported by smooth journal bearings at A 
and B. Due to the transmission of power to and from the shaft, the 
belts on the pulleys are subjected to the tensions shown. Determine 
the smallest diameter of the shaft using the maximum-shear-stress 
theory, with Tajow = 50 MPa. 


SOLUTION 

The support reactions have been calculated and are shown on 
the free-body diagram of the shaft, Fig. 11-14b. Bending-moment 
diagrams for M, and M, are shown in Figs. 11-14c and_ 11-14d, 
respectively. The torque diagram is shown in Fig. 11-14e. By 
inspection, critical points for bending moment occur either at C or B. 
Also, just to the right of C and at B the torsional moment is 7.5 N-m. 
At C, the resultant moment is 


Me = V(118.75 N-m)? + (37.5 N-+m) = 124.5N-m 


whereas at B it is smaller, namely 


Mz =75N-m 


B D A 


C. 
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B 


0.250 m fos m =—.0:250'm —=-—0:250'm' =| 0:150:m 


475 N 150 N 
M,(N-m) 


650 N 500 N 


75 N-m 


A CATS Nem B 


va 
= 0.250:m —+-— 0.250 m 
T, (N-m) 


(e) 


Fig. 11-14 (cont.) 


Since the design is based on the maximum-shear-stress theory, 
Eq. 11-2 applies. The radical VM? + T? will be the largest at a 
section just to the right of C. We have 


) 1/3 


sae N/m? 
= 0.0117 m 


V(124.5N+m)2 + (7.5N> nf) 


Thus, the smallest allowable diameter is 


d = 2(0.0117 m) = 23.3 mm 
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[PROBLEMS 


11-31. The tapered beam supports a concentrated force P 
at its center. If it is made from a plate that has a constant 
width b, determine the absolute maximum bending stress in 
the beam. 


Prob. 11-31 


*11-32. The beam is made from a plate that has a constant 
thickness b. If it is simply supported and carries a uniform 
load w, determine the variation of its depth as a function of 
x so that it maintains a constant maximum bending stress 
Callow throughout its length. 


Prob. 11-32 


e11-33. The beam is made from a plate having a constant 
thickness ¢ and a width that varies as shown. If it supports a 
concentrated force P at its center, determine the absolute 
maximum bending stress in the beam and specify its 
location x, 0 < x < L/2. 


wl 
<<—— 5 


\ 


L 
2 a 


Prob. 11-33 


11-34. The beam is made from a plate that has a constant 
thickness b. If it is simply supported and carries the 
distributed loading shown, determine the variation of its 
depth as a function of x so that it maintains a constant 
maximum bending stress @gj)5y throughout its length. 


Prob. 11-34 


11-35. The beam is made from a plate that has a constant 
thickness b. If it is simply supported and carries the 
distributed loading shown, determine the maximum 
bending stress in the beam. 


a oa 


Prob. 11-35 


4 
NIDS 


*11-36. Determine the variation of the radius r of the 
cantilevered beam that supports the uniform distributed 
load so that it has a constant maximum bending stress Oax 
throughout its length. 


Prob. 11-36 


e11-37. Determine the variation in the depth d of a 
cantilevered beam that supports a concentrated force P at 
its end so that it has a constant maximum bending stress 
Callow throughout its length. The beam has a constant 
width bo. 


Prob. 11-37 


11-38. Determine the variation in the width b as a 
function of x for the cantilevered beam that supports a 
uniform distributed load along its centerline so that it has 
the same maximum bending stress Gajow throughout its 
length. The beam has a constant depth 1. 


Prob. 11-38 


11-39. The shaft is supported on journal bearings that do 
not offer resistance to axial load. If the allowable normal 
stress for the shaft is ojo, = 80 MPa, determine to the 
nearest millimeter the smallest diameter of the shaft that 
will support the loading. Use the maximum-distortion- 
energy theory of failure. 


*11-40. The shaft is supported on journal bearings that do 
not offer resistance to axial load. If the allowable shear 
stress for the shaft is Tajjoy = 35 MPa, determine to the 
nearest millimeter the smallest diameter of the shaft that 
will support the loading. Use the maximum-shear-stress 
theory of failure. 
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150 mm 


Probs. 11-39/40 


e11-41. The end gear connected to the shaft is subjected 
to the loading shown. If the bearings at A and B exert only 
y and z components of force on the shaft, determine the 
equilibrium torque T at gear C and then determine the 
smallest diameter of the shaft to the nearest millimeter that 
will support the loading. Use the maximum-shear-stress 
theory of failure with 7a), = 60 MPa. 


11-42. The end gear connected to the shaft is subjected to 
the loading shown. If the bearings at A and B exert only y 
and z components of force on the shaft, determine the 
equilibrium torque T at gear C and then determine the 
smallest diameter of the shaft to the nearest millimeter 
that will support the loading. Use the maximum-distortion- 
energy theory of failure with o))5y = 80 MPa. 


Probs. 11-41/42 
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11-43. The shaft is supported by bearings at A and B that 
exert force components only in the x and z directions on 
the shaft. If the allowable normal stress for the shaft is 
Callow = 15 ksi, determine to the nearest 5 in. the smallest 
diameter of the shaft that will support the loading. Use the 
maximum-distortion-energy theory of failure. 


Fy = 3001b 


Prob. 11-43 


*11-44. The shaft is supported by bearings at A and B 
that exert force components only in the x and z directions 
on the shaft. If the allowable normal stress for the shaft is 
Callow = 15 ksi, determine to the nearest : in. the smallest 
diameter of the shaft that will support the loading. Use the 
maximum-shear-stress theory of failure. Take Tajjow = 6 ksi. 


F, = 300 Ib 


Prob. 11-44 
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e11-45. The bearings at A and D exert only y and z 
components of force on the shaft. If 7T,yoy = 60 MPa, 
determine to the nearest millimeter the smallest-diameter 
shaft that will support the loading. Use the maximum-shear- 
stress theory of failure. 


Prob. 11-45 


11-46. The bearings at A and D exert only y and z 
components of force on the shaft. If Tajjow = 60 MPa, 
determine to the nearest millimeter the smallest-diameter 
shaft that will support the loading. Use the maximum- 
distortion-energy theory of failure. G9 = 130 MPa. 


Prob. 11-46 


CHAPTER REVIEW 


Failure of a beam occurs when the internal shear or 
moment in the beam is a maximum. To resist these 
loadings, it is therefore important that the associated 
maximum shear and bending stress not exceed allowable 
values as stated in codes. Normally, the cross section of a 
beam is first designed to resist the allowable bending stress, 


Wkepek® 


Fallow — i 
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Then the allowable shear stress is checked. For rectangular 
sections, Tallow = 1-5(Vmax/A) and for wide-flange sections 
it is appropriate to use Tallow = Vimax/Awev- In general, use 


vQ 


Tallow — It 


For built-up beams, the spacing of fasteners or the strength 
of glue or weld is determined using an allowable shear flow 


Bue 
allow — it 


Fully stressed beams are nonprismatic and designed 
such that each cross section along the beam will resist the 
allowable bending stress. This will define the shape of 
the beam. 


A mechanical shaft generally is designed to resist both 
torsion and bending stresses. Normally, the internal 
bending moment can be resolved into two planes, and 
so it is necessary to draw the moment diagrams for each 
bending-moment component and then select the maximum 
moment based on vector addition. Once the maximum 
bending and shear stresses are determined, then depending 
upon the type of material, an appropriate theory of failure 
is used to compare the allowable stress to what is required. 
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Py REVIEW PROBLEMS 


11-47. Draw the shear and moment diagrams for the shaft, 
and then determine its required diameter to the nearest 
millimeter if Ggjjoy = 140 MPa and Tajiow = 80 MPa. The 
bearings at A and B exert only vertical reactions on the 
shaft. 


1500 N 
800 N 


a. | ; 
ane o _- 


125mm 75 mm 


Prob. 11-47 


*11-48. The overhang beam is constructed using two 2-in. 
by 4-in. pieces of wood braced as shown. If the allowable 
bending stress is Glow = 600 psi, determine the largest 
load P that can be applied. Also, determine the associated 
maximum spacing of nails, s, along the beam section AC if 
each nail can resist a shear force of 800 Ib. Assume the beam 
is pin-connected at A, B, and D. Neglect the axial force 
developed in the beam along DA. 


Prob. 11-48 


e11-49. The bearings at A and B exert only x and z 
components of force on the steel shaft. Determine the 
shaft’s diameter to the nearest millimeter so that it can 
resist the loadings of the gears without exceeding an 
allowable shear stress of Tajow = 80 MPa. Use the 
maximum-shear-stress theory of failure. 


Prob. 11-49 


11-50. The bearings at A and B exert only x and z 
components of force on the steel shaft. Determine the 
shaft’s diameter to the nearest millimeter so that it can resist 
the loadings of the gears without exceeding an allowable 
shear stress of Tajow = 80 MPa. Use the maximum- 
distortion-energy theory of failure with Gajow = 200 MPa. 


F,=5kN 


Prob. 11-50 


11-51. Draw the shear and moment diagrams for the 
beam. Then select the lightest-weight steel wide-flange 
beam from Appendix B that will safely support the loading. 
Take Ganow = 22 ksi, and Tayow = 12 ksi. 


Ke 
12 ft +. 


Prob. 11-51 


*11-52. The beam is made of cypress having an allowable 
bending stress Of Gajjow = 850 psi and an allowable shear 
stress Of Tajjow = 80 psi. Determine the width b of the beam 
if the height h = 1.5b. 


u LI i oo | 300 Ib 
| 5 ft ! 5 ft - 


b 


Prob. 11-52 
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e11-53. The tapered beam supports a uniform distributed 
load w. If it is made from a plate and has a constant width b, 
determine the absolute maximum bending stress in the 
beam. 


Prob. 11-53 


11-54. The tubular shaft has an inner diameter of 15 mm. 
Determine to the nearest millimeter its outer diameter if it 
is subjected to the gear loading. The bearings at A and B 
exert force components only in the y and z directions on the 
shaft. Use an allowable shear stress of Tajjoy = 70 MPa, and 
base the design on the maximum-shear-stress theory of 
failure. 


11-55. Determine to the nearest millimeter the diameter 
of the solid shaft if it is subjected to the gear loading. The 
bearings at A and B exert force components only in 
the y and z directions on the shaft. Base the design on 
the maximum-distortion-energy theory of failure with 
Oallow — 150 MPa. 


Probs. 11-54/55 


If the curvature of this pole is measured, it is then possible to determine the bending 
stress developed within it. 


Deflection of Beams 
and Shafts 


CHAPTER OBJECTIVES 


Often limits must be placed on the amount of deflection a beam or 
shaft may undergo when it is subjected to a load, and so in this chapter 
we will discuss various methods for determining the deflection and 
slope at specific points on beams and shafts. The analytical methods 
include the integration method, the use of discontinuity functions, and 
the method of superposition. Also, a semigraphical technique, called 
the moment-area method, will be presented. At the end of the chapter, 
we will use these methods to solve for the support reactions on a beam 
or shaft that is statically indeterminate. 


12.1. The Elastic Curve 


The deflection of a beam or shaft must often be limited in order to 
provide integrity and stability of a structure or machine, and prevent the 
cracking of any attached brittle materials such as concrete or glass. 
Furthermore, code restrictions often require these members not vibrate 
or deflect severely in order to safely support their intended loading. Most 
important, though, deflections at specific points on a beam or shaft must 
be determined if one is to analyze those that are statically indeterminate. 

Before the slope or the displacement at a point on a beam (or shaft) is 
determined, it is often helpful to sketch the deflected shape of the beam 
when it is loaded, in order to “visualize” any computed results and thereby 
partially check these results. The deflection curve of the longitudinal axis 
that passes through the centroid of each cross-sectional area of a beam is 
called the elastic curve. For most beams the elastic curve can be sketched 
without much difficulty. When doing so, however, it is necessary to know 
how the slope or displacement is restricted at various types of supports. 
In general, supports that resist a force, such as a pin, restrict 
displacement, and those that resist a moment, such as a fixed wall, restrict 
rotation or slope as well as displacement. With this in mind, two typical 
examples of the elastic curves for loaded beams (or shafts), sketched to 
an exaggerated scale, are shown in Fig. 12-1. 
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a vin 


Positive internal moment 
concave upwards 


(a) 


-M( =a )~™M 
Negative internal moment 
concave downwards 


(b) 
Fig. 12-2 
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If the elastic curve for a beam seems difficult to establish, it is 
suggested that the moment diagram for the beam be drawn first. Using 
the beam sign convention established in Sec. 6.1, a positive internal 
moment tends to bend the beam concave upward, Fig. 12—2a. Likewise, 
a negative moment tends to bend the beam concave downward, 
Fig. 12-25. Therefore, if the moment diagram is known, it will be easy 
to construct the elastic curve. For example, consider the beam in 
Fig. 12-3a with its associated moment diagram shown in Fig. 12-3b. 
Due to the roller and pin supports, the displacement at B and D must 
be zero. Within the region of negative moment, AC, Fig. 12-35, the elastic 
curve must be concave downward, and within the region of positive 
moment, CD, the elastic curve must be concave upward. Hence, there 
must be an inflection point at point C, where the curve changes from 
concave up to concave down, since this is a point of zero moment. 
Using these facts, the beam’s elastic curve is sketched in Fig. 12—3c. It 
should also be noted that the displacements A, and A; are especially 
critical. At point E the slope of the elastic curve is zero, and there the 
beam’s deflection may be a maximum. Whether A; is actually greater 
than A , depends on the relative magnitudes of P; and P, and the location 
of the roller at B. 

Following these same principles, note how the elastic curve in Fig. 12—4 
was constructed. Here the beam is cantilevered from a fixed support at A 
and therefore the elastic curve must have both zero displacement and 
zero Slope at this point. Also, the largest displacement will occur either at 
D, where the slope is zero, or at C. 
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Inflection point 


Elastic curve 


Fig. 12-3 


Elastic curve 


Fig. 12-4 


Moment-Curvature Relationship. We will now develop an 
important relationship between the internal moment and the radius of 
curvature p (rho) of the elastic curve at a point. The resulting equation 
will be used for establishing each of the methods presented in the chapter 
for finding the slope and displacement at points on the elastic curve. 

The following analysis, here and in the next section, will require the 
use of three coordinates. As shown in Fig. 12—5a, the x axis extends 
positive to the right, along the initially straight longitudinal axis of the 
beam. It is used to locate the differential element, having an undeformed 
width dx. The v axis extends positive upward from the x axis. It measures 
the displacement of the elastic curve. Lastly, a “localized” y coordinate is 
used to specify the position of a fiber in the beam element. It is measured 
positive upward from the neutral axis (or elastic curve) as shown in 
Fig. 12-5b. Recall that this same sign convention for x and y was used in 
the derivation of the flexure formula. 

To derive the relationship between the internal moment and p, we 
will limit the analysis to the most common case of an initially straight 
beam that is elastically deformed by loads applied perpendicular to the 
beam’s x axis and lying in the x-v plane of symmetry for the beam’s 
cross-sectional area. Due to the loading, the deformation of the beam is 
caused by both the internal shear force and bending moment. If the 
beam has a length that is much greater than its depth, the greatest 
deformation will be caused by bending, and therefore we will direct our 
attention to its effects. Deflections caused by shear will be discussed in 
Chapter 14. 
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Fig. 12-6 


When the internal moment M deforms the element of the beam, the 
angle between the cross sections becomes dé, Fig. 12-5b. The are dx 
represents a portion of the elastic curve that intersects the neutral axis 
for each cross section. The radius of curvature for this arc is defined as 
the distance p, which is measured from the center of curvature O' to dx. 
Any arc on the element other than dx is subjected to a normal strain. For 
example, the strain in arc ds, located at a position y from the neutral axis, 
is € = (ds’ — ds)/ds. However, ds = dx = p dé and ds' = (p — y) dé, 
and so e = [(p — y) d@ — p d6|/p dé or 


a (12-1) 
p y 
If the material is homogeneous and behaves in a linear-elastic manner, 
then Hooke’s law applies, « = a0/E. Also, since the flexure formula 
applies, o = —My/I. Combining these two equations and substituting 
into the above equation, we have 


(12-2) 


where 


p = the radius of curvature at the point on the elastic curve 
(1/p is referred to as the curvature) 


M = the internal moment in the beam at the point 
E = the material’s modulus of elasticity 
I = the beam’s moment of inertia about the neutral axis 


The product E/ in this equation is referred to as the flexural rigidity, 
and it is always a positive quantity. The sign for p therefore depends on 
the direction of the moment. As shown in Fig. 12-6, when M is positive, 
p extends above the beam, i.e., in the positive v direction; when M is 
negative, p extends below the beam, or in the negative v direction. 

Using the flexure formula, ao = —My/I, we can also express the 
curvature in terms of the stress in the beam, namely, 


1 Co 
F Ey (12-3) 

Both Eqs. 12-2 and 12-3 are valid for either small or large radii of 
curvature. However, the value of p is almost always calculated as a very 
large quantity. For example, consider an A-36 steel beam made from a 
W14 x 53 (Appendix B), where Ey = 29(10°) ksi and oy = 36 ksi. 
When the material at the outer fibers, y = +7 in., is about to yield, then, 
from Eq. 12-3, p = +5639 in. Values of p calculated at other points along 
the beam’s elastic curve may be even Jarger, since o cannot exceed oy at 
the outer fibers. 
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12.2 Slope and Displacement 
by Integration 


The equation of the elastic curve for a beam can be expressed mathematically 
as v = f(x). To obtain this equation, we must first represent the curvature 
(1/p) in terms of v and x. In most calculus books it is shown that this 
relationship is 

1 d’v/dx? 


p [1 + (dv/dx)P? 


Substituting into Eq. 12-2, we have 


d’v/ dx? M 
[1 + (dv/dxy}? EI 


(12-4) 


This equation represents a nonlinear second-order differential equation. 
Its solution, which is called the elastica, gives the exact shape of the elastic 
curve, assuming, of course, that beam deflections occur only due to bending. 
Through the use of higher mathematics, elastica solutions have been 
obtained only for simple cases of beam geometry and loading. 

In order to facilitate the solution of a greater number of deflection 
problems, Eq. 12-4 can be modified. Most engineering design codes 
specify limitations on deflections for tolerance or esthetic purposes, and 
as a result the elastic deflections for the majority of beams and shafts 
form a shallow curve. Consequently, the s/ope of the elastic curve, which is 
determined from dv/dx, will be very small, and its square will be negligible 
compared with unity.* Therefore the curvature, as defined above, can be 
approximated by 1/p = d*v/dx*. Using this simplification, Eq. 12-4 can 
now be written as 


oy _ M 


ie = Fr (12-5) 


It is also possible to write this equation in two alternative forms. If we 
differentiate each side with respect to x and substitute V = dM/dx 
(Eq. 6-2), we get 


d dv 

—| EI—, ] = 12-6 

“( *) V(x) (12-6) 
Differentiating again, using w = dV /dx (Eq. 6-1), yields 

a? dv 

£212) _ w(x) (12-7) 


*See Example 12.1. 
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For most problems the flexural rigidity (EJ) will be constant along the 
length of the beam. Assuming this to be the case, the above results may 
be reordered into the following set of three equations: 


d‘ 

(aie = w(x) (12-8) 
dv 
dv 


Solution of any of these equations requires successive integrations to 
obtain the deflection v of the elastic curve. For each integration it is 
necessary to introduce a “constant of integration” and then solve for all 
the constants to obtain a unique solution for a particular problem. For 
example, if the distributed load w is expressed as a function of x and 
Eq. 12-8 is used, then four constants of integration must be evaluated; 
however, if the internal moment M is determined and Eq. 12-10 is used, 
only two constants of integration must be found. The choice of which 
equation to start with depends on the problem. Generally, however, it is 
easier to determine the internal moment M as a function of x, integrate 
twice, and evaluate only two integration constants. 

Recall from Sec. 6.1 that if the loading on a beam is discontinuous, that 
is, consists of a series of several distributed and concentrated loads, then 
several functions must be written for the internal moment, each valid 
within the region between the discontinuities. Also, for convenience in 
writing each moment expression, the origin for each x coordinate can be 
selected arbitrarily. For example, consider the beam shown in Fig. 12-7a. 
The internal moment in regions AB, BC, and CD can be written in terms 
of the x,, x, and x3 coordinates selected, as shown in either Fig. 12-7b or 
Fig. 12-7c, or in fact in any manner that will yield M = f(x) in as simple 
a form as possible. Once these functions are integrated twice through the 
use of Eq. 12-10 and the constants of integration determined, the functions 
will give the slope and deflection (elastic curve) for each region of the 
beam for which they are valid. 


Fig. 12-7 
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Sign Convention and Coordinates. When applying Eqs. 12-8 
through 12-10, it is important to use the proper signs for M, V, or w as 
established by the sign convention that was used in the derivation of 
these equations. For review, these terms are shown in their positive 
directions in Fig. 12-8a. Furthermore, recall that positive deflection, v, is 
upward, and as a result, the positive slope angle 0 will be measured 
counterclockwise from the x axis when x is positive to the right. The 
reason for this is shown in Fig. 12-8b. Here positive increases dx and dv 
in x and v create an increased @ that is counterclockwise. If, however, 
positive x is directed to the left, then @ will be positive clockwise, 
Fig. 12-8c. 

Realize that by assuming dv/dx to be very small, the original horizontal 
length of the beam’s axis and the arc of its elastic curve will be about the 
same. In other words, ds in Fig. 12—8b and 12-8c is approximately equal to 
dx, since ds=\/(dx)?+ (dv)? = V1+(dv/dx)* dx dx. As a result, 
points on the elastic curve are assumed to be displaced vertically, and not 
horizontally. Also, since the slope angle @ will be very small, its value in 
radians can be determined directly from 6 © tan 0 = dv/dx. 


old “ 


Positive sign convention 


(a) 


+dv 4 


The design of a roof system requires a careful 
consideration of deflection. For example, 
rain can accumulate on areas of the roof, 
which then causes ponding, leading to further 
deflection, then further ponding, and finally 
possible failure of the roof. 


+0 | 


he dx + +x 


seg 8 F Positive sign convention 
Positive sign convention 


(b) (c) 


Fig. 12-8 
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TABLE 12-1 


A=0 
M=0 
Roller 
_ - 
A=0 
M=0 
Pin 
3 
4 
5 
Fixed end 
6 oe 
V=0 
M=0 
Free end 
W 
a= 
M=0 


Internal pin or hinge 


Boundary and Continuity Conditions. When solving Eqs. 12-8, 
12-9, or 12-10, the constants of integration are determined by evaluating 
the functions for shear, moment, slope, or displacement at a particular 
point on the beam where the value of the function is known. These values 
are called boundary conditions. Several possible boundary conditions that 
are often used to solve beam (or shaft) deflection problems are listed in 
Table 12-1. For example, if the beam is supported by a roller or pin (1,2, 
3, 4), then it is required that the displacement be zero at these points. 
Furthermore, if these supports are located at the ends of the beam (1,2), 
the internal moment in the beam must also be zero. At the fixed support 
(5), the slope and displacement are both zero, whereas the free-ended 
beam (6) has both zero moment and zero shear. Lastly, if two segments 
of a beam are connected by an “internal” pin or hinge (7), the moment 
must be zero at this connection. 

If the elastic curve cannot be expressed using a single coordinate, then 
continuity conditions must be used to evaluate some of the integration 
constants. For example, consider the beam in Fig. 12-9a. Here two 
x coordinates are chosen with origins at A. Each is valid only within the 
regions 0 = x; = aanda S x7 S (a + b). Once the functions for the 
slope and deflection are obtained, they must give the same values for 
the slope and deflection at point B so the elastic curve is physically 
continuous. Expressed mathematically, this requires that 6;(a) = 02(a) 
and v\(a) = v2(a). These conditions can be used to evaluate two 
constants of integration. If instead the elastic curve is expressed 
in terms of the coordinates 0 = x; = a and 0 S$ x, = b, shown in 
Fig. 12-9b, then the continuity of slope and deflection at B requires 
0,(a) = —62(b) and v,(a) = v2(b). In this particular case, a negative 
sign is necessary to match the slopes at B since x, extends positive to 
the right, whereas x, extends positive to the left. Consequently, 6, is 
positive counterclockwise, and 6) is positive clockwise. See Figs. 12-8) 
and 12-8c. 


Fig. 12-9 
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Procedure for Analysis 


The following procedure provides a method for determining the 
slope and deflection of a beam (or shaft) using the method of 
integration. 


Elastic Curve. 


e Draw an exaggerated view of the beam’s elastic curve. Recall that 
zero slope and zero displacement occur at all fixed supports, and 
zero displacement occurs at all pin and roller supports. 


Establish the x and v coordinate axes. The x axis must be parallel 
to the undeflected beam and can have an origin at any point along 
the beam, with a positive direction either to the right or to the 
left. 


If several discontinuous loads are present, establish x 
coordinates that are valid for each region of the beam between 
the discontinuities. Choose these coordinates so that they will 
simplify subsequent algebraic work. 


In all cases, the associated positive v axis should be directed 
upward. 


Load or Moment Function. 


e For each region in which there is an x coordinate, express the loading 
w or the internal moment M as a function of x. In particular, 
always assume that M acts in the positive direction when applying 
the equation of moment equilibrium to determine M = f(x). 


Slope and Elastic Curve. 


e Provided EJ is constant, apply either the load equation 
EI d‘v/dx* = w(x), which requires four integrations to get 
v = v(x), or the moment equation EJ d?v/dx’ = M(x), which 
requires only two integrations. For each integration it is important 
to include a constant of integration. 


The constants are evaluated using the boundary conditions for 
the supports (Table 12-1) and the continuity conditions that 
apply to slope and displacement at points where two functions 
meet. Once the constants are evaluated and substituted back into 
the slope and deflection equations, the slope and displacement at 
specific points on the elastic curve can then be determined. 


The numerical values obtained can be checked graphically by 
comparing them with the sketch of the elastic curve. Realize that 
positive values for slope are counterclockwise if the x axis extends 
positive to the right, and clockwise if the x axis extends positive to 
the /eft. In either of these cases, positive displacement is upward. 
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EXAMPLE |12.1 


Elastic curve 


The cantilevered beam shown in Fig. 12—10a is subjected to a vertical 
load P at its end. Determine the equation of the elastic curve. EJ is 
constant. 


SOLUTION | 


Elastic Curve. The load tends to deflect the beam as shown in 
Fig. 12-10a. By inspection, the internal moment can be represented 
throughout the beam using a single x coordinate. 


Moment Function. From the free-body diagram, with M acting in 
the positive direction, Fig. 12-10b, we have 


M = -Px 


Slope and Elastic Curve. Applying Eq. 12-10 and integrating twice 
yields 


(1) 


ty 


xe 
Cinch, (3) 


16; 


Using the boundary conditions dv/dx = 0 at x = L and v = 0 at 
x = L, Eqs.2 and 3 become 


ate (Cy 


ar (Gah; ae (Gry 


Thus, C, = PL?/2 and C, = —PL?/3. Substituting these results into 
Eqs. 2 and 3 with @ = dv/dx, we get 
ae 
° = 3ET 
iz 3 2 3 
v= Gayl -* oy bree Dy by) Ans. 
Maximum slope and displacement occur at A(x = 0), for which 


CS 2 


04 a (4) 


OA (5) 
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The positive result for 6, indicates counterclockwise rotation and the 
negative result for v, indicates that v, is downward. This agrees with 
the results sketched in Fig. 12-10a. 

In order to obtain some idea as to the actual magnitude of the slope 
and displacement at the end A, consider the beam in Fig. 12—10a to 
have a length of 15 ft, support a load of P = 6 kip, and be made of 
A-36 steel having E,, = 29(10%) ksi. Using the methods of Sec. 11.2, if 
this beam was designed without a factor of safety by assuming the 
allowable normal stress is equal to the yield stress Gajjoy = 36 ksi; 
then a W12 X 26 would be found to be adequate (J = 204 in*). From 
Eqs. 4 and 5 we get 


6 kip(15 ft)?(12 in./ft)? 
4 2[29(103) kip/in?](204 in*) 


= 0.0164 rad 


6 kip(15 ft)3(12 in./ft)? 
3[29(10°) kip/in?](204 in*) 


= —1.97 in. 


Since 6% = (dv/dx)? = 0.000270 rad? <1, this justifies the use of 
Eq. 12-10, rather than applying the more exact Eq. 12-4, for computing 
the deflection of beams. Also, since this numerical application is for a 
cantilevered beam, we have obtained Jarger values for 6 and v than 
would have been obtained if the beam were supported using pins, 
rollers, or other fixed supports. 


SOLUTION II 

This problem can also be solved using Eq. 12-8, EI d*v/dx* = w(x). 
Here w(x) = 0 for 0 = x = L, Fig. 12-10a, so that upon integrating 
once we get the form of Eq. 12-9, i.e., 


The shear constant C{ can be evaluated at x = 0, since V4 = —P 
(negative according to the beam sign convention, Fig. 12—8a). Thus, 
C; = —P. Integrating again yields the form of Eq. 12-10, ie., 


Here M = Oat x = 0,so0 C5 = 0, and asa result one obtains Eq. 1 and 
the solution proceeds as before. 
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EXAMPLE |12.2 


The simply supported beam shown in Fig. 12-lla supports the 
triangular distributed loading. Determine its maximum deflection. EJ 
is constant. 


Elastic curve 


SOLUTION | 


Elastic Curve. Due to symmetry, only one x coordinate is needed 
for the solution, in this case 0 = x = L/2. The beam deflects as 
shown in Fig. 12—11a. The maximum deflection occurs at the center 
since the slope is zero at this point. 


Moment Function. A free-body diagram of the segment on the left 
is shown in Fig. 12-11b. The equation for the distributed loading is 


(1) 


Hence, 


(+2Mya, = 0; 
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Slope and Elastic Curve. Using Eq. 12-10 and integrating twice, 
we have 


(2) 


x ote Cj 
WoL 
24 


The constants of integration are obtained by applying the boundary 
condition v = 0 at x = 0 and the symmetry condition that dv/dx = 0 
at x = L/2. This leads to 


Elv = 


e+Cyx+C, 


Elv = — 


Determining the maximum deflection at x = L/2, we have 


Wok: 
Umax = — 
120EI 
SOLUTION II 


Since the distributed loading acts downward, it is negative according 
to our sign convention. Using Eq. 1 and applying Eq. 12-8, we have 


Since V = +woL/4 at x = 0, then Ci) = woL/4. Integrating again 
yields 


Here M = 0 at x = 0, so C4 = 0. This yields Eq. 2. The solution now 
proceeds as before. 
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EXAMPLE |12.3 


The simply supported beam shown in Fig. 12—12a is subjected to the 
concentrated force P. Determine the maximum deflection of the 
beam. EJ is constant. 


SOLUTION 
Elastic Curve. The beam deflects as shown in Fig. 12-12b. Two 


coordinates must be used, since the moment function will change at P. 
Here we will take x; and x2, having the same origin at A. 


Moment Function. From the free-body diagrams shown in 
Fig. 12-12c, 


WE) = = 
1 34 


OP. 


P 
M, = 3 2 an P(x, = 2a) = Foe a X>) 


Slope and Elastic Curve. Applying Eq. 12-10 for M,, for 
0 = x, < 2a, and integrating twice yields 
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The four corstants are evaluated using two boundary conditions, 
namely, x, = 0, v; = 0 and x, = 3a, v2 = 0. Also, two continuity 
conditions must be applied at B, that is, dv,/dx, = dv,/dx at 
X, = Xy = 2a and v, = v2 at x; = xX, = 2a. Substitution as specified 
results in the following four equations: 


v1, = Oat x, = 0; 0=0+0+4+C, 


DPS a 
V2 = Oat xo = 3a; 0= P Batae Nara 


dv,(2a) _ dv,(2a)_—s P 
ai 9 “aon” 6 


je 
2 
(2a) 3 2 ou C3 


(2a)? 


12 oP 
(2a)? + C,(2a) + Cy = ~a(2a)? — 7 


v1 (2a) = V2(2a); 18 


=F C3(2a) + C4 


Solving, we get 


(5) 


(6) 
7 5 22Pa: 7) 
Er snr © Er 
P OT Pa 4Pa? 
= 2 3} zs 8 
mr 2 | Spr? 0 Ope 7". aer » 
By inspection of the elastic curve, Fig. 12-12b, the maximum 


deflection occurs at D, somewhere within region AB. Here the slope 
must be zero. From Eq. 5, 


V2 


Substituting into Eq. 6, 
Pe 
Umax = 0.484 


The negative sign indicates that the deflection is downward. 
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EXAMPLE |12.4 


The beam in Fig. 12—13a is subjected to a load P at its end. Determine 
the displacement at C. EJ is constant. 


Fig. 12-13 


SOLUTION 

Elastic Curve. The beam deflects into the shape shown in 
Fig. 12-13a. Due to the loading, two x coordinates will be considered, 
namely, 0 = x; < 2aand0 = x < a, where x, is directed to the left 
from C, since the internal moment is easy to formulate. 


Moment Functions. Using the free-body diagrams shown in 
Fig. 12-13, we have 


iP 
M, = ao! M, = =PxX> 


Slope and Elastic Curve. Applying Eq. 12-10, 


For 0 = x, = 2a: 


P. 
Elv, J a5 = Cx, He Cp 
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ForO0 = x» =a: 
(3) 


(4) 


The four constants of integration are determined using three 
boundary conditions, namely, v, = 0 at x; = 0,v, = Oat x, = 2a, and 
V, = 0 at x. = a, and one continuity equation. Here the continuity 
of slope at the roller requires dv,/dx, = —dv,/dxz at x, = 2a and 
xX, = a. Why is there a negative sign in this equation? (Note that 
continuity of displacement at B has been indirectly considered in the 
boundary conditions, since v, = v. =0 at x, = 2a and x, =a.) 
Applying these four conditions yields 


v1 = Oat x, = 0; 0=0+0+C, 


P 3 
v, = Oat x, = 2a; 0= “Zp (24) at G7 (2a)) ts 


iB 
Vv, = Oatx, =a; O=—Fa + Cat Cy 


dv,(2a) is dv,(a) 


P P 
= —— (2a)? + Cy = -| -—(a)* + ) 
dx dx ‘ 4 ( @) ( 2 i) © 


Solving, we obtain 
Cr =0 


Substituting C3 and C, into Eq. 4 gives 


Poe dea Pa’ 


= + ——t ——= 
OO 6El °° GET OBE 


The displacement at C is determined by setting x. = 0. We get 
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= iz] FUNDAMENTAL PROBLEMS 


F12-1. Determine the slope and deflection of end 
A of the cantilevered beam. E = 200 GPa and 
I = 65.0(10°) mm‘. 


F12-1 


F12-2. Determine the slope and deflection of end A of the 
cantilevered beam. E = 200 GPa and J = 65.0(10°) mm‘. 


10 kN 
( 
10kN-m 
|. 3m a 
F12-2 


F12-3. Determine the slope of end A of the cantilevered 
beam. E = 200 GPa and J = 65.0(10°) mm‘. 


10 kN 
3kN/m 


F12-3 


F12-4. Determine the maximum deflection of the simply 
supported beam. The beam is made of wood having a 
modulus of elasticity of Ey, = 1.5(10%) ksi and a rectangular 
cross section of b = 3 in.andh = 6 in. 


100 Ib /ft 


x 12 ft | 


F12-4 


F12-5. Determine the maximum deflection of the simply 
supported beam. E = 200 GPa and J = 39.9(10-°) m*. 


F12-5 


F12-6. Determine the slope of the simply supported beam 
at A. E = 200 GPa and J = 39.9(10°°) mi’. 
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PE TpRosLEMS 


e12-1. AnA-36 steel strap having a thickness of 10 mm and *12-4. Determine the equations of the elastic curve using 
a width of 20 mm is bent into a circular arc of radius p = 10m. the x, and x, coordinates. EJ is constant. 
Determine the maximum bending stress in the strap. 


12-2. A picture is taken of a man performing a pole vault, P 

and the minimum radius of curvature of the pole is 

estimated by measurement to be 4.5 m. If the pole is 40 mm | 

in diameter and it is made of a glass-reinforced plastic for _——————— 
which E, = 131 GPa, determine the maximum bending 
stress in the pole. 


Prob. 12-4 


e12-5. Determine the equations of the elastic curve for 
the beam using the x, and x2 coordinates. EJ is constant. 


Prob. 12-2 


12-3. When the diver stands at end C of the diving board, a i nie é FE "| 
it deflects downward 3.5 in. Determine the weight of the L i 2 

diver. The board is made of material having a modulus of 

elasticity of E = 1.5(10°) ksi. Prob. 12-5 


12-6. Determine the equations of the elastic curve for the 
beam using the x, and x3 coordinates. Specify the beam’s 
maximum deflection. EJ is constant. 


Prob. 12-3 
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12-7. The beam is made of two rods and is subjected to 
the concentrated load P. Determine the maximum 
deflection of the beam if the moments of inertia of the rods 
are J 4p and Jc, and the modulus of elasticity is F. 


Prob. 12-7 


*12-8. Determine the equations of the elastic curve for 
the beam using the x, and x, coordinates. EJ is constant. 


Prob. 12-8 


e12-9. Determine the equations of the elastic curve using 
the x, and x, coordinates. EJ is constant. 


P 
—”=———EEEEEEE B 
_oO_ 
i—- 
Le a |~ b 
X> | 
= Ts 


Prob. 12-9 


12-10. Determine the maximum slope and maximum 
deflection of the simply supported beam which is subjected 
to the couple moment Mp. E/ is constant. 


Mp 
Oo 
L L 
Prob. 12-10 


12-11. Determine the equations of the elastic curve for the 
beam using the x, and x, coordinates. Specify the beam’s 
maximum deflection. FJ is constant. 


Prob. 12-11 


*12-12. Determine the equations of the elastic curve for 
the beam using the x, and x, coordinates. Specify the slope 
at A and the maximum displacement of the shaft. EJ is 
constant. 


12-13. The bar is supported by a roller constraint at B, 
which allows vertical displacement but resists axial load and 
moment. If the bar is subjected to the loading shown, 
determine the slope at A and the deflection at C. EI is 
constant 


P 


a 


Ay — 7A B 
— LV 


Prob. 12-13 


12-14. The simply supported shaft has a moment of inertia 
of 21 for region BC and a moment of inertia J for regions 
AB and CD. Determine the maximum deflection of the 
beam due to the load P. 
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*12-16. The fence board weaves between the three smooth 
fixed posts. If the posts remain along the same line, determine 
the maximum bending stress in the board. The board has a 
width of 6 in. and a thickness of 0.5 in. E = 1.60(10°) ksi. 
Assume the displacement of each end of the board relative 
to its center is 3 in. 


Prob. 12-16 


e12-17. Determine the equations of the elastic curve for 
the shaft using the x, and x2 coordinates. Specify the slope 
at A and the deflection at C. EJ is constant. 


Prob. 12-14 


12-15. Determine the equations of the elastic curve for 
the shaft using the x, and x; coordinates. Specify the slope 
at A and the deflection at the center of the shaft. EJ is 
constant. 


Prob. 12-15 


Prob. 12-17 


12-18. Determine the equation of the elastic curve for the 
beam using the x coordinate. Specify the slope at A and the 
maximum deflection. FJ is constant. 


12-19. Determine the deflection at the center of the beam 
and the slope at B. EJ is constant. 


ier ; i 


Probs. 12-18/19 
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*12-20. Determine the equations of the elastic curve 


4/4) using the x; and x, coordinates, and specify the slope at A 
and the deflection at C. EJ is constant. 


8 kip 
A B Cc 
) 
r 20 kip-ft 
xy x2 ——_| 
k 20 ft > 10 ft +| 
Prob. 12-20 


e12-21. Determine the elastic curve in terms of the x, 
and x, coordinates and the deflection of end C of the 
overhang beam. E/ is constant. 


L 
2 


Prob. 12-21 


12-22. Determine the elastic curve for the cantilevered 
W14 x 30 beam using the x coordinate. Specify the 
maximum slope and maximum deflection. E = 29(10°) ksi. 


3 kip /ft 


; ot | 


Prob. 12-22 
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12-23. The beam is subjected to the linearly varying 
distributed load. Determine the maximum slope of the 
beam. E/ is constant. 


*12-24. The beam is subjected to the linearly varying 
distributed load. Determine the maximum deflection of the 
beam. E/ is constant. 


4 i ; 6fF lp 
aes L ! 


Probs. 12-23/24 


e12-25. Determine the equation of the elastic curve 
for the simply supported beam using the x coordinate. 
Determine the slope at A and the maximum deflection. EJ 
is constant. 


12kN/m 


Prob. 12-25 


12-26. Determine the equations of the elastic curve using 
the coordinates x, and x, and specify the slope and deflection 
at B. ETis constant. 


EeenEe 
| 


L | 


Prob. 12-26 


12-27. Wooden posts used for a retaining wall have a 
diameter of 3 in. If the soil pressure along a post varies 
uniformly from zero at the top A to a maximum of 300 lb/ft 
at the bottom B, determine the slope and displacement at 
the top of the post. Ey, = 1.6(10°) ksi. 


300 Ib/ft 


Prob. 12-27 
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*12-28. Determine the slope at end B and the maximum 
deflection of the cantilevered triangular plate of constant 
thickness f. The plate is made of material having a modulus 
of elasticity E. 


e12-29. The beam is made of a material having a specific 
weight y. Determine the displacement and slope at its end 
A due to its weight. The modulus of elasticity for the 
material is E. 


—— 
a 
a —— 


Prob. 12-29 


12-30. The beam is made of a material having a specific 
weight of y. Determine the displacement and slope at its 
end A due to its weight. The modulus of elasticity for the 
material is E. 
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12-31. The tapered beam has a rectangular cross section. 
Determine the deflection of its free end in terms of the load 
P, length L, modulus of elasticity E, and the moment of 
inertia J of its fixed end. 


Prob. 12-31 


*12-32. The beam is made from a plate that has a constant 
thickness ¢ and a width that varies linearly. The plate is cut 
into strips to form a series of leaves that are stacked to 
make a leaf spring consisting of n leaves. Determine the 
deflection at its end when loaded. Neglect friction between 
the leaves. 


Prob. 12-32 


e12-33. The tapered beam has a rectangular cross section. 
Determine the deflection of its center in terms of the load 
P, length L, modulus of elasticity E, and the moment of 
inertia J, of its center. 


P 


A 
—— L 


L. 
2 


Prob. 12-33 


12-34. The leaf spring assembly is designed so that it is 
subjected to the same maximum stress throughout its length. 
If the plates of each leaf have a thickness f and can slide 
freely between each other, show that the spring must be in 
the form of a circular arc in order that the entire spring 
becomes flat when a large enough load P is applied. What 
is the maximum normal stress in the spring? Consider 
the spring to be made by cutting the m strips from the 
diamond-shaped plate of thickness ¢ and width b. The modulus 
of elasticity for the material is E. Hint: Show that the radius 
of curvature of the spring is constant. 


P 
x 
L L L. L 
2 2 


Prob. 12-34 
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*12.3 Discontinuity Functions 


The method of integration, used to find the equation of the elastic curve 
for a beam or shaft, is convenient if the load or internal moment can be 
expressed as a continuous function throughout the beam’s entire length. 
If several different loadings act on the beam, however, the method becomes 
more tedious to apply, because separate loading or moment functions must 
be written for each region of the beam. Furthermore, integration of these 
functions requires the evaluation of integration constants using both 
boundary and continuity conditions. For example, the beam shown in 
Fig. 12-14 requires four moment functions to be written. They describe 
the moment in regions AB, BC, CD, and DE. When applying the 
moment-curvature relationship, EJ d*v/dx* = M, and integrating each 
moment equation twice, we must evaluate eight constants of integration. 
These involve two boundary conditions that require zero displacement 
at points A and £, and six continuity conditions for both slope and 
displacement at points B, C, and D. 

In this section, we will discuss a method for finding the equation of the 
elastic curve for a multiply loaded beam using a single expression, either 
formulated from the loading on the beam, w = w(x), or from the beam’s 
internal moment, M = M(x). If the expression for w is substituted into 
EI d‘v/dx* = w(x) and integrated four times, or if the expression for 
M is substituted into EJ d*v/dx* = M(x) and integrated twice, the 
constants of integration will be determined only from the boundary 
conditions. Since the continuity equations will not be involved, the analysis 
will be greatly simplified. 


Discontinuity Functions. In order to express the load on the beam 
or the internal moment within it using a single expression, we will use two 
types of mathematical operators known as discontinuity functions. 


For safety purposes these cantilevered beams 
that support sheets of plywood must be 
designed for both strength and a restricted 
amount of deflection. 
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TABLE 12-2 


Loading Loading Function Shear V = i w(x)dx Moment M = if Vdx 
w = w(x) 
(1) My 
ar a w = My(x-a)? V = Mo(x—a)"! M = M)(x-a)° 
x 
eee 
(2) A 
w = P(x—-a)! V = P(x—a)° M = P(x-—a)! 
x 
Pa 
(3) Wo 
= w = wolx—a)® V = wo(x—a)! M= o (x-a)? 
7 
(4) slope =m 
w = m(x—a)! V= ae (x—a)? M= a (x-a)? 


Macaulay Functions. For purposes of beam or shaft deflection, 
Macaulay functions, named after the mathematician W. H. Macaulay, can 
be used to describe distributed loadings. These functions can be written 
in general form as 


- 0 forx <a 
(x — a)" = n 
(= ay iors = a (12-11) 
i = 0) 


Here x represents the coordinate position of a point along the beam, and 
ais the location on the beam where a “discontinuity” occurs, namely the 
point where a distributed loading begins. Note that the Macaulay function 
(x — a)” is written with angle brackets to distinguish it from the 
ordinary function (x — a)”, written with parentheses. As stated by the 
equation, only when x = ais (x — a)" = (x — a)", otherwise it is zero. 
Furthermore, these functions are valid only for exponential values 
n = 0. Integration of Macaulay functions follows the same rules as for 
ordinary functions, i.e., 


i (x _ ae 
(x — a)" dx = ———— + C (12-12) 


Note how the Macaulay functions describe both the uniform load 
Wo(n = 0) and triangular load (n = 1), shown in Table 12-2, items 3 
and 4. This type of description can, of course, be extended to distributed 
loadings having other forms. Also, it is possible to use superposition with 
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the uniform and triangular loadings to create the Macaulay function for a 
trapezoidal loading. Using integration, the Macaulay functions for shear, 
V= [w(x) dx, and moment, M = [V dx, are also shown in the table. 


Singularity Functions. These functions are only used to describe the 
point location of concentrated forces or couple moments acting on a 
beam or shaft. Specifically, a concentrated force P can be considered as a 
special case of a distributed loading, where the intensity of the loading is 
w = P/esuch that its length is e, where e — 0, Fig. 12-15.The area under 
this loading diagram is equivalent to P, positive upward, and so we will 
use the singularity function 


O forx#a 
= P(x —a)'= 12-13 
us ee ie forx =a ( ) 
to describe the force P. Here n = —1 so that the units for w are force per 


length, as it should be. Furthermore, the function takes on the value of P 
only at the point x = a where the load occurs, otherwise it is zero. 

In a similar manner, a couple moment Mp, considered positive 
clockwise, is a limit as e 0 of two distributed loadings as shown in 
Fig. 12-16. Here the following function describes its value. 
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— 


0 forx #a 
= M(x - ay? = 12-14 
a hee ( forx =a ( ) 
The exponent m = —2, in order to ensure that the units of w, force per 


length, are maintained. 

Integration of the above two singularity functions follow the rules of 
operational calculus and yields results that are different from those of 
Macaulay functions. Specifically, 


ic — a\"dx = (x — a)" ,n = -1,-2 (12-15) 


Using this formula, notice how M, and P, described in Table 12-2, items 1 
and 2, are integrated once, then twice, to obtain the internal shear and 
moment in the beam. 

Application of Eqs. 12-11 through 12-15 provides a rather direct 
means for expressing the loading or the internal moment in a beam as a 
function of x. When doing so, close attention must be paid to the signs of 
the external loadings. As stated above, and as shown in Table 12-2, 
concentrated forces and distributed loads are positive upward, and couple 
moments are positive clockwise. If this sign convention is followed, then 
the internal shear and moment are in accordance with the beam sign 
convention established in Sec. 6.1. 


| P 
vue 
€ 
7 
Le a > 
| 
P 
= 
le a >| 
Fig. 12-15 
€ 
“ 
yee Mo 
€ e 
el | wa? Mo 
€ € 
y a > 


Fig. 12-16 
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As an example of how to apply discontinuity functions to describe 
the loading or internal moment consider the beam loaded as shown in 
Fig. 12-17a. Here the reactive 2.75-kN force created by the roller, 
Fig. 12-17), is positive since it acts upward, and the 1.5-kN-m couple 
moment is also positive since it acts clockwise. Finally, the trapezoidal 
loading is negative and has been separated into triangular and uniform 
loadings. From Table 12-2, the loading at any point x on the beam is 
therefore 


w = 2.75 kN(x — 0) 1 + 1.5kN-m(x — 3m)? — 3kKN/m(x — 3m)° — 1kKN/m*(x — 3m)! 


The reactive force at B is not included here since x is never greater than 
6 m, and furthermore, this value is of no consequence in calculating the 
slope or deflection. We can determine the moment expression directly 
from Table 12-2, rather than integrating this expression twice. In either 
case, 


3 kN/m 1kN/m? 


M = 2.75 kN(x — 0)! + 1.5 kN:m(x — 3 m)° (x — 3m)? (x — 3m)? 


2 6 


= 2.75x + 1.5(x — 3)° — 1.5(x — 3)? (x — 3)9 


The deflection of the beam can now be determined after this equation 
is integrated two successive times and the constants of integration are 
evaluated using the boundary conditions of zero displacement at A 
and B. 


6kN/m 
3kN/m 
L 3m + 3m -| 
(a) 
Axe tae 


2 
3m 3 7 3 kN/m 
1.5 kN-m 3kN/m 


B, 
: 3m + 3m >| 


2.75 kN (b) B, 


Fig. 12-17 
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Procedure for Analysis 


The following procedure provides a method for using discontinuity 
functions to determine a beam’s elastic curve. This method is 
particularly advantageous for solving problems involving beams or 
shafts subjected to several loadings, since the constants of integration 
can be evaluated by using only the boundary conditions, while the 
compatibility conditions are automatically satisfied. 


Elastic Curve. 


e Sketch the beam’s elastic curve and identify the boundary 
conditions at the supports. 


Zero displacement occurs at all pin and roller supports, and zero 
slope and zero displacement occur at fixed supports. 


Establish the x axis so that it extends to the right and has its 
origin at the beam’s left end. 


Load or Moment Function. 


© Calculate the support reactions at x = 0 and then use the 
discontinuity functions in Table 12-2 to express either the loading 
w or the internal moment M as a function of x. Make sure to 
follow the sign convention for each loading as it applies for this 
equation. 


Note that the distributed loadings must extend all the way 
to the beam’s right end to be valid. If this does not occur, 
use the method of superposition, which is illustrated in 
Example 12.6. 


Slope and Elastic Curve. 


© Substitute w into EJ d*v/dx* = w(x), or M into the moment 
curvature relation EJ d*v/dx? = M, and integrate to obtain the 
equations for the beam’s slope and deflection. 


Evaluate the constants of integration using the boundary 
conditions, and substitute these constants into the slope and 
deflection equations to obtain the final results. 


When the slope and deflection equations are evaluated at any 
point on the beam, a positive slope is counterclockwise, and a 
positive displacement 1s upward. 


597 


598 CHAPTER 12 DEFLECTION OF BEAMS AND SHAFTS 


EXAMPLE |12.5 


Determine the maximum deflection of the beam shown in Fig. 12-184. 
ETis constant. 


8 kip 


120 kip-ft 


3.) 


| 


120 kip-ft 


Fig. 12-18 


SOLUTION 


Elastic Curve. The beam deflects as shown in Fig. 12-18a. The 
boundary conditions require zero displacement at A and B. 


Loading Function. The reactions have been calculated and are 
shown on the free-body diagram in Fig. 12-18. The loading function 
for the beam can be written as 


w = —8kip (x — 0)! + 6kip (x — 10ft)~! 


The couple moment and force at B are not included here, since they 
are located at the right end of the beam, and x cannot be greater than 
30 ft. Integrating dV/dx = w(x), we get 


V = —8(x — 0)° + 6(x — 10)° 
Ina similar manner, dM/dx = V yields 
M = —8(x — 0)! + 6(x — 10)! 
= (—8x + 6(x — 10)') kip: ft 
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Notice how “his equation can also be established directly using the 
results of Table 12—2 for moment. 


Slope and Elastic Curve. Integrating twice yields 


& 
EI, = -8x + 6{x — 10)! 
dx 


d 
1 Ge = -472 + 3(x — 10 + C, 


4 
Elo = rae + (x — 1033+ Cyx + CG, (1) 
From Eq. 1, the boundary condition v = 0 at x = 10 ft and v = 0 at 
x = 30 ft gives 


0 = —1333 + (10 — 10)? + C,(10) + C, 
0 = —36000 + (30 — 10)? + C,(30) + C, 


Solving these equations simultaneously for C, and C, we get C, = 1333 
and C, = —12 000. Thus, 


d 
ees = —4x? + 3(x — 10)? + 1333 (2) 
x 


4 
Ely = —7x° + (x — 10)? + 1333x — 12.000 (3) 


From Fig. 12-18a, maximum displacement may occur either at C, or at 
D, where the slope dv/dx = 0. To obtain the displacement of C, set 
x = 0in Eq. 3. We get 

12 000 kip - ft? 

EI 
The negative sign indicates that the displacement is downward as shown 
in Fig. 12-18a. To locate point D, use Eq. 2 with x > 10 ft and dv/dx = 0. 
This gives 


ve = Ans. 


0 = —4xp,? + 3(xp — 10)* + 1333 
Xp’ + 60xp — 1633 = 0 
Solving for the positive root, 
Xp = 20.3 ft 
Hence, from Eq. 3, 


4 
Elvp = ~3 (20.3)° + (20.3 — 10)? + 1333(20.3) — 12000 


5006 kip: ft? 
= Seti 


Comparing this value with vc, we see that Upna,y = Vc. 
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EXAMPLE |12.6 


8 kN/m “| kN Determine the equation of the elastic curve for the cantilevered beam 


TET 0 kn-m shown in Fig. 12-19a. EJ is constant. 
ae SOLUTION 


Elastic Curve. The loads cause the beam to deflect as shown in 
Fig. 12-19a. The boundary conditions require zero slope and 
(a) displacement at A. 


Loading Function. The support reactions at A have been 
258 kKN-m 8 kN/m 2 a calculated and are shown on the free-body diagram in Fig. 12-19b. 


| Mea , | | Taal i Since the distributed loading in Fig. 12-19a does not extend to C as 
i EUELE required, we can use the superposition of loadings shown in Fig. 12-19b 
3 kN 50 ine BEN in to represent the same effect. By our sign convention, the beam’s 


loading is therefore 


(b) w = 52kN(x — 0)! — 258 kN: m(x — 0)? — 8 kN/m(x — 0)° 


Fig. 12-19 + 50kN+-m(x — 5m)? + 8kN/m(x — 5m)? 


The 12-KN load is not included here, since x cannot be greater than 9 m. 
Because dV /dx = w(x), then by integrating, neglecting the constant of 
integration since the reactions are included in the load function, we have 


52(x — 0)° — 258(x — 0)! — 8(x — 0)! + 50(x — 5) 1 + 8(x — 5)! 
Furthermore, dM/dx = V, so that integrating again yields 


+ £(8)(x — 5)? 


dig — 0)* + 50(x — 5)° 5 


2 
= (—258 + 52x — 4x? + 50(x — 5)° + 4(x — 5)?) KN-m 


M = —258(x — 0)° + 52(x — 0)! — 


This same result can be obtained directly from Table 12-2. 
Slope and Elastic Curve. Applying Eq. 12-10 and integrating 


twice, we have 


—258 + 52x — 4x7 + 50(x — 5)9 + 4(x — 5)? 
2 4 3 1 4 3 
oo —Isee se eee — 3% a7 ole =" Sie ar 3 = Sy ae (Cy 


2 1 1 
EIv = —129x7 + ox - get 2) oe 3 ie s+ Cia tC; 


Since dv/dx = 0 at x = 0, Cy = 0; and v = 0 at x = 0, so Cp = 0. 
Thus, 
il 26 


a 
+ — 
v= a(- 129x 3 * 


8 a4 + 25(x — 5)? + s(x = 5)") m Ans. 
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P [PROBLEMS 


12-35. The shaft is made of steel and has a diameter of 12-38. The shaft supports the two pulley loads shown. 


15 mm. Determine its maximum deflection. The bearings at Determine the equation of the elastic curve. The bearings 
A and B exert only vertical reactions on the shaft. at A and B exert only vertical reactions on the shaft. ET is 
Ey = 200 GPa. constant. 


= | 
k— 20 in. 20 in. Kk— 20 in. 


40 lb 60 Ib 


250 N 80 N 


Prob. 12-35 Prob. 12-38 


. : 12-39. Determine the maximum deflection of the simply 
*12-36. The beam is subjected to the loads shown. supported beam. E = 200 GPa and I = 65.0(10°) mm‘. 


Determine the equation of the elastic curve. EJ is constant. 


30 kN 
: 15 kN 
2 kip 4 kip 


Prob. 12-36 Prob. 12-39 


°12-37. Determine the deflection at each of the pulleys 
C, D, and E. The shaft is made of steel and has a diameter 
of 30 mm. The bearings at A and B exert only vertical 
reactions on the shaft. E,, = 200 GPa. 


*12-40. Determine the eqution of the elastic curve, the 
slope at A, and the deflection at B of the simply supported 
beam. E/ is constant. 


e12-41. Determine the equation of the elastic curve and 
the maximum deflection of the simply supported beam. EJ 
is constant. 


Mo Mo 


Py fy | yl 


Prob. 12-37 Probs. 12-40/41 


150 N 60 N 150 N 
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12-42. Determine the equation of the elastic curve, the 12-46. Determine the maximum deflection of the simply 
slope at A, and the maximum deflection of the simply supported beam. E = 200 GPa and J = 65.0(10°) mm‘. 
supported beam. EJ is constant. 


20KN 15kN/m 


Prob. 12-42 eee 
12-43. Determine the maximum deflection of the 12-47. The wooden beam is subjected to the load 
cantilevered beam. The beam is made of material having an shown. Determine the equation of the elastic curve. If 
E = 200 GPa and J = 65.0(10°) mm°. E,, = 12 GPa, determine the deflection and the slope at 
end B. 
6kN 
2kN/m 4kN 
‘ eeeeeee ie ae, 
2 B 


Prob. 12-43 


*12-44. The beam is subjected to the load shown. Determine 
the equation of the elastic curve. EJ is constant. 


e12-45. The beam is subjected to the load shown. 
Determine the displacement at x = 7 mand the slope at A. Prob. 12-47 
ETis constant. 


*12-48. The beam is subjected to the load shown. Determine 
the slopes at A and B and the displacement at C. EI is 
constant. 


50 KN 30 kN 


Probs. 12—44/45 Prob. 12-48 


°12-49. Determine the equation of the elastic curve of the 
simply supported beam and then find the maximum 
deflection. The beam is made of wood having a modulus of 
elasticity E = 1.5(10%) ksi. 


600 Ib 


500 Ib /ft 


12-50. The beam is subjected to the load shown. 
Determine the equations of the slope and elastic curve. EI 
is constant. 


2kN/m 8kN-m 
A 
Ba 
— 
Ix 5m >|« 3m >| 
Prob. 12-50 


12-51. The beam is subjected to the load shown. Determine 
the equation of the elastic curve. EJ is constant. 
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*12-52. The wooden beam is subjected to the load shown. 
Determine the equation of the elastic curve. Specify the 
deflection at the end C. Ey = 1.6(10°) ksi. 


0.8 kip /ft 


oR 


I 9 ft > 


Prob. 12-52 


12-53. Determine the displacement at C and the slope at 
A of the beam. 


8 kip /ft 
C B 
A 
= 
- 6 ft | 9 ft | 
Prob. 12-53 


12-54. The beam is subjected to the load shown. Determine 
the equation of the elastic curve. EJ is constant. 


15 ft 


Prob. 12-54 
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*12.4 Slope and Displacement by 
the Moment-Area Method 


Ma The moment-area method provides a semigraphical technique for finding 

ler aati the slope and displacement at specific points on the elastic curve of a beam 
Se ee or shaft. Application of the method requires calculating areas associated 
. A i L B . with the beam’s moment diagram; and so if this diagram consists of simple 


dx shapes, the method is very convenient to use. Normally this is the case 
when the beam is loaded with concentrated forces and couple moments. 

To develop the moment-area method we will make the same assumptions 

we used for the method of integration: The beam is initially straight, it is 


-— me ._ elastically deformed by the loads, such that the slope and deflection of 
OB/A : : 

z a the elastic curve are very small, and the deformations are only caused by 

si Elastic curve os bending. The moment-area method is based on two theorems, one used 


(a) to determine the slope and the other to determine the displacement at a 
point on the elastic curve. 
Theorem 1. Consider the simply supported beam with its associated 
M elastic curve, shown in Fig. 12—20a. A differential segment dx of the beam 
-) is isolated in Fig. 12-20b. Here the beam’s internal moment M deforms 
a the element such that the tangents to the elastic curve at each side of the 
element intersect at an angle dé. This angle can be determined from 
<— dx Eq. 12-10, written as 


(b) @y d ) 
aig | <( = 


Since the slope is small, 0 = dv/dx, and therefore 


Bs 


do = (12-16) 


EI dx 
If the moment diagram for the beam is constructed and divided by 
the flexural rigidity, EJ, Fig. 12—20c, then this equation indicates that d6 
a Lax B is equal to the area under the “M/EI diagram” for the beam segment dx. 
Integrating from a selected point A on the elastic curve to another point 

= Diagram B, we have 


B 
M 
() Dea | —dx (12-17) 
ai 
Fig. 12-20 
This equation forms the basis for the first moment-area theorem. 


Theorem 1: The angle between the tangents at any two points on 
the elastic curve equals the area under the M/EI diagram between these 
two points. 


The notation 63/4 is referred to as the angle of the tangent at B measured 
with respect to the tangent at A. From the proof it should be evident that 
this angle is measured counterclockwise, from tangent A to tangent B, if 
the area under the M/EI diagram is positive. Conversely, if the area is 
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negative, or lies below the x axis, the angle 03/4 is measured clockwise 
from tangent A to tangent B. Furthermore, from the dimensions of 
Eq. 12-17, 63/4 will be in radians. 


Theorem 2. The second moment-area theorem is based on the 
relative deviation of tangents to the elastic curve. Shown in Fig. 12—21a is 
a greatly exaggerated view of the vertical deviation dt of the tangents on 
each side of the differential element dx. This deviation is caused by the 
curvature of the element and has been measured along a vertical line 
passing through point A on the elastic curve. Since the slope of the elastic 
curve and its deflection are assumed to be very small, it is satisfactory to 
approximate the length of each tangent line by x and the arc ds’ by dt. 
Using the circular-arc formula s = 6r, where r is the length x and s is dt, 
we can write dt = x dé. Substituting Eq. 12-16 into this equation and 
integrating from A to B, the vertical deviation of the tangent at A with 
respect to the tangent at B can then be determined; that is, 


B 

M 
t = x—dx 12-18 
aan [xB (12-18) 


Since the centroid of an area is found from ¥fdA = [x dA, and 
| (M/EI) dx represents the area under the M/EI diagram, we can also 
write 


B 
= M 
tale = x/ Ere (12-19) 


Here X is the distance from A to the centroid of the area under the M/EI 
diagram between A and B, Fig. 12-21b. 


The second moment-area theorem can now be stated in reference to —@> 


Fig. 12—21a as follows: 


Theorem 2: The vertical distance between the tangent at a point (A) on 
the elastic curve and the tangent extended from another point (B) equals 
the moment of the area under the M/EI diagram between these two points 
(A and B). This moment is calculated about the point (A) where the 
vertical distance (t 4/g) is to be determined. 


Note that t4/g is not equal to tg;4, which is shown in Fig. 12-21c. 
Specifically, the moment of the area under the M/E/ diagram between 
A and B is calculated about point A to determine ft 4/g, Fig. 12-215, and it 
is calculated about point B to determine fg) ,4, Fig. 12—21c. 

If the moment of a positive M/EI area between A and B is found for 
t 4/p, it indicates that point A is above the tangent extended from point B, 
Fig. 12-21a. Similarly, negative M/EI areas indicate that point A is below 
the tangent extended from point B. This same rule applies for tg). 


ls 


(a) 
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tB/A 


eae 


(c) 


Fig. 12-21 
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Procedure for Analysis 


The following procedure provides a method that may be used to 
apply the two moment-area theorems. 


M/EI Diagram. 


Determine the support reactions and draw the beam’s M/EI 
diagram. If the beam is loaded with concentrated forces, the M/EI 
diagram will consist of a series of straight line segments, and the 
areas and their moments required for the moment-area theorems 
will be relatively easy to calculate. If the loading consists of a 
series of distributed loads, the M/EI diagram will consist of 
parabolic or perhaps higher-order curves, and it is suggested that 
the table on the inside front cover be used to locate the area and 
centroid under each curve. 


Elastic Curve. 


Draw an exaggerated view of the beam’s elastic curve. Recall that 
points of zero slope and zero displacement always occur at a fixed 
support, and zero displacement occurs at all pin and roller supports. 


If it becomes difficult to draw the general shape of the elastic 
curve, use the moment (or M/EJ) diagram. Realize that when the 
beam is subjected to a positive moment, the beam bends concave 
up, whereas negative moment bends the beam concave down. 
Furthermore, an inflection point or change in curvature occurs 
where the moment in the beam (or M/EI) is zero. 


The unknown displacement and slope to be determined should 
be indicated on the curve. 


Since the moment-area theorems apply only between two tangents, 
attention should be given as to which tangents should be 
constructed so that the angles or vertical distance between them 
will lead to the solution of the problem. In this regard, the tangents 
at the supports should be considered, since the beam has zero 
displacement and/or zero slope at the supports. 


Moment-Area Theorems. 


Apply Theorem 1 to determine the angle between any two 
tangents on the elastic curve and Theorem 2 to determine the 
vertical distance between the tangents. 


The algebraic sign of the answer can be checked from the angle 
or vertical distance indicated on the elastic curve. 


A positive 0g) 4 represents a counterclockwise rotation of the tangent 
at B with respect to the tangent at A, and a positive tg), indicates 
that point B on the elastic curve lies above the extended tangent 
from point A. 
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EXAMPLE | 12.7 


Determine the slope of the beam shown in Fig. 12—22a at point B. 
ETis constant. 


SOLUTION 
M/EI Diagram. See Fig. 12-22b. 


Elastic Curve. The force P causes the beam to deflect as shown in 
Fig. 12-22c. (The elastic curve is concave downward, since M/EI is 
negative.) The tangent at B is indicated since we are required to find 0p. 
Also, the tangent at the support (A) is shown. This tangent has a known 
zero slope. By the construction, the angle between tan A and tan B, that 
is, 0/4, 18 equivalent to 0g, or 


93 = OBA 


Moment-Area Theorem. Applying Theorem 1, @g/,4 is equal to the 
area under the M/EI diagram between points A and B; that is, 


Ans. 


The negative sign indicates that the angle measured from the tangent at 
A to the tangent at B is clockwise. This checks, since the beam slopes 
downward at B. 
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EXAMPLE | 12.8 


Determine the displacement of points B and C of the beam shown in 
Fig. 12—23a. El is constant. 


Cc M 


s 


G 
tan C 


SOLUTION 
M/EI Diagram. See Fig. 12-23b. 


Elastic Curve. The couple moment at C causes the beam to deflect as 
shown in Fig. 12-23c. The tangents at B and C are indicated since we are 
required to find Ag and Ac. Also, the tangent at the support (A) is 
shown since it is horizontal. The required displacements can now be 
related directly to the vertical distance between the tangents at B and A 
and C and A. Specifically, 


Ap = tpya 


Re = iG 4 


Moment-Area Theorem. Applying Theorem 2, tg), is equal to the 
moment of the shaded area under the M/EI diagram between A and B 
calculated about point B (the point on the elastic curve), since this is the 
point where the vertical distance is to be determined. Hence, from 
Fig. 12-235, 


ee (4) Mo (2) ML? a 
a EY )\ 2) |= Ser sa 


Likewise, for tc;4 we must determine the moment of the area under 
the entire M/EI diagram from A to C about point C (the point on the 
elastic curve). We have 


2 
seme (S)[(-te)o] = 


NOTE: Since both answers are negative, they indicate that points B and 
C lie below the tangent at A. This checks with Fig. 12—23c. 


12.4 SLOPE AND DISPLACEMENT BY THE MOMENT-AREA METHOD 609 


EXAMPLE | 12.9 


Determine the slope at point C of the shaft in Fig. 12-24a. EJ is constant. 


Oop ~~" tan D (horizontal) 
Fig. 12-24 


SOLUTION 

M/EI Diagram. See Fig. 12-24b. 

Elastic Curve. Since the loading is applied symmetrically to the beam, 
the elastic curve is symmetric, and the tangent at D is horizontal, 
Fig. 12—24c. Also the tangent at C is drawn, since we must find the slope 


6c. By the construction, the angle 6¢/p between the tangents at tan D 
and C is equal to 6c; that is, 


8c = 8c/p 


Moment-Area Theorem. Using Theorem 1, 4¢/p is equal to the 
shaded area under the M/EI diagram between points D and C. We have 


P 5 Ee a (3 7=)(2) 3PL? r 
= — — — ns. 
Cee SN ear) a 2\4EI 8EI)\4 64EI ‘ 


What does the positive result indicate? 
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EXAMPLE | 12.10 


B 


La 


Determine the slope at point C for the steel beam in Fig. 12—25a. Take 
B., — 200 GPa. f = 17(10°) mm. 


SOLUTION 
M/EI Diagram. See Fig. 12—25b. 


Elastic Curve. The elastic curve is shown in Fig. 12—25c. The tangent at 
C is shown since we are required to find 6-. Tangents at the supports, A 
and B, are also constructed as shown. Angle 6¢,, is the angle between 
the tangents at A and C. The slope at A, 64, in Fig. 12—25c can be found 
using |64| = ltpyal/Lap.- This equation is valid since tg,, is actually very 
small, so that tg/4 in meters can be approximated by the length of a 
circular arc defined by a radius of L4g = 8m and a sweep of 6, in 
radians. (Recall that s = 0r.) From the geometry of Fig. 12—-25c, we have 


CBIA 
lacl = 104] — lOcyal = aaa lacjal (1) 


Note that Example 12.9 could also be solved using this method. 


Moment-Area Theorems. Using Theorem 1, 6c, is equivalent to the 
area under the M/E/ diagram between points A and C; that is, 


1 8kN-m 8 kN: m? 
x deja = 32 m( EI )- EI 


x 


B 

Applying Theorem 2, ¢g;4 is equivalent to the moment of the area 
under the M/E/ diagram between B and A about point B (the point on 
the elastic curve), since this is the point where the vertical distance is to 
be determined. We have 


aan t= (2+ 3¢6m)[ 506m (25) 


(Gem )bem(At)| 


_ 320kN-m? 
tanA = EE 
Substituting these results into Eq. 1, we get 


320kN-m* _ 8kN-m* Near 
=F (emer EI EI 


We have calculated this result in units of kN and m, so converting EJ 
into these units, we have 


32 kN- m? 
[200(10°) kKN/m?][17(10~°) m*] 


0c = = 0.00941 rad ) Ans. 
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EXAMPLE | 12.11 


Determine the displacement at C for the beam shown in Fig. 12—26a. 
ETis constant. 


Fig. 12-26 
SOLUTION 
M/EI Diagram. See Fig. 12-26). 


Elastic Curve. The tangent at C is drawn on the elastic curve since we 
are required to find Ac, Fig. 12—26c. (Note that C is not the location of 
the maximum deflection of the beam, because the loading and hence the 
elastic curve are not symmetric.) Also indicated in Fig. 12—26c are the 
tangents at the supports A and B. It is seen that Ac = A’ — fe)g. If tarp 
is determined, then A’ can be found from proportional triangles, that is, 
A'/(L/2) = tajp/L or A’ = t4jp/2. Hence, 


Ca/B 
Ac = a 8 (1) 


Moment-Area Theorem. Applying Theorem 2 to determine t 4), and 


tcjp, We have 


1 1 Mo ML 
Ee Gw)/so(#)] ~ EI 
, (2(4)) (4) My ML? 
CPN 3 \ 2) | DN 2H |= ase 
Substituting these results into Eq. 1 gives 
1) Make MOL” 
Ke = - 
2\ GEE 48EI 
— ML? | 
~ 16EI 
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EXAMPLE | 12.12 


Determine the displacement at point C for the steel overhanging beam 
shown in Fig. 12-27a. Take Ey, = 29(10%) ksi, J = 125 in’. 


5 kip 


t 


Fig. 12-27 


SOLUTION 
M/EI Diagram. See Fig. 12-27b. 


Elastic Curve. The loading causes the beam to deflect as shown in 
Fig. 12-27c. We are required to find Ac. By constructing tangents at C 
and at the supports A and B, it is seen that Ac = |tc)4| — A’. However, A’ 
can be related to tg) by proportional triangles; that is, A’/24 = |tg,4|/12 
or A’ = 2|tg,4|. Hence 


Ac = Itcyal — 2Itzyal (1) 


Moment-Area Theorem. Applying Theorem 2 to determine fc; and 
tpja, we have 


1 60 kip «ft 
tan A tea = (12 m)(Feam(-CRP"*) 


8640 kip - ft? 
7 EI 
mck il 60kip-ft\] 1440 kip - ft* 
tanc | {B/A = (02%) || Fa20/ EI ) EI 
Why are these terms negative? Substituting the results into Eq. 1 yields 


_ 8640 kip: ft (“ or _ 5760 kip - ft? | 


ce EI EI EI 


Realizing that the calculations were made in units of kip and ft, we have 
5760 kip - ft?(1728 in?/ft?) 


Nan = 2:75 in, 1 Ans. 
C ~ [29(103) kip/in2](125 in‘) a e 
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il FUNDAMENTAL PROBLEMS ae 


F12-7. Determine the slope and deflection of end A of the F12-10. Determine the slope and deflection at A of the 


cantilevered beam. E = 200 GPa and I = 65.0(10°°) m‘*. cantilevered beam. E = 29(10°) ksi, J = 24.5 in’. 
6kN 
3 kip 
2 kip /ft 
a | 20 kN-m 
A 
3m B 
F12-7 + 3 ft | 3 ft 
F12-8. Determine the slope and deflection of end A of the F12-10 


cantilevered beam. E = 200 GPa and J = 126(10°°) m‘. 


F12-11. Determine the maximum deflection of the simply 


supported beam. E = 200 GPa and J = 42.8(10°°) m*. 
20 KN 


10 kN 


20 kN 


F12-9. Determine the slope and deflection of end A of the 
cantilevered beam. E = 200 GPa and J = 121(10°°) m‘. 


F12-12. Determine the maximum deflection of the simply 
supported beam. E = 200 GPa and J = 39.9(10°) mi’. 
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Sa [Poses 


12-55. Determine the slope and deflection at C. EI is 
constant. 


30 ft nem 


Prob. 12-55 


*12-56. Determine the slope and deflection at C. ET is 
constant. 


Prob. 12-56 


012-57. Determine the deflection of end B of the 
cantilever beam. £ is constant. 


7 | 7 | 


Prob. 12-57 


12-58. Determine the slope at A and the maximum 
deflection. EJ is constant. 


12-59. Determine the slope and deflection at C. EI is 
constant. 


20 kip-ft 20 kip-ft 
——— c) 
A, Bo 
6 ft 12 ft “0 6 ft —— 
Prob. 12-59 


*12-60. If the bearings at A and B exert only vertical 
reactions on the shaft, determine the slope at A and the 
maximum deflection of the shaft. EJ is constant. 


50 lb-ft 50 lb-ft 


| 2 ft i! 4 ft 


Prob. 12-60 
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deflection of the beam. E/ is constant. terms of L so that the deflection at end C is the same as the 
maximum deflection of region AB of the overhang beam. 
ET is constant. 


°12-61. Determine the maximum slope and the maximum e12-65. Determine the position a of roller support B in a 


| | 


Prob. 12-61 


Prob. 12-65 


12-62. Determine the deflection and slope at C. EI is 


constant. . . 
12-66. Determine the slope at A of the simply supported 


beam. E/ is constant. 


Prob. 12-62 L ay | é | 


12-63. Determine the slope at A of the overhang beam. 
E = 200 GPa and J = 45.5(10°) mm‘. 


*12-64. Determine the deflection at C of the overhang 12-67. The beam is subjected to the load P as shown. 
beam. E = 200 GPa and J = 45.5(10°) mm‘. Determine the magnitude of force F that must be applied 
at the end of the overhang C so that the deflection at C is 


zero. EI is constant. 


30 KN ‘i 


ln a 


Probs. 12-63/64 Prob. 12-67 
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*12-68. If the bearings at A and B exert only vertical 
reactions on the shaft, determine the slope at A and the 
maximum deflection. 


Prob. 12-68 


e12-69. The beam is subjected to the loading shown. 
Determine the slope at A and the displacement at C. Assume 
the support at A is a pin and B is a roller. EJ is constant. 


Prob. 12-69 


12-70. The shaft supports the gear at its end C. 
Determine the deflection at C and the slopes at the 
bearings A and B. ET is constant. 


12-71. The shaft supports the gear at its end C. Determine 
its maximum deflection within region AB. EI is constant. 
The bearings exert only vertical reactions on the shaft. 


Probs. 12-—70/71 
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*12-72. Determine the value of a so that the displacement 
at C is equal to zero. EJ is constant. 


P P 
A Ec B 
L L 
pep i 
Prob. 12-72 


e12-73. The shaft is subjected to the loading shown. If the 
bearings at A and B only exert vertical reactions on the 
shaft, determine the slope at A and the displacement at C. 
ET is constant. 


Prob. 12-73 


12-74. Determine the slope at A and the maximum 
deflection in the beam. E7 is constant. 


12 kip 


24 kip-ft 


. 6 ft l 12 ft 


Prob. 12-74 
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12-75. The beam is made of a ceramic material. In order 
to obtain its modulus of elasticity, it is subjected to the 
elastic loading shown. If the moment of inertia is J and the 
beam has a measured maximum deflection A, determine E. 
The supports at A and D exert only vertical reactions on the 
beam. 


P P 


I |. 
+ . mig 


*12-76. The bar is supported by a roller constraint at B, 
which allows vertical displacement but resists axial load 
and moment. If the bar is subjected to the loading shown, 
determine the slope at A and the deflection at C. EI is 
constant. 


Prob. 12-75 


Prob. 12-76 


¢12-77. The bar is supported by the roller constraint at C, 
which allows vertical displacement but resists axial load 
and moment. If the bar is subjected to the loading shown, 
determine the slope and displacement at A. E/ is constant. 


» 2a >| 


Prob. 12-77 
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12-78. The rod is constructed from two shafts for which 
the moment of inertia of AB is J and of BC is 2/. Determine 
the maximum slope and deflection of the rod due to the 
loading. The modulus of elasticity is E. 


Prob. 12-78 


12-79. Determine the slope at point D and the deflection 
at point C of the simply supported beam. The beam is made 
of material having a modulus of elasticity E. The moment of 
inertia of segments AB and CD of the beam is J, while the 
moment of inertia of segment BC of the beam is 21. 


Prob. 12-79 


*12-80. Determine the slope at point A and the maximum 
deflection of the simply supported beam. The beam is made 
of material having a modulus of elasticity E. The moment of 
inertia of segments AB and CD of the beam is J, while the 
moment of inertia of segment BC is 21. 
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e12-81. Determine the position a of roller support B in 
terms of L so that deflection at end C is the same as the 
maximum deflection of region AB of the simply supported 
overhang beam. EJ is constant. 


TE ),, 
— 


L 


Prob. 12-81 


12-82. The W10 X 15 cantilevered beam is made of A-36 
steel and is subjected to the loading shown. Determine the 
slope and displacement at its end B. 


3 kip /ft 


: 6 ft “+ 6 ft | 


Prob. 12-82 


12-83. The cantilevered beam is subjected to the loading 
shown. Determine the slope and displacement at C. Assume 
the support at A is fixed. FJ is constant. 


Prob. 12-83 
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*12-84. Determine the slope at C and deflection at B. EI 
is constant. 


Prob. 12-84 


e12-85. Determine the slope at B and the displacement 
at C. The member is an A-36 steel structural tee for which 


I = 76.8 in’. 


5 kip 


1.5 kip /ft 


2 C 
3 ft 3 ft | 
Prob. 12-85 
12-86. The A-36 steel shaft is used to support a rotor that 


exerts a uniform load of 5 kN/m within the region CD of 
the shaft. Determine the slope of the shaft at the bearings 
A and B. The bearings exert only vertical reactions on the 
shaft. 


| Bra ws aya foe 
20 mm 40 mm 20 mm 
100 mn 300 mm me mm-| 


Prob. 12-86 


12.5 


12.5 Method of Superposition 


The differential equation EJ d*v/dx* = w(.x) satisfies the two necessary 
requirements for applying the principle of superposition; i.e., the load 
w(x) is linearly related to the deflection v(x), and the load is assumed 
not to change significantly the original geometry of the beam or shaft. As 
a result, the deflections for a series of separate loadings acting on a beam 
may be superimposed. For example, if v, is the deflection for one load 
and v, is the deflection for another load, the total deflection for both 
loads acting together is the algebraic sum v, + v2. Using tabulated 
results for various beam loadings, such as the ones listed in Appendix C, 
or those found in various engineering handbooks, it is therefore possible 
to find the slope and displacement at a point on a beam subjected to 
several different loadings by algebraically adding the effects of its various 
component parts. 

The following examples illustrate how to use the method of superposition 
to solve deflection problems, where the deflection is caused not only by 
beam deformations, but also by rigid-body displacements, such as those 
that occur when the beam is supported by springs. 


The resultant deflection at any point on this beam can be determined from the 
superposition of the deflections caused by each of the separate loadings acting 


on the beam. 


METHOD OF SUPERPOSITION 


619 
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EXAMPLE | 12.13 


Determine the displacement at point C and the slope at the support A 
of the beam shown in Fig. 12—28a. EJ is constant. 


8 kN 
2kN/m 


SOLUTION 
The loading can be separated into two component parts as shown in 
Figs. 12-28b and 12-28c. The displacement at C and slope at A are 
found using the table in Appendix C for each part. 
For the distributed loading, 
tee 3wL3 _ 3(2kN/m)(8m)? 24 kN-m? | 
a SET 128EI EI 
ee SwLt _ 5(2KN/m)(8m)* _ 53.33 KN-m? | 
EC 6 SEiT T68EI EI 
For the 8-kN concentrated force, 
Ae PL? 8kN(8m)’ 32 kKN-m? 
(Oa)2 = TET 16EI ET 
te PL? _ 8kN(8m)° _ 85.33kN-m? \ 
°c 48EI «ABET El 
The displacement at C and the slope at A are the algebraic sums of 
these components. Hence, 


56 kN: m? 
(+)) = (04)1 + (64)2 = te Ans. 


Ans. 


_ 139 kN+m? | 


(+1) = jL= EI 
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EXAMPLE | 12.14 


10 kN 

5 kN/m | 

(REREERERES: 
Ar. 


ee a “a | 


SOLUTION +-—2m 
Since the table in Appendix C does not include beams with overhangs, 

the beam will be separated into a simply supported and a cantilevered 

portion. First we will calculate the slope at B, as caused by the 

distributed load acting on the simply supported span, Fig. 12-295. 


Determine the displacement at the end C of the overhanging beam 
shown in Fig. 12—29a. ET is constant. 


5kN/m Cc 
wl3 _ SKN/m(4m)? 13.33 kN-m?, PRERERQSES®: : Teor 


(96)1 = a4R7 24EI EI ors 
. 


ie B 


+-— 2m 


(9z)1 
4m 


Since this angle is small, (0g), ~ tan(@g),, and the vertical 
displacement at point C is 


i 


BYE 20 kN-m 


13.33 kN- =) 26.67 kN- m3 
PS Go 


(U¢)1 = 2m EI 
Ba (vc)2 


Next, the 10-kN load on the overhang causes a statically equivalent +—2m—AC_ 
force of 10 KN and couple moment of 20 KN-m at the support B of 
the simply supported span, Fig. 12—29c. The 10-kKN force does not 
cause a displacement or slope at B; however, the 20-kKN-m couple 
moment does cause a slope. The slope at B due to this moment is 


— Mok _ 20KN-m(4m) _ 26.67kN-+m? 
3EI 3EI EI 


(98)2 


so that the extended point C is displaced 


26.7 gee) 53.33 kN- m3 | 


(ve) = em = 


Finally, the cantilevered portion BC is displaced by the 10-kN force, 
Fig. 12-29d. We have 


EGT, 


PL3 10kN(2m)? _ 26.67kN-m3 | 
3EI 3EI EI 


(vc)3 = 


Summing these results algebraically, we obtain the displacement of 
point C, 


_26.7 | 53.3 | 26.7 _ 533 kN-m° | 
Bie i eT EI 


(+4) Ue = 
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EXAMPLE | 12.15 


Determine the displacement at the end C of the cantilever beam shown 
in Fig. 12-30. EJ is constant. 


Fig. 12-30 


SOLUTION 
Using the table in Appendix C for the triangular loading, the slope 


and displacement at point B are 


WoL? _ 4kN/m(6m)? _ 36 kKN-m? 
24EI 24EI EI 


03 = 


wot 4kN/m(6m)* — 172.8kN-m3 
ES Sian 30EI EI 


The unloaded region BC of the beam remains straight, as shown in 
Fig. 12-30. Since 03 is small, the displacement at C becomes 


(+4) Uc = Up + On(Lac) 


_ 172.8kN-m? , 36 kN: mm? 


El pe ae 


_ 244.8kN-m* | 
EY 
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EXAMPLE | 12.16 


The steel bar shown in Fig. 12—31a is supported by two springs at its ends A 
and B. Each spring has a stiffness of k = 15 kip/ft and is originally 
unstretched. If the bar is loaded with a force of 3 kip at point C, determine 
the vertical displacement of the force. Neglect the weight of the bar and 
take Ey, = 29(10°) ksi, J = 12 in‘. 


SOLUTION 3 kip 
The end reactions at A and B are calculated and shown in Fig. 12-315. i 3 ft i 6 ft | 
Each spring deflects by an amount 


A o B 
k=15 Kt § Cr creme 
2 kip (a) 


= 01333 f 
bipmos 


(a) = 


1 kip 
15 kip/ft 


(vg)1 = = 0.0667 ft 


If the bar is considered to be rigid, these displacements cause it to 
move into the position shown in Fig. 12-31b. For this case, the vertical 


displacement at C is A Rigid body displacement 4 
2 kip 1 kip 


(b) 
6 ft 


a one) — (vg)1] + 


(%c)1 = (¥B)1 
oO 3 kip 
= 0.0667 ft + [0.1333 ft — 0.0667 ft] = 0.1111 ft J —3ft + 


a a 


(ve)2 


We can find the displacement at C caused by the deformation of the 
bar, Fig. 12-31c, by using the table in Appendix C. We have IE foun alee Pody lis placement 


(c) 
Fig. 12-31 


_ 3 kip(3 ft)(6 ft)[(9 ft)? — (6 ft)? — (3 ft)?] 
6[29(10%) kip/in’](144 in?/1 ft”)(12 in*)(1 ft*/20 736 in*)(9 ft) 


= 0.0149 ft | 


Adding the two displacement components, we get 
(+1) vc = 0.1111 ft + 0.0149 ft = 0.126 ft = 1.51 in. | 
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E [PROBLEMS 


12-87. The W12 X 45 simply supported beam is made of 12-91. Determine the slope at B and the deflection at 


A-36 steel and is subjected to the loading shown. Determine point C of the simply supported beam. E = 200 GPa and 
the deflection at its center C. T = 45.5(10°) mm‘. 
12 kip 
10 kN 9kN/m 

50 kip-ft 
| (ee Ts]? 

e Cc x x 

} 12 ft | 12 ft - 


Prob. 12-87 
Prob. 12-91 


*12-88. The W10 x 15 cantilevered beam is made of 

A-36 steel and is subjected to the loading shown. Determine *12-92, Determine the slope at A and the deflection 

the displacement at B and the slope at A. at point C of the simply supported beam. The modulus of 
elasticity of the wood is E = 10 GPa. 


6 kip 4 kip 


3 kN 3 kN 


Prob. 12-88 1.5 m—-—1.5 m—| 3m - 


: , Prob. 12-92 
¢12-89. Determine the slope and deflection at end C of 


the overhang beam. EJ is constant. 
e12-93. The W8 x 24 simply supported beam is made 


12 90. Determine the slope at A and the deflection at of A-36 steel and is subjected to the loading shown. 
point D of the overhang beam. E/ is constant. Determine the deflection at its center C. 


PTET fin é 


dD hz 


Probs. 12-89/90 Prob. 12-93 


- 8 ft + 
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end A of the bracket. Assume that the bracket is fixed The beams are made of wood having a modulus of elasticity 
supported at its base, and neglect the axial deformation of of E = 10 GPa. 
segment AB. ET is constant. 


12-94. Determine the vertical deflection and slope at the *12-96. Determine the deflection at end E of beam CDE. a 


75 mm 


[150 mm 


Section a—a 


Prob. 12-96 


Prob. 12-94 


e12-97. The pipe assembly consists of three equal-sized 
pipes with flexibility stiffness EJ and torsional stiffness GJ. 
Determine the vertical deflection at point A. 


12-95. The simply supported beam is made of A-36 steel 
and is subjected to the loading shown. Determine the 
deflection at its center C.J = 0.1457(10°) m*. 


Prob. 12-95 Prob. 12-97 
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12-98. Determine the vertical deflection at the end A of 
the bracket. Assume that the bracket is fixed supported at 
its base B and neglect axial deflection. EJ is constant. 
{* 

A 


¥ 


Prob. 12-98 


12-99. Determine the vertical deflection and slope at 
the end A of the bracket. Assume that the bracket is fixed 
supported at its base, and neglect the axial deformation of 
segment AB. EJ is constant. 


20 Ib /in. 


Prob. 12-99 


*12-100. The framework consists of two A-36 steel 
cantilevered beams CD and BA and a simply supported 
beam CB. If each beam is made of steel and has a moment 
of inertia about its principal axis of J, = 118 in‘, determine 
the deflection at the center G of beam CB. 


Prob. 12-100 


e12-101. The wide-flange beam acts as a cantilever. Due 
to an error it is installed at an angle 6 with the vertical. 
Determine the ratio of its deflection in the x direction to its 
deflection in the y direction at A when a load P is applied at 
this point. The moments of inertia are 7, and /,. For the 
solution, resolve P into components and use the method of 
superposition. Note: The result indicates that large lateral 
deflections (x direction) can occur in narrow beams, 
I, <J,, when they are improperly installed in this 
manner. To show this numerically, compute the deflections 
in the x and y directions for an A-36 steel W10 X 15, with 
P =15kip,@ = 10°, and L = 12 ft. 


Vertical 


Prob. 12-101 


12-102. The simply supported beam carries a uniform 
load of 2 kip/ft. Code restrictions, due to a plaster ceiling, 
require the maximum deflection not to exceed 1/360 of the 
span length. Select the lightest-weight A-36 steel wide- 
flange beam from Appendix B that will satisfy this 
requirement and safely support the load. The allowable 
bending stress is Oajow = 24 ksi and the allowable shear 
stress iS Tallow = 14 ksi. Assume A is a pin and B a roller 
support. 


8 kip 8 kip 
2 kip/ft 


CERT ET 


Prob. 12-102 


12.6 STATICALLY INDETERMINATE BEAMS AND SHAFTS 


12.6 Statically Indeterminate Beams 
and Shafts 


The analysis of statically indeterminate axially loaded bars and 
torsionally loaded shafts has been discussed in Secs. 4.4 and 5.5, 
respectively. In this section we will illustrate a general method for 
determining the reactions on statically indeterminate beams and shafts. 
Specifically, a member of any type is classified as statically indeterminate 
if the number of unknown reactions exceeds the available number of 
equilibrium equations. 

The additional support reactions on the beam or shaft that are not 
needed to keep it in stable equilibrium are called redundants. The 
number of these redundants is referred to as the degree of indeterminacy. 
For example, consider the beam shown in Fig. 12-32a. If the free-body 
diagram is drawn, Fig. 12-32b, there will be four unknown support 
reactions, and since three equilibrium equations are available for 
solution, the beam is classified as being indeterminate to the first degree. 
Either A,, B,, or My can be classified as the redundant, for if any one of 
these reactions is removed, the beam remains stable and in equilibrium 
(A, cannot be classified as the redundant, for if it were removed, 
=F, = 0 would not be satisfied.) In a similar manner, the continuous 
beam in Fig. 12-33a is indeterminate to the second degree, since there 
are five unknown reactions and only three available equilibrium 
equations, Fig. 12-335. Here the two redundant support reactions can be 
chosen among A,, B,, C,, and D,. 


Fig. 12-32 
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To determine the reactions on a beam (or shaft) that is statically 
indeterminate, it is first necessary to specify the redundant reactions. We 
can determine these redundants from conditions of geometry known as 
compatibility conditions. Once determined, the redundants are then 
applied to the beam, and the remaining reactions are determined from 
the equations of equilibrium. 

In the following sections we will illustrate this procedure for solution 
using the method of integration, Sec. 12.7; the moment-area method, 
Sec. 12.8; and the method of superposition, Sec. 12.9. 


12.7  Statically Indeterminate Beams and 
Shafts—Method of Integration 


The method of integration, discussed in Sec. 12.2, requires two 
integrations of the differential equation d*v/dx? = M/EI once the 
internal moment M in the beam is expressed as a function of position x. 
If the beam is statically indeterminate, however, M can also be 
expressed in terms of the unknown redundants. After integrating this 
equation twice, there will be two constants of integration along with the 
redundants to be determined. Although this is the case, these unknowns 
can always be found from the boundary and/or continuity conditions for 
the problem. 

The following example problems illustrate specific applications of this 
method using the procedure for analysis outlined in Sec. 12.2. 


= 


en 


An example of a statically indeterminate 
beam used to support a bridge deck. 
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EXAMPLE | 12.17 


The beam is subjected to the distributed loading shown in 
Fig. 12-34a. Determine the reaction at A. FJ is constant. 


SOLUTION 
Elastic Curve. The beam deflects as shown in Fig. 12-34a. Only 


one coordinate x is needed. For convenience we will take it 
directed to the right, since the internal moment is easy to 
formulate. 


Moment Function. The beam is indeterminate to the first degree as 
indicated from the free-body diagram, Fig. 12-34b. We can express the 
internal moment M in terms of the redundant force at A using the 
segment shown in Fig. 12-34c. Here 


1 3) 
Vie Aye = Wan 


Gp 72 


Slope and Elastic Curve. Applying Eq. 12-10, we have 


The three unknowns Ay, C;, and C2 are determined from the boundary 
conditions x =0, v=0; x =L, dv/dx =0; and x=L, v=0. 
Applying these conditions yields 


0=0-0+0+C, 


Solving, 


NOTE: Using the result for A,, the reactions at B can be determined 
from the equations of equilibrium, Fig. 12-34b. Show that B, = 0, 
By = 2woL/5, and Mz = woL7/15. 
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EXAMPLE | 12.18 


The beam in Fig. 12—35a is fixed supported at both ends and is subjected 
to the uniform loading shown. Determine the reactions at the supports. 
Neglect the effect of axial load. 


SOLUTION 


Elastic Curve. The beam deflects as shown in Fig. 12-35a. As in the 
previous problem, only one x coordinate is necessary for the solution 
since the loading is continuous across the span. 

Moment Function. From the free-body diagram, Fig. 12-35b, the 
respective shear and moment reactions at A and B must be equal, 
since there is symmetry of both loading and geometry. Because of this, 
the equation of equilibrium, =F’, = 0, requires 


we 
2 


The beam is indeterminate to the first degree, where M’ is redundant. 
Using the beam segment shown in Fig. 12—35c, the internal moment M 
can be expressed in terms of M’ as follows: 


Ans. 


Lerner enraa 
A — = — = B 
al, | 


Slope and Elastic Curve. Applying Eq. 12-10, we have 


,) x oF C\x ate C2 
The three unknowns, M', C,, and C,, can be determined from the three 
boundary conditions v = 0 at x = 0, which yields C, = 0; dv/dx = 0 at 
x = 0, which yields C; = 0; and v = Oat x = L, which yields 
wl? 


== Ans. 
12 ns. 


Using these results, notice that because of symmetry the remaining 

boundary condition dv/dx = 0 at x = Lis automatically satisfied. 
; NOTE: It should be realized that this method of solution is generally 
Fig. 12-35 suitable when only one x coordinate is needed to describe the elastic 


curve. If several x coordinates are needed, equations of continuity must 
be written, thus complicating the solution process. 
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PE TpRopLEMS 


12-103. Determine the reactions at the supports A and B, 12-106. Determine the reactions at the supports, then 
then draw the moment diagram. E/ is constant. draw the shear and moment diagram. EI is constant. 


Prob. 12-103 
Prob. 12-106 


*12-104. Determine the value of a for which the 


maximum positive moment has the same magnitude as the 12-107. Determine the moment reactions at the supports 
maximum negative moment. EJ is constant. A and B. EI is constant. 


Prob. 12-104 Prob. 12-107 


e12-105. Determine the reactions at the supports A, B, 
and C; then draw the shear and moment diagrams. E/ is 
constant. 


*12-108. Determine the reactions at roller support A and 
fixed support B. 


Prob. 12-105 Prob. 12-108 
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e12-109. Use discontinuity functions and determine the 
reactions at the supports, then draw the shear and moment 
diagrams. EJ is constant. 


F g| 
Al B 14 
- 8 ft -|- 10 ft - 
Prob. 12-109 


12-110. Determine the reactions at the supports, then 
draw the shear and moment diagrams. EJ is constant. 


Wo 


oe L : 


Prob. 12-110 


12-111. Determine the reactions at pin support A and 
roller supports B and C. ET is constant. 


Ww 


-— 


Prob. 12-111 


*12-112. Determine the moment reactions at fixed 
supports A and B. ET is constant. 


Prob. 12-112 


e12-113. The beam has a constant £,/, and is supported 
by the fixed wall at B and the rod AC. If the rod has a 
cross-sectional area A, and the material has a modulus of 
elasticity E,, determine the force in the rod. 


. Ty ~ 


Prob. 12-113 


12-114. The beam is supported by a pin at A, a roller at B, 
and a post having a diameter of 50 mm at C. Determine the 
support reactions at A, B, and C. The post and the beam are 
made of the same material having a modulus of elasticity 
E = 200 GPa, and the beam has a constant moment of 
inertia J = 255(10°) mm‘. 


15k 


TT 


<1). 
<— = 


itty) 


Prob. 12-114 
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*12.8 Statically Indeterminate Beams 
and Shafts—Moment-Area Method 


If the moment-area method is used to determine the unknown 
redundants of a statically indeterminate beam or shaft, then the M/ET 
diagram must be drawn such that the redundants are represented as 
unknowns on this diagram. Once the M/EI diagram is established, the 
two moment-area theorems can then be applied to obtain the proper 
relationships between the tangents on the elastic curve in order to meet 
the conditions of displacement and/or slope at the supports of the beam. 
In all cases the number of these compatibility conditions will be 
equivalent to the number of redundants, and so a solution for the 
redundants can be obtained. 


Moment Diagrams Constructed by the Method of 
Superposition. Since application of the moment-area theorems 
requires calculation of both the area under the M/EJ diagram and the 
centroidal location of this area, it is often convenient to use separate 
M/EI diagrams for each of the known loads and redundants rather than 
using the resultant diagram to calculate these geometric quantities. This 
is especially true if the resultant moment diagram has a complicated 
shape. The method for drawing the moment diagram in parts is based on 
the principle of superposition. 

Most loadings on cantilevered beams or shafts will be a combination of 
the four loadings shown in Fig. 12-36. Construction of the associated 
moment diagrams, also shown in this figure, has been discussed in the 
examples of Chapter 6. Based on these results, we will now show how 
to use the method of superposition to represent the resultant moment 
diagram by a series of separate moment diagrams for the cantilevered 
beam shown in Fig. 12—37a. To do this, we will first replace the loads 
by a system of statically equivalent loads. For example, the three 
cantilevered beams shown in Fig. 12—37a are statically equivalent to the 


ys feb 
1 | 


x 


Parabolic curve 


(b) —wL? 
2 (c) 


Fig. 12-36 
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=PE 


Sloping line 


(a) 


pitti 


M 


Cubic curve 


(d) 
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4kN/m 5kN M(kN-m) 
13 kN 
| | | | | 30 kN-m 2 4 
5 x (m) 
( A —10 
s8kNem #2 2m — 
—40 
II —58 
II 
4kN/m ae) 
8kN 
2 4 
i tm 
A 
92 m ——>| —8 
8 kN-m as 
> - 
M(kN-m) 
2 4 
x (m) 
—30 
x + 
5kN M(kN-m) 
5 kN i . ; 
—20 
20 kN-m on ‘ 
Superposition of loadings Superposition of moment diagrams 


(a) (b) 
Fig. 12-37 


resultant beam, since the load at each point on the resultant beam is 
equal to the superposition or addition of the loadings on the three 
separate beams. Thus, if the moment diagrams for each separate beam 
are drawn, Fig. 12—37b, the superposition of these diagrams will yield 
the moment diagram for the resultant beam, shown at the top. For 
example, from each of the separate moment diagrams, the moment at 
end A is M, = —8kN-m — 30kN:m — 20kKN-m = —58kN-m, as 
verified by the top moment diagram. This example demonstrates that it 
is sometimes easier to construct a series of separate statically equivalent 
moment diagrams for the beam, rather than constructing its more 
complicated resultant moment diagram. Obviously, the area and location 
of the centroid for each part are easier to establish than those of the 
centroid for the resultant diagram. 
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M(kN-m) 
5kN/m 
20 kN-m 20 kN-m 
C 2 x(n) 
—20 6 —20 
- 12m ‘| Resultant moment diagram 
Ht] 
ll M(kN-m) 
90 
5 kN/m 
}- 12m 4 
aa M(kN-m) F 
20 kN-m é e 
Ss x (m) 
—20 
}- 12m + 
M(kN-m) 
a 
20 kN-m 
6 12 
> P xt) 
} 12m + = 


Superposition of loadings 


(a) 


Superposition of moment diagrams 


(b) 


Fig. 12-38 


In a similar manner, we can also represent the resultant moment 
diagram for a simply supported beam by using a superposition of 
moment diagrams for each loading acting on a series of simply supported 
beams. For example, the beam loading shown at the top of Fig. 12-384 is 
equivalent to the sum of the beam loadings shown below it. 
Consequently, the sum of the moment diagrams for each of these three 
loadings can be used rather than the resultant moment diagram shown at 
the top of Fig. 12-38b. 

The examples that follow should also clarify some of these points and 
illustrate how to use the moment-area theorems to obtain the redundant 
reactions on statically indeterminate beams and shafts. The solutions 
follow the procedure for analysis outlined in Sec. 12.4. 
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EXAMPLE | 12.19 


The beam is subjected to the concentrated force shown in 
Fig. 12-39a. Determine the reactions at the supports. E/ is constant. 


Ma 
A, 
B A — 
Ay}. E i oi | 
B, B 


(b) (d) 
Fig. 12-39 
SOLUTION 


M/EI Diagram. The free-body diagram is shown in Fig. 12-39b. 
Using the method of superposition, the separate M/EI diagrams for 
the redundant reaction B, and the load P are shown in Fig. 12-39c. 


Elastic Curve. The elastic curve for the beam is shown in 
Fig. 12-39d. The tangents at the supports A and B have been 
constructed. Since Ap = 0, then 


B/A =0 


Moment-Area Theorem. Applying Theorem 2, we have 
2,\|1/ Bye (2) | 
tia (=i af (| =| 
ae ic 3(F5)-| 2)| er 
2 if SIPIE, 
cP | vb L)| = 
G4)k(Gr)o]-° 


Be 28 Ans. 


Equations of Equilibrium. Using this result, the reactions at A on 
the free-body diagram, Fig. 12-395, are 


+4 SF, =0; A 0 Ans. 
+TIF, = 0; -A,+25P —- P=0 
Ze tar Ans. 
(+=M, = 0; —M, + 2.5P(L) — P(2L) = 0 
M, = 0.5PL Ans. 
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EXAMPLE | 12.20 


The beam is subjected to the couple moment at its end C as shown in 
Fig. 12-40a. Determine the reaction at B. EJ is constant. 


SOLUTION 


M/EI Diagram. The free-body diagram is shown in Fig. 12-40b. By 
inspection, the beam is indeterminate to the first degree. In order to 
obtain a direct solution, we will choose B, as the redundant. Using 


superposition, the M/EI diagrams for B, and Mb, each applied to a 


simply supported beam, are shown in Fig. 12—40c. (Note that for such a 
beam A,, Ay, and C, do not contribute to an M/EI diagram.) 


Elastic Curve. The elastic curve for the beam is shown in Fig. 12-40d. 
The tangents at A, B, and C have been established. Since 
A, = Ag = Ac =0, then the vertical distances shown must be 
proportional; i.e., 


il 
tac = 9 A/c 


From Fig. 12—40c, we have 


ve (3) Ger) | + GL 


(2) Geo] 
tye = wo) (Se Jen | t Zen) 


Substituting into Eq. 1 and simplifying yields 


3M 
Bo — : : 
DE, Fig. 12-40 


Equations of Equilibrium. The reactions at A and C can now be 
determined from the equations of equilibrium, Fig. 12-40b. Show that 
A, = 0, C, = 5Mo/4L, and A, = M,/4L. 

Note from Fig. 12—40e that this problem can also be worked in terms of 
the vertical distances, 


il 
tB/a = 9 !C/A 
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Na [Poses 


12-115. Determine the moment reactions at the supports 
A and B, then draw the shear and moment diagrams. E/ is 
constant. 


4 
=e, ) M, 
: L | 


Prob. 12-115 


*12-116. The rod is fixed at A, and the connection at B 
consists of a roller constraint which allows vertical 
displacement but resists axial load and moment. Determine 
the moment reactions at these supports. EJ is constant. 


Prob. 12-116 


e12-117. Determine the value of a for which the 
maximum positive moment has the same magnitude as the 
maximum negative moment. EJ is constant. 


3 , | 


Prob. 12-117 


12-118. Determine the reactions at the supports, then 
draw the shear and moment diagrams. E/ is constant. 


AS B_@_ Llc 
L i: L | 
Prob. 12-118 


12-119. Determine the reactions at the supports, then 
draw the shear and moment diagrams. EJ is constant. 
Support B is a thrust bearing. 


Prob. 12-119 


*12-120. Determine the moment reactions at the supports 
A and B. ETis constant. 


eeee 


NI 


Prob. 12-120 
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12.9 Statically Indeterminate Beams and 
Shafts—Method of Superposition 


The method of superposition has been used previously to solve for the 
redundant loading on axially loaded bars and torsionally loaded 
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shafts. In order to apply this method to the solution of statically a 
indeterminate beams (or shafts), it is first necessary to identify the 


a 


redundant support reactions as explained in Sec. 12.6. By removing l 
them from the beam we obtain the so-called primary beam, which is 
statically determinate and stable, and is subjected only to the external 
load. If we add to this beam a succession of similarly supported beams, 
each loaded with a separate redundant, then by the principle of 
superposition, we obtain the actual loaded beam. Finally, in order to 
solve for the redundants, we must write the conditions of compatibility 


B 
—_ 


Actual beam 


(a) 
II 


| 


redundant forces are determined directly in this manner, this method 


that exist at the supports where each of the redundants acts. Since the 
A 
of analysis is sometimes called the force method. Once the redundants 


are obtained, the other reactions on the beam can then be determined 
from the three equations of equilibrium. 

To clarify these concepts, consider the beam shown in Fig. 12-41a. If 
we choose the reaction B, at the roller as the redundant, then the 


Redundant B, removed 


(b) 
A 


primary beam is shown in Fig. 12-41b, and the beam with the 
redundant B, acting on it is shown in Fig. 12-41c.The displacement at, —— |e 


the roller is to be zero, and since the displacement of point B on the 


primary beam is vg, and B, causes point B to be displaced upward vz, - 


we can write the compatibility equation at B as 
cae 0 = —vg + Up 


The displacements vg and vg can be obtained using any one of the 


L 
Only redundant B, applied 


(c) 


<o— yy 


methods discussed in Secs. 12.2 through 12.5. Here we will obtain Ax df 


them directly from the table in Appendix C. We have My, L L 
3 3 } ap 
eee ea a = 
*~ 4ger MB RT 
Fig. 12-41 


Substituting into the compatibility equation, we get 


5PL3 ByL? 
0 
48EI | 3EI 
5 
R= Pp 
Y~ 16 


Now that B, is known, the reactions at the wall are determined from 
the three equations of equilibrium applied to the free-body diagram of 
the beam, Fig. 12-41d. The results are 
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=| B 
ce oa 
a 
2 2 
Actual beam 
II 
| 
(b) A_ : 1B 
pe em | 
2 2 
Redundant M, removed 
-E 


—- el 8 
aaa ele 


4 
Only redundant M, applied 


Fig. 12-42 


As stated in Sec. 12.6, choice of the redundant is arbitrary, provided 
the primary beam remains stable. For example, the moment at A for the 
beam in Fig. 12—42a can also be chosen as the redundant. In this case the 
capacity of the beam to resist M 4 is removed, and so the primary beam is 
then pin supported at A, Fig. 12-42b. To it we add the beam with the 
redundant at A acting on it, Fig. 12-42c. Referring to the slope at A 
caused by the load P as 64, and the slope at A caused by the redundant 
M, as 6/4, the compatibility equation for the slope at A requires 


(+) 0=04,+ 64 


Again using the table in Appendix C, we have 


fn PL’ , i a M,L 
4a jenr 4~ 351 
Thus, 
ye PL? = MaL 
16EI 3EI 
3 
M ———PL 
a 16 


This is the same result determined previously. Here the negative sign for 
M simply means that M, acts in the opposite sense of direction of that 
shown in Fig. 12-42c. 
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A a 0 
(a) = 0 = 


Actual beam 


P P, 
B Cc D 
(b) A 
_ 
Up Uc 
Redundant B, and C, removed 
+ 
B, 
BY C D 
(c) A _— { i —? 
: : Real 
UB Uc 


Only redundant B, applied 


-- 
C, 
B cy D 
ORF pn EE er 7 
UB UC 


Only redundant C, applied 
Fig. 12-43 


Another example that illustrates this method is given in Fig. 12—-43a. In 
this case the beam is indeterminate to the second degree and therefore 
two compatibility equations will be necessary for the solution. We will 
choose the forces at the roller supports B and C as redundants. The 
primary (statically determinate) beam deforms as shown in Fig. 12-435 
when the redundants are removed. Each redundant force deforms 
this beam as shown in Figs. 12-43c and 12-43d, respectively. By 
superposition, the compatibility equations for the displacements at B 
and C are 


(+1) 0 = vg + vp + UB 
(12-20) 
(+1) 0O=1 + vb + vb 


Here the displacement components vz and vc will be expressed in 
terms of the unknown B,, and the components vz and v¢é will be 
expressed in terms of the unknown C,. When these displacements have 
been determined and substituted into Eq. 12-20, these equations may 
then be solved simultaneously for the two unknowns B, and C,. 
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Procedure for Analysis 


The following procedure provides a means for applying the method 
of superposition (or the force method) to determine the reactions 
on statically indeterminate beams or shafts. 


Elastic Curve. 


e Specify the unknown redundant forces or moments that must be 
removed from the beam in order to make it statically 
determinate and stable. 


Using the principle of superposition, draw the statically 
indeterminate beam and show it equal to a sequence of 
corresponding statically determinate beams. 


The first of these beams, the primary beam, supports the same 
external loads as the statically indeterminate beam, and each of 
the other beams “added” to the primary beam shows the beam 
loaded with a separate redundant force or moment. 


Sketch the deflection curve for each beam and _ indicate 
symbolically the displacement (slope) at the point of each 
redundant force (moment). 


Compatibility Equations. 


e® Write a compatibility equation for the displacement (slope) at 
each point where there is a redundant force (moment). 


Determine all the displacements or slopes using an appropriate 
method as explained in Secs. 12.2 through 12.5. 


Substitute the results into the compatibility equations and solve 
for the unknown redundants. 


If a numerical value for a redundant is positive, it has the same 
sense of direction as originally assumed. Similarly, a negative 
numerical value indicates the redundant acts opposite to its 
assumed sense of direction. 


Equilibrium Equations. 


® Once the redundant forces and/or moments have been 
determined, the remaining unknown reactions can be found from 
the equations of equilibrium applied to the loadings shown on 
the beam’s free-body diagram. 


The following examples illustrate application of this procedure. For 
brevity, all displacements and slopes have been found using the table in 
Appendix C. 
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EXAMPLE | 12.21 


Determine the reactions at the roller support B of the beam shown 
in Fig. 12-44a, then draw the shear and moment diagrams. EI is 
constant. 


SOLUTION 


Principle of Superposition. By inspection, the beam is statically 
indeterminate to the first degree. The roller support at B will be 
chosen as the redundant so that B, will be determined directly. 
Figures 12-446 and 12-44c show application of the principle of 
superposition. Here we have assumed that B, acts upward on the 
beam. 


Compatibility Equation. Taking positive displacement as 
downward, the compatibility equation at B is 


(+1) O= 05 CF (1) 


These displacements can be obtained directly from the table in 
Appendix C. 


7 oe " 5PL? 
SEI 48EI 
_ 2 kip/ft(10 ft)* 
8EI 
_ B,(10 ft)? 


UB 


5(8kip)(10 ft)? 3333 kip- ft? 
48EI EI 
233.3 By 
i 
EI 


| 


Substituting into Eq. 1 and solving yields 


Ve 3333 333.3B, 
EI EI 


B, = L0kip Ans. 


Equilibrium Equations. Using this result and applying the three 
equations of equilibrium, we obtain the results shown on the 
beam’s free-body diagram in Fig. 12-44d. The shear and moment 
diagrams are shown in Fig. 12-44e. 


8 kip 
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Actual beam 


8 kip 
a 
WHVVVVy 
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10 ft 
Only redundant B, applied 


8 ki 
18 kip P 
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EXAMPLE | 12.22 


Actual beam and rod 


(a) 


The beam in Fig. 12—45a is fixed supported to the wall at A and pin 
connected to a 5-in.-diameter rod BC. If E = 29(10°) ksi for both 
members, determine the force developed in the rod due to the 
loading. The moment of inertia of the beam about its neutral axis is 


f= A750: 
F 
B BC 
UB A " le 


Redundant Fg removed Only redundant Fc applied 


(b) (c) 


SOLUTION | 


Principle of Superposition. By inspection, this problem is 
indeterminate to the first degree. Here B will undergo an unknown 
displacement v%, since the rod will stretch. The rod will be treated as 
the redundant and hence the force of the rod is removed from the 
beam at B, Fig. 12-455, and then reapplied, Fig. 12—45c. 


Compatibility Equation. At point B we require 


(+1) vb = Ug — U5 (1) 


The displacements vg and vz are determined from the table in 
Appendix C. v3 is calculated from Eq. 4-2. Working in kilopounds and 
inches, we have 
PL F zC(8 ft) (12 in./ft 
== ma ee EE polesces | 
AE — (m/4)(3in.)?[29(10°) kip/in?] 
5PL?  5(8kip)(10 ft)3(12 in./ft)> 
~ 48EI ~~ 48[29(10°) kip/in?](475 in*) 
PL3 F gc(10 ft)3(12 in./ft)? 


== = = 0.04181 F 
°B™ 3EI — 3[29(10)° kip/in2|(475 in’) ac! 


= 0.1045 in. | 


Thus, Eq. 1 becomes 
(+1) 0.01686F gc = 0.1045 — 0.04181 F gc 
Bae = Lis lap 
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Actual beam and rod Redundant Fc removed Only redundant Fg¢ applied 


(d) (e) (f) 
Fig. 12-45 (cont.) 


SOLUTION II 

Principle of Superposition. We can also solve this problem by 
removing the pin support at C and keeping the rod attached to the 
beam. In this case the 8-kip load will cause points B and C to be 
displaced downward the same amount vc, Fig. 12—-45e, since no force 
exists in rod BC. When the redundant force Fz is applied at point C, 
it causes the end C of the rod to be displaced upward v¢ and the end 
B of the beam to be displaced upward v’g, Fig. 12-45f. The difference 
in these two displacements, vgc, represents the stretch of the rod due 
to Fgc, so that ve = Vgc + Vp. Hence, from Figs. 12-45d, 12—-45e, and 
12-45f, the compatibility of displacement at point C is 


(+J) 0 = vc — (Vac + UB) (2) 


From Solution I, we have 


Uc = Ug = 0.1045 in. | 
One = UL — 001686F 5-1 


v'p = 0.04181 F act 


Therefore, Eq. 2 becomes 


(+1) 0 = 0.1045 — (0.01686F gc + 0.04181 F gc) 
F gc = 1.78 kip 
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EXAMPLE | 12.23 


Determine the moment at B for the beam shown in Fig. 12-46a. EI is 
constant. Neglect the effects of axial load. 


SOLUTION 


Principle of Superposition. Since the axial load on the beam 
is neglected, there will be a vertical force and moment at A and B. 
Here there are only two available equations of equilibrium 
(2M = 0, =F, = 0) and so the problem is indeterminate to the second 
degree. We will assume that B, and Mz are redundant, so that by the 
principle of superposition, the beam is represented as a cantilever, 
loaded separately by the distributed load and reactions B, and Mz, 
Figs. 12-46b, 12—46c, and 12-46d. 


3 kip/ft 


- 6 ft >< 6 ft 
Actual beam 


3 kip/ft 


' Te on | 


B43 
Redundants Mz and B, removed 


12 ft 


Only redundant B, applied 


12 ft 
Only redundant Mz applied 


Fig. 12-46 
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Compatibility Equations. Referring to the displacement and slope 
at B, we require 


(>) = 0g + Op + 63 (1) 


(+1) = vp t+ vp t vp (2) 


Using the table in Appendix C to calculate the slopes and 
displacements, we have 


_ wi} _ 3kip/ft(12 ft) 108 kip- ft? 
48 EI 48 EI Ar 


TwLt 7(3 kip/ft)(12 ft)4 _ 1134 kip: ft? 


384EI 384EI EI 
_ PL? B,(12 ft)? _ T2By 
2EI 2EI EI 
PL? By(12 ft)? 576B, 
3EI 3EI EI 


| 


| 


_ ML _ M3(12ft) 12M, 
EI EI EI 


ML2 M,(12 ft)? 722M p | 
DET © © 3ET ET 


Substituting these values into Eqs. 1 and 2 and canceling out the 
common factor EI, we get 


(7+) 0 = 108 + 72B, + 12Mz 
(+1) 0 = 1134 + 576B, + 72M, 


Solving these equations simultaneously gives 


—3.375 kip 
= 11.25 kip: ft 
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= az FUNDAMENTAL PROBLEMS 


F12-13. Determine the reactions at the fixed support A 
and the roller B. EJ is constant. 


40 kN 


F12-13 


F12-14. Determine the reactions at the fixed support A 
and the roller B. EJ is constant. 


F12-14 


F12-15. Determine the reactions at the fixed support 
A and the roller B. Support B settles 2mm. E = 200 GPa, 
I = 65.0(10°) mi‘. 


F12-16. Determine the reaction at the roller B. El is 
constant. 


F12-17. Determine the reaction at the roller B. El is 
constant. 


a 
aa 


F12-17 


F12-18. Determine the reaction at the roller support B if 
it settles 5mm. E = 200 GPa and J = 65.0(10°°) m*. 


10 kN/m 


F12-15 
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PE TpRosLEMS 


e12-121. Determine the reactions at the bearing supports *12-124, The assembly consists of a steel and an aluminum 
A, B, and C of the shaft, then draw the shear and moment bar, each of which is 1 in. thick, fixed at its ends A and B, and 
diagrams. ET is constant. Each bearing exerts only vertical pin connected to the rigid short link CD. If a horizontal 


force of 80 Ib is applied to the link as shown, determine 
the moments created at A and B. Ey = 29(10°) ksi, 
Eq = 10(103) ksi. 


reactions on the shaft. 


in. 
400 N 400 N 


—Aluminum 


Prob. 12-121 


12-122. Determine the reactions at the supports A and B. A B 
ETis constant. 
Prob. 12-124 
e12-125. Determine the reactions at the supports A, B, 
and C, then draw the shear and moment diagrams. EI is 
constant. 


- . 3m | 3m <—3m | 3m | 


12-123. Determine the reactions at the supports A, B, and Prob. 12-125 


C, then draw the shear and moment diagrams. EJ is constant. . . 
12-126. Determine the reactions at the supports A and B. 


ET is constant. 


12 kip 


LTT 


Prob. 12-123 Prob. 12-126 
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12-127. Determine the reactions at support C. El is 
constant for both beams. 


“ 


= 


Prob. 12-127 


*12-128. The compound beam segments meet in the 
center using a smooth contact (roller). Determine the 
reactions at the fixed supports A and B when the load P is 
applied. EJ is constant. 


Prob. 12-128 


e12-129. The beam has a constant EJ, and is supported 
by the fixed wall at B and the rod AC. If the rod has a cross- 
sectional area A, and the material has a modulus of 
elasticity £5, determine the force in the rod. 


- Ty . 


Prob. 12-129 
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12-130. Determine the reactions at A and B. Assume the 
support at A only exerts a moment on the beam. EZ is 
constant. 


P 
A = B 
i | 
2 —_ 
2 2 
Prob. 12-130 


12-131. The beam is supported by the bolted supports at its 
ends. When loaded these supports do not provide an actual 
fixed connection, but instead allow a slight rotation a before 
becoming fixed. Determine the moment at the connections 
and the maximum deflection of the beam. 


“Tes ke 


Prob. 12-131 


*12-132. The beam is supported by a pin at A, a spring 
having a stiffness k at B, and a roller at C. Determine the 
force the spring exerts on the beam. F/ is constant. 


Prob. 12-132 
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e12-133. The beam is made from a soft linear elastic 
material having a constant FI. If it is originally a distance A 
from the surface of its end support, determine the distance a 
at which it rests on this support when it is subjected to the 
uniform load wo, which is great enough to cause this to 
happen. 


Prob. 12-133 


12-134. Before the uniform distributed load is applied on 
the beam, there is a small gap of 0.2 mm between the beam 
and the post at B. Determine the support reactions at A, B, 
and C. The post at B has a diameter of 40 mm, and the 
moment of inertia of the beam is J = 875(10°) mm‘. The 
post and the beam are made of material having a modulus 
of elasticity of E = 200 GPa. 


tale 0 
el 


Prob. 12-134 
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12-135. The 1-in.-diameter A-36 steel shaft is supported 
by unyielding bearings at A and C. The bearing at B rests 
on a simply supported steel wide-flange beam having a 
moment of inertia of J = 500 in‘. If the belt loads on the 
pulley are 400 lb each, determine the vertical reactions at 
A, B,and C. 


Prob. 12-135 


*12-136. If the temperature of the 75-mm-diameter post 
CD is increased by 60°C, determine the force developed in 
the post. The post and the beam are made of A-36 steel, and 
the moment of inertia of the beam is J = 255(10°) mm‘. 


Prob. 12-136 
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CHAPTER REVIEW 


The elastic curve represents the centerline 
deflection of a beam or shaft. Its shape can 
be determined using the moment diagram. 
Positive moments cause the elastic curve to 
be concave upwards and negative moments 
cause it to be concave downwards. The radius 
of curvature at any point is determined from 


i AW 


bo et 


The equation of the elastic curve and its 
slope can be obtained by first finding the 
internal moment in the member as a 
function of x. If several loadings act on the 
member, then separate moment functions 
must be determined between each of 
the loadings. Integrating these functions 
once using EI(d*v/dx*) = M(x) gives the 
equation for the slope of the elastic curve, 
and integrating again gives the equation 
for the deflection. The constants of 
integration are determined from the 
boundary conditions at the supports, or in 
cases where several moment functions 
are involved, continuity of slope and 
deflection at points where these functions 
join must be satisfied. 


Discontinuity functions allow one to 
express the equation of the elastic curve as 
a continuous function, regardless of the 
number of loadings on the member. This 
method eliminates the need to use 
continuity conditions, since the two 
constants of integration can be determined 
solely from the two boundary conditions. 


Moment diagram 


oo a 


Inflection point 


Elastic curve 


Boundary conditions 


hi Seb) 


ws dv, dvy 
dx, dx, 


Continuity conditions 


The moment-area method is a _ semi- 
graphical technique for finding the slope of 
tangents or the vertical distance between 
tangents at specific points on the elastic 
curve. It requires finding area segments 
under the M/EI diagram, or the moment of 
these segments about points on the elastic 
curve. The method works well for M/EI 
diagrams composed of simple shapes, such 
as those produced by concentrated forces 
and couple moments. 


The deflection or slope at a point on a 
member subjected to combinations of 
loadings can be determined using the 
method of superposition. The table in 
Appendix C is available for this purpose. 


Statically indeterminate beams and shafts 
have more unknown support reactions than 
available equations of equilibrium. To solve, 
one first identifies the redundant reactions. 
The method of integration or the moment- 
area theorems can then be used to solve for 
the unknown redundants. It is also possible 
to determine the redundants by using 
the method of superposition, where one 
considers the conditions of continuity at the 
redundant. Here the displacement due to 
the external loading is determined with the 
redundant removed, and again with the 
redundant applied and the external loading 
removed. The tables in Appendix C can 
be used to determine these necessary 
displacements. 


CHAPTER REVIEW 


tpja = x'(Area) 
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| | REVIEW PROBLEMS 


e12-137. The shaft supports the two pulley loads shown. 
Using discontinuity functions, determine the equation of 
the elastic curve. The bearings at A and B exert only vertical 
reactions on the shaft. EJ is constant. 


a 
12 los of 36 in. 


70 Ib 


180 Ib 


Prob. 12-137 


12-138. The shaft is supported by a journal bearing at A, 
which exerts only vertical reactions on the shaft, and by a 
thrust bearing at B, which exerts both horizontal and 
vertical reactions on the shaft. Draw the bending-moment 
diagram for the shaft and then, from this diagram, sketch 
the deflection or elastic curve for the shaft’s centerline. 
Determine the equations of the elastic curve using the 
coordinates x, and x,. EJ is constant. 


80 Ib 


jeg . 80 Ib ; 
x 12 in. sk 12 in. >| 


Prob. 12-138 


12-139. The W8 X 24 simply supported beam is subjected 
to the loading shown. Using the method of superposition, 
determine the deflection at its center C. The beam is made 
of A-36 steel. 


6 kip/ft 


Prob. 12-139 


*12-140. Using the moment-area method, determine the 
slope and deflection at end C of the shaft. The 75-mm- 
diameter shaft is made of material having E = 200 GPa. 


15 kN 


Prob. 12-140 


e12-141. Determine the reactions at the supports. EI is 
constant. Use the method of superposition. 


Ww 


pe 


SS 


Prob. 12-141 


12-142. Determine the moment reactions at the supports 
A and B. Use the method of integration. EJ is constant. 


Wo 


Prob. 12-142 


12-143. If the cantilever beam has a constant thickness f, 
determine the deflection at end A. The beam is made of 
material having a modulus of elasticity E. 


Prob. 12-143 


*12-144. Beam ABC is supported by beam DBE and 
fixed at C. Determine the reactions at B and C. The beams 
are made of the same material having a modulus of 
elasticity E = 200 GPa, and the moment of inertia of both 
beams is J = 25.0(10°) mm‘. 


Section a—a 


Prob. 12-144 
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the deflection at C of beam AB. The beams are made of 


e12-145. Using the method of superposition, determine a 
wood having a modulus of elasticity of E = 1.5(10°) ksi. 


100 Ib/ft 4 


3 in. 


i 
fo in. 


Section a—a 


Prob. 12-145 


12-146. The rim on the flywheel has a thickness f, width b, 
and specific weight y. If the flywheel is rotating at a 
constant rate of w, determine the maximum moment 
developed in the rim. Assume that the spokes do not 
deform. Hint: Due to symmetry of the loading, the slope of 
the rim at each spoke is zero. Consider the radius to be 
sufficiently large so that the segment AB can be considered 
as a straight beam fixed at both ends and loaded with a 
uniform centrifugal force per unit length. Show that this 
force is w = btyw’r/g. 


Prob. 12-146 


The columns used to support this water tank are braced at their mid-height in order 
to reduce their chance of buckling. 


Buckling of Columns 


CHAPTER OBJECTIVES 


In this chapter, we will discuss the behavior of columns and indicate 
some of the methods used for their design. The chapter begins with a 
general discussion of buckling, followed by a determination of the 
axial load needed to buckle a so-called ideal column. Afterwards, a 
more realistic analysis is considered, which accounts for any bending 
of the column. Also, inelastic buckling of a column is presented as a 
special topic. At the end of the chapter we will discuss some of the 
methods used to design both concentrically and eccentrically loaded 
columns made of common engineering materials. 


13.1. Critical Load 


Whenever a member is designed, it is necessary that it satisfy specific 
strength, deflection, and stability requirements. In the preceding 
chapters we have discussed some of the methods used to determine a 
member’s strength and deflection, while assuming that the member was 
always in stable equilibrium. Some members, however, may be subjected 
to compressive loadings, and if these members are long and slender the 
loading may be large enough to cause the member to deflect laterally or 
sidesway. To be specific, long slender members subjected to an axial 
compressive force are called columns, and the lateral deflection that 
occurs is called buckling. Quite often the buckling of a column can lead 
to a sudden and dramatic failure of a structure or mechanism, and as a 
result, special attention must be given to the design of columns so that 
they can safely support their intended loadings without buckling. 
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Por P> Po 


Fig. 13-1 


The maximum axial load that a column can support when it is on the 
verge of buckling is called the critical load, P.,, Fig. 13-la. Any 
additional loading will cause the column to buckle and therefore deflect 
laterally as shown in Fig. 13-15. In order to better understand the nature 
of this instability, consider a two-bar mechanism consisting of weightless 
bars that are rigid and pin connected as shown in Fig. 13-2a. When the 
bars are in the vertical position, the spring, having a stiffness k, is 
unstretched, and a small vertical force P is applied at the top of one of 
the bars. We can upset this equilibrium position by displacing the pin at 
A by asmall amount A, Fig. 13-25. As shown on the free-body diagram 
of the pin when the bars are displaced, Fig. 13-2c, the spring will produce 
a restoring force F = kA, while the applied load P develops two 
horizontal components, P, = P tan 0, which tend to push the pin (and 
the bars) further out of equilibrium. Since @ is small, A ~ @(L/2) and 
tan 0 ~ 0. Thus the restoring spring force becomes F = k@L/2, and the 
disturbing force is 2P,, = 2P0. 

If the restoring force is greater than the disturbing force, that is, 
kOL/2 > 2P6, then, noticing that 6 cancels out, we can solve for P, which 
gives 


kL 
P< oe stable equilibrium 


This is a condition for stable equilibrium since the force developed by the 
spring would be adequate to restore the bars back to their vertical 
position. However, if kL@/2 < 2P8, or 


kL 
P> -s unstable equilibrium 


then the mechanism would be in unstable equilibrium. In other words, if this 
load P is applied, and a slight displacement occurs at A, the mechanism will 
tend to move out of equilibrium and not be restored to its original position. 
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g £ 
—/ 2 
7 de 
(a) (b) 
Fig. 13-2 


The intermediate value of P, which requires kL0/2 = 2P0, is the 
critical load. Here 


L 
Po = “AL neutral equilibrium 


This loading represents a case of the mechanism being in neutral 
equilibrium. Since P,, is independent of the (small) displacement 6 of the 
bars, any slight disturbance given to the mechanism will not cause it to 
move further out of equilibrium, nor will it be restored to its original 
position. Instead, the bars will remain in the deflected position. 

These three different states of equilibrium are represented graphically 
in Fig. 13-3. The transition point where the load is equal to the critical 
value P = P,,is called the bifurcation point. At this point the mechanism 


P 

will be in equilibrium for any small value of 6, measured either to the 
right or to the left of the vertical. Physically, P., represents the load for Unstable | | 
which the mechanism is on the verge of buckling. It is quite reasonable to equilibrium ) | 
determine this value by assuming small displacements as done here; | ~ Bifurcation point 
however, it should be understood that P,, may not be the largest value of Neutral a 
P that the mechanism can support. Indeed, if a larger load is placed on equilibrium 
the bars, then the mechanism may have to undergo a further deflection 
before the spring is compressed or elongated enough to hold the Stable ti 
mechanism in equilibrium. equilibrium Pam “4, 

Like the two-bar mechanism just discussed, the critical buckling loads 
on columns supported in various ways can be obtained, and the method 
used to do this will be explained in the next section. Although in | , 


engineering design the critical load may be considered to be the largest O 
load the column can support, realize that, like the two-bar mechanism 
in the deflected or buckled position, a column may actually support an Fig. 13-3 
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Some slender pin-connected members used 
in moving machinery, such as this short link, 
are subjected to compressive loads and thus 
act as columns. 


even greater load than P.,. Unfortunately, however, this loading may 
require the column to undergo a /arge deflection, which is generally not 
tolerated in engineering structures or machines. For example, it may take 
only a few newtons of force to buckle a meterstick, but the additional 
load it may support can be applied only after the stick undergoes a 
relatively large lateral deflection. 


13.2 Ideal Column with Pin Supports 


In this section we will determine the critical buckling load for a column 
that is pin supported as shown in Fig. 13—4a. The column to be considered 
is an ideal column, meaning one that is perfectly straight before loading, 
is made of homogeneous material, and upon which the load is applied 
through the centroid of the cross section. It is further assumed that the 
material behaves in a linear-elastic manner and that the column buckles 
or bends in a single plane. In reality, the conditions of column straightness 
and load application are never accomplished; however, the analysis to be 
performed on an “ideal column” is similar to that used to analyze initially 
crooked columns or those having an eccentric load application. These 
more realistic cases will be discussed later in this chapter. 

Since an ideal column is straight, theoretically the axial load P could 
be increased until failure occurs by either fracture or yielding of the 
material. However, when the critical load P,, is reached, the column will 
be on the verge of becoming unstable, so that a small lateral force F, 
Fig. 13-4b, will cause the column to remain in the deflected position 
when F is removed, Fig. 13-4c. Any slight reduction in the axial load P 
from P,, will allow the column to straighten out, and any slight increase 
in P, beyond P,,, will cause further increases in lateral deflection. 

Po, 


re 
| 


fe} 
5 


© 


(a) (b) ( 
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Whether or not a column will remain stable or become unstable when 
subjected to an axial load will depend on its ability to restore itself, which 
is based on its resistance to bending. Hence, in order to determine the f f a 


P 


critical load and the buckled shape of the column, we will apply Eq. 12-10, 
which relates the internal moment in the column to its deflected shape, i.e., 


EI ao (13-1) \ \ 
L v \ 
Recall that this equation assumes that the slope of the elastic curve is : a 1K 4M 
small and that deflections occur only by bending. When the column is in 
its deflected position, Fig. 13—5a, the internal bending moment can be 
determined by using the method of sections. The free-body diagram of a yj (b) 


segment in the deflected position is shown in Fig. 13-55. Here both the 


deflection v and the internal moment M are shown in the positive 
direction according to the sign convention used to establish Eq. 13-1. | P 
Moment equilibrium requires M = — Pv. Thus Eq. 13-1 becomes 


dv x 
ee = —Pv (a) 
dv ( P ) Fig. 13-5 
+ = 0 132 
de \EI/” cae 


This is a homogeneous, second-order, linear differential equation with 
constant coefficients. It can be shown by using the methods of 
differential equations, or by direct substitution into Eq. 13-2, that the 
general solution is 


_{ | P P 
v=C, sin( xx) + C, cos( a) (13-3) 


The two constants of integration are determined from the boundary 
conditions at the ends of the column. Since v = 0 at x = 0, then C, = 0. 
And since v = Oat x = L, then 


| P 
C; si —L)=0 
sin( EI ) 
This equation is satisfied if C,; = 0; however, then v = 0, which is a 


trivial solution that requires the column to always remain straight, even 
though the load may cause the column to become unstable. The other 


possibility is for 
sin{ ./——L } = 
EI 


which is satisfied if 
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(c) 


Fig. 13-5 (cont.) 


£ £ 
7 2 
tio 
Umax 
£ 
2 
—— 


or 


nN 
P=—— n=1,2,3,... (13-4) 


The smallest value of P is obtained when n = 1, so the critical load for 
the column is therefore* 


_ WEI 
ae 


Pe 


This load is sometimes referred to as the Euler load, named after the 
Swiss mathematician Leonhard Euler, who originally solved this problem 
in 1757. The corresponding buckled shape is defined by the equation 


Csi TX 
v = C, sin— 
L 


Here the constant C, represents the maximum deflection, Umax, Which 
occurs at the midpoint of the column, Fig. 13-5c. Specific values for C; 
cannot be obtained, since the exact deflected form for the column is 
unknown once it has buckled. It has been assumed, however, that this 
deflection is small. 

Note that the critical load is independent of the strength of the 
material; rather it only depends on the column’s dimensions (J and L) 
and the material’s stiffness or modulus of elasticity F. For this reason, as 
far as elastic buckling is concerned, columns made, for example, of high- 
strength steel offer no advantage over those made of lower-strength 
steel, since the modulus of elasticity for both is approximately the same. 
Also note that the load-carrying capacity of a column will increase as the 
moment of inertia of the cross section increases. Thus, efficient columns 
are designed so that most of the column’s cross-sectional area is located 
as far away as possible from the principal centroidal axes for the section. 
This is why hollow sections such as tubes are more economical than solid 
sections. Furthermore, wide-flange sections, and columns that are “built 
up” from channels, angles, plates, etc., are better than sections that are 
solid and rectangular. 


*n represents the number of waves in the deflected shape of the column. For example, 
ifn = 2, then two waves will appear, Fig. 13—Sc. Here the critical load is 4 P,, just prior to 
buckling, which practically speaking will not exist. 


13.2 


It is also important to realize that a column will buckle about the 
principal axis of the cross section having the least moment of inertia (the 
weakest axis). For example, a column having a rectangular cross section, 
like a meter stick, as shown in Fig. 13-6, will buckle about the a—a axis, 
not the b-b axis. As a result, engineers usually try to achieve a balance, 
keeping the moments of inertia the same in all directions. Geometrically, 
then, circular tubes would make excellent columns. Also, square tubes or 
those shapes having J, ~ J, are often selected for columns. 

Summarizing the above discussion, the buckling equation for a 
pin-supported long slender column can be rewritten, and the terms 
defined as follows: 


(13-S) 


where 


Po = critical or maximum axial load on the column just before it 
begins to buckle. This load must not cause the stress in the 
column to exceed the proportional limit 


E = modulus of elasticity for the material 
I = least moment of inertia for the column’s cross-sectional area 


L = unsupported length of the column, whose ends are pinned 


For purposes of design, the above equation can also be written in a 
more useful form by expressing J = Ar’, where A is the cross-sectional 
area and r is the radius of gyration of the cross-sectional area. Thus, 


a E( Ar’) 
a 


a. 7 aa 


or 


(13-6) 


Here 


Oo = Critical stress, which is an average normal stress in the column 
just before the column buckles. This stress is an elastic stress 
and therefore o,, = oy 


E = modulus of elasticity for the material 
L = unsupported length of the column, whose ends are pinned 


r = smallest radius of gyration of the column, determined from 
r= V1/A, where / is the /east moment of inertia of the 
column’s cross-sectional area A 


The geometric ratio L/r in Eq. 13-6 is known as the slenderness ratio. It 
is a measure of the column’s flexibility, and as will be discussed later, it 
serves to classify columns as long, intermediate, or short. 


IDEAL COLUMN WITH PIN SUPPORTS 


663 


Fig. 13-6 
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Typical interior steel pipe columns used to 
support the roof of a single story building. 
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It is possible to graph Eq. 13-6 using axes that represent the critical 
stress versus the slenderness ratio. Examples of this graph for 
columns made of a typical structural steel and aluminum alloy are 
shown in Fig. 13-7. Note that the curves are hyperbolic and are valid 
only for critical stresses below the material’s yield point (proportional 
limit), since the material must behave elastically. For the steel the yield 
stress is (oy) = 36 ksi [Eg = 29(10°) ksi], and for the aluminum it is 
(oy)ai = 27 ksi [E,, = 10(10°) ksi]. Substituting o,, = oy into Eq. 13-6, 
the smallest allowable slenderness ratios for the steel and aluminum 
columns are therefore (L/r), = 89 and (L/r),) = 60.5, respectively. 
Thus, for a steel column, if (L/r),, = 89, Euler’s formula can be used to 
determine the critical load since the stress in the column remains elastic. 

Oe; (10°) ksi On the other hand, if (L/r), < 89, the column’s stress will exceed the 
yield point before buckling can occur, and therefore the Euler formula is 
not valid in this case. 


40+ : 
36 
30 
27 Structural 
steel 
20 | (ay = 36 ksi) 
Aluminum 
ew alloy 
10+ (oy = 27 ksi) 
0 l 
50 ) 100 150 200 r 
60.5 89 
Fig. 13-7 


Important Points 


Columns are long slender members that are subjected to axial 
compressive loads. 


The critical load is the maximum axial load that a column can 
support when it is on the verge of buckling. This loading 
represents a case of neutral equilibrium. 


An ideal column is initially perfectly straight, made of 
homogeneous material, and the load is applied through the 
centroid of the cross section. 


A pin-connected column will buckle about the principal axis of 
the cross section having the /east moment of inertia. 
The slenderness ratio is L/r, where r is the smallest radius of 


gyration of the cross section. Buckling will occur about the axis 
where this ratio gives the greatest value. 
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EXAMPLE |13.1 


The A-36 steel W8 X 31 member shown in Fig. 13-8 is to be used as a 
pin-connected column. Determine the largest axial load it can support 
before it either begins to buckle or the steel yields. 


SOLUTION 

From the table in Appendix B, the column’s cross-sectional area and 
moments of inertia are A = 9.13 in’, J, = 110 in‘, and J ya TA in’, 
By inspection, buckling will occur about the y—y axis. Why? Applying 
Eq. 13-5, we have 


a[29(10°) kip/in?](37.1 in*) 
i. [12 ft(12 in./ft)] 


= 512 kip 


When fully loaded, the average compressive stress in the column is 


P.,  512kip 
A 9.13 in? 


= 56.1 ksi 


ge = 


Since this stress exceeds the yield stress (36 ksi), the load P is 
determined from simple compression: 


36 ksi = P = 329 kip Ans. 


a . 
9.13 in?’ 


In actual practice, a factor of safety would be placed on this loading. 
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Fig. 13-9 
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The tubular columns used to support this 
water tank have been braced at three 
locations along their length to prevent them 
from buckling. 


13.3 Columns Having Various Types 
of Supports 


The Euler load was derived for a column that is pin connected or free to 
rotate at its ends. Oftentimes, however, columns may be supported in some 
other way. For example, consider the case of a column fixed at its base and 
free at the top, Fig. 13-9a. As the column buckles the load displaces 6 
and at x the displacement is v. From the free-body diagram in Fig. 13-9b, 
the internal moment at the arbitrary section is M = P(6 — v). 
Consequently, the differential equation for the deflection curve is 


dv 
EI ad P(6 — v) 
dv. P ji es 
ay EI EI 
Unlike Eq. 13-2, this equation is nonhomogeneous because of the 
nonzero term on the right side. The solution consists of both a 
complementary and a particular solution, namely, 


: pode | P 
v=C, sin( Fe) + Cy cos( Fs) +6 


The constants are determined from the boundary conditions. At x = 0, 
v = 0,so that C, = —6. Also, 


dv _ ao {Ph (|Ex)-¢ = sin( =) 
dx NEE OW ET ET \Y EI 


At x = 0, dv/dx = 0, so that C, = 0. The deflection curve is therefore 


ee aos) 


Since the deflection at the top of the column is 6, that is, at x = L, 


v = 6, we require 
JP 
) —L]=0 
cos( EI ) 


The trivial solution 6 = 0 indicates that no buckling occurs, regardless of 
the load P. Instead, 


iP P nt 
cos( F1)=0 or Ere = t= 13.5. 


The smallest critical load occurs when n = 1, so that 
_ WEI 
“4? 
By comparison with Eq. 13-5, it is seen that a column fixed-supported at 


its base and free at its top will support only one-fourth the critical load 
that can be applied to a column pin-supported at both ends. 


(13-7) 


(13-9) 
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Other types of supported columns are analyzed in much the same way 
and will not be covered in detail here.* Instead, we will tabulate the 
results for the most common types of column support and show how to 
apply these results by writing Euler’s formula in a general form. 


Effective Length. As stated previously, the Euler formula, Eq. 13-5, 
was developed for the case of a column having ends that are pinned or 
free to rotate. In other words, L in the equation represents the 
unsupported distance between the points of zero moment. This formula 
can be used to determine the critical load on columns having other types 
of support provided “L” represents the distance between the zero- 
moment points. This distance is called the column’s effective length, L,. 
Obviously, for a pin-ended column L, = L, Fig. 13—10a. For the fixed- and 
free-ended column, the deflection curve, Eq. 13-8, was found to be one- 
half that of a column that is pin connected and has a length of 2L, 
Fig. 13-10b. Thus the effective length between the points of zero moment 
is L, = 2L. Examples for two other columns with different end supports 

are also shown in Fig. 13-10. The column fixed at its ends, Fig. 13-10c, has 
inflection points or points of zero moment L/4 from each support. The 
effective length is therefore represented by the middle half of its length, 
that is, L, = 0.5L. Lastly, the pin- and fixed-ended column, Fig. 13-10d, 
has an inflection point at approximately 0.7L from its pinned end, so that 
L, = 0.7L. 

Rather than specifying the column’s effective length, many design 
codes provide column formulas that employ a dimensionless coefficient 
K called the effective-length factor. This factor is defined from 

L.= KL (13-10) 


Specific values of K are also given in Fig. 13-10. Based on this generality, 
we can therefore write Euler’s formula as 


WEI 
Pa = (eek 
«= (RLY? ( ) 

or 
2) 

E 
Cn = (13-12) 

(KL/r) 


Here (KL/r) is the column’s effective-slenderness ratio. For example, if 
the column is fixed at its base and free at its end, we have K = 2, and 
therefore Eq. 13-11 gives the same result as Eq. 13-9. 


*See Problems 13-43, 13-44, and 13-45. 
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Fixed and free ends 


K=2 
(b) 


Pinned and fixed ends 


(d) 


Fig. 13-10 
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EXAMPLE |13.2 


x-x axis buckling 


y-y axis buckling 
(c) 
Fig. 13-11 


A Wo X 15 steel column is 24 ft long and is fixed at its ends as shown 
in Fig. 13-11a. Its load-carrying capacity is increased by bracing it 
about the y—-y (weak) axis using struts that are assumed to be pin 
connected to its midheight. Determine the load it can support so that 
the column does not buckle nor the material exceed the yield stress. 
Take E,, = 29(10°) ksi and oy = 60 ksi. 


SOLUTION 
The buckling behavior of the column will be different about the x—x and 
y-y axes due to the bracing. The buckled shape for each of these cases is 
shown in Figs. 13-115 and 13-11c. From Fig. 13-115, the effective length 
for buckling about the x—-x axis is (KL), = 0.5(24 ft) = 12 ft = 144 in., 
and from Fig. 13-11c, for buckling about the y-y axis, (KL), = 
0.7(24 ft/2) = 8.40 ft = 100.8 in. The moments of inertia for a W6 X 15 
are found from the table in Appendix B. We have J, = 29.1 in’, 
Ty = 9.32 int. 

Applying Eq. 13-11, 
WEL,  7°[29(10°) ksi]29.1 in* 
Cage © (144 in.)? 
mw EI, — 7°[29(10°) ksi]9.32 in* 
(KL); (100.8 in.)? 


By comparison, buckling will occur about the y—y axis. 
The area of the cross section is 4.43 in’, so the average compressive 
stress in the column is 


(Pa)x = =401.7kip (1) 


(Per)y = =2625kip (2) 


P,, 262.5 kip . 
Og = = = = 59.3 ksi 
A 4.43 in? 


Since this stress is less than the yield stress, buckling will occur before 
the material yields. Thus, 


Pe 203 kip Ans. 
NOTE: From Eq. 13-12 it can be seen that buckling will always occur 
about the column axis having the /argest slenderness ratio, since a large 
slenderness ratio will give a small critical stress. Thus, using the data for 
the radius of gyration from the table in Appendix B, we have 


RE 144 in. 
( r ) ~ 2.56in. poe 


= 69.0 


& 100.8 in. 
y  146in. 


r 


Hence, y—y axis buckling will occur, which is the same conclusion 
reached by comparing Eqs. 1 and 2. 
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EXAMPLE |13.3 


The aluminum column is fixed at its bottom and is braced at its top by 
cables so as to prevent movement at the top along the x axis, Fig. 13-12a. 
If it is assumed to be fixed at its base, determine the largest allowable 
load P that can be applied. Use a factor of safety for buckling of 


Fis; — 3.0. Take Hy —70GPa, oy — 215 MPa, A — 7500") m-. 
I, = 61.3(10) m*, J, = 23.2(10°°) m*. 

SOLUTION 
Buckling about the x and y axes is shown in Fig. 13-125 and 13-12c, 
respectively. Using Fig. 13-10a, for x-x axis buckling, K = 2, so 
(KL), = 2(5m) = 10m. Also, for y—y axis buckling, K = 0.7, so 
(KE), =O7(5 im) = 3.2 m. 

Applying Eq. 13-11, the critical loads for each case are 

(P.) WEL, —7°[70(10°) N/m?](61.3(10~°) m‘) 


(KEE (10 m)? 
= 424kN 


ae mEIy _ 7°[70(10°) N/m?](23.2(10~°) m*) 
(Per) y (KL) (3.5m)? 


= 1.31 MN 


By comparison, as P is increased the column will buckle about the x—x 
axis. The allowable load is therefore 


Po  424kN 


Patow = = = 141 kN 
alow FS 3.0 


Ans. 


Po 424 kN 


= = 56.5 MPa < 215 MPa 
A 7507) m- 
Euler’s equation can be applied. 


Use = 


L.=10m 
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[eal FUNDAMENTAL PROBLEMS 


F13-1. A 50-in.-long rod is made from a 1-in.-diameter 
steel rod. Determine the critical buckling load if the ends 
are fixed supported. E = 29(10°) ksi, ay = 36 ksi. 


F13-2. A 12-ft wooden rectangular column has the 
dimensions shown. Determine the critical load if the ends are 
assumed to be pin-connected. E = 1.6(10°) ksi. Yielding 
does not occur. 


F13-2 


F13-3. The A-36 steel column can be considered pinned 
at its top and bottom and braced against its weak axis at the 
mid-height. Determine the maximum allowable force P that 
the column can support without buckling. Apply a F.S. = 2 
against buckling. Take A = 7.4(10°+) m’, J, = 87.3(10-°) m4, 
and J, = 18.8(10°°) m‘, 


F13-4. A steel pipe is fixed supported at its ends. If it is 5 m 
long and has an outer diameter of 50 mm and a thickness of 
10 mm, determine the maximum axial load P that it can 
carry without buckling. E,, = 200 GPa, oy = 250 MPa. 


F13-5. Determine the maximum force P that can be 
supported by the assembly without causing member AC 
to buckle. The member is made of A-36 steel and has a 
diameter of 2 in. Take FS. = 2 against buckling. 


F13-5 


F13-6. The A-36 steel rod BC has a diameter of 50 mm 
and is used as a strut to support the beam. Determine the 
maximum intensity w of the uniform distributed load that 
can be applied to the beam without causing the strut to 
buckle. Take FS. = 2 against buckling. 


F13-6 
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E [PROBLEMS 


e13-1. Determine the critical buckling load for the column. 13-3. The leg in (a) acts as a column and can be modeled 

The material can be assumed rigid. (b) by the two pin-connected members that are attached toa 
torsional spring having a stiffness k (torque/rad). Determine a 
the critical buckling load. Assume the bone material is rigid. 


Prob. 13-1 (a) (b) 


13-2. Determine the critical load P,, for the rigid bar and Pie ies 


spring system. Each spring has a stiffness k. 

*13-4. Rigid bars AB and BC are pin connected at B. If 
the spring at D has a stiffness k, determine the critical load 
P., for the system. 


Prob. 13-2 Prob. 13-4 
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e13-5. An A-36 steel column has a length of 4 m and is 
pinned at both ends. If the cross sectional area has the 
dimensions shown, determine the critical load. 


13-6. Solve Prob. 13-5 if the column is fixed at its bottom 
and pinned at its top. 


k-25 mm 


25 mm - zi 


10 mm 


Probs. 13-5/6 


13-7. A column is made of A-36 steel, has a length of 20 ft, 
and is pinned at both ends. If the cross-sectional area has 
the dimensions shown, determine the critical load. 


*13-8. A column is made of 2014-T6 aluminum, has a 
length of 30 ft, and is fixed at its bottom and pinned at its 
top. If the cross-sectional area has the dimensions shown, 
determine the critical load. 


6 in. —___ 
¥. 
0.25 in. "| 
ry 
5.5 in. 
y 
0.25 in. 
ie -| [+ 
0.25 in. 0.25 in 


Probs. 13-7/8 


e13-9. The W14 xX 38 column is made of A-36 steel and is 
fixed supported at its base. If it is subjected to an axial load 
of P = 15 kip, determine the factor of safety with respect to 
buckling. 


13-10. The W14 X 38 column is made of A-36 steel. 
Determine the critical load if its bottom end is fixed 
supported and its top is free to move about the strong axis 
and is pinned about the weak axis. 


P 


20 ft 


Probs. 13-9/10 


13-11. The A-36 steel angle has a cross-sectional area of 
A = 2.48 in’ and a radius of gyration about the x axis of 
r, = 1.26in. and about the y axis of r, = 0.879 in. The 
smallest radius of gyration occurs about the z axis and is 
r, = 0.644 in. If the angle is to be used as a pin-connected 
10-ft-long column, determine the largest axial load that can 
be applied through its centroid C without causing it to buckle. 


Prob. 13-11 


*13-12. An A-36 steel column has a length of 15 ft and is 
pinned at both ends. If the cross-sectional area has the 
dimensions shown, determine the critical load. 


Prob. 13-12 


13.3 


e13-13.. An A-36 steel column has a length of 5 m and is 
fixed at both ends. If the cross-sectional area has the 
dimensions shown, determine the critical load. 


10mm 


nn 

3S 
lame: 
B 

\ 


-k— 100 mm—| 


Prob. 13-13 


13-14. The two steel channels are to be laced together 
to form a 30-ft-long bridge column assumed to be pin 
connected at its ends. Each channel has a cross-sectional 
area of A = 3.10 in? and moments of inertia 7, = 55.4 in’, 
I, = 0.382 in’. The centroid C of its area is located in 
the figure. Determine the proper distance d between the 
centroids of the channels so that buckling occurs about the 
x-x and y’—y’ axes due to the same load. What is the value 
of this critical load? Neglect the effect of the lacing. 
Eg = 29(10°) ksi, oy = 50 ksi. 


0.269 in. 


Prob. 13-14 


13-15. AnA-36-steel W8 x 24 column is fixed at one end 
and free at its other end. If it is subjected to an axial load 
of 20 kip, determine the maximum allowable length of the 
column if F.S. = 2 against buckling is desired. 


*13-16. An A-36-steel W8 x 24 column is fixed at one 
end and pinned at the other end. If it is subjected to an axial 
load of 60 kip, determine the maximum allowable length of 
the column if F.S. = 2 against buckling is desired. 
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e13-17. The 10-ft wooden rectangular column has the 
dimensions shown. Determine the critical load if the ends 
are assumed to be pin connected. Ey = 1.6(10°) ksi, 
Oy = 5 ksi. 


13-18. The 10-ft column has the dimensions shown. 
Determine the critical load if the bottom is fixed and the 
top is pinned. Ey, = 1.6(10°) ksi, oy = 5 ksi. 


|| 10 ft 


Probs. 13-17/18 


13-19. Determine the maximum force P that can be 
applied to the handle so that the A-36 steel control rod BC 
does not buckle. The rod has a diameter of 25 mm. 


45° 
800 mm —————_+ 


Prob. 13-19 
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*13-20. The W10 X 45 is made of A-36 steel and is used 
as a column that has a length of 15 ft. If its ends are assumed 
pin supported, and it is subjected to an axial load of 100 kip, 
determine the factor of safety with respect to buckling. 


e13-21. The W10 X 45 is made of A-36 steel and is used 
as a column that has a length of 15 ft. If the ends of the 
column are fixed supported, can the column support the 
critical load without yielding? 


P Probs. 13-20/21 


13-22. The W12 X 87 structural A-36 steel column has a 
length of 12 ft. If its bottom end is fixed supported while 
its top is free, and it is subjected to an axial load of 
P = 380 kip, determine the factor of safety with respect to 
buckling. 


13-23. The W12 X 87 structural A-36 steel column has a 
length of 12 ft. If its bottom end is fixed supported while its 
top is free, determine the largest axial load it can support. 
Use a factor of safety with respect to buckling of 1.75. 


P 


12 ft 


Probs. 13-22/23 


*13-24. An L-2 tool steel link in a forging machine is pin 
connected to the forks at its ends as shown. Determine the 
maximum load P it can carry without buckling. Use a factor 
of safety with respect to buckling of F.S. = 1.75. Note from 
the figure on the left that the ends are pinned for buckling, 
whereas from the figure on the right the ends are fixed. 


Prob. 13-24 


e13-25. The W14 x 30 is used as a structural A-36 steel 
column that can be assumed pinned at both of its ends. 
Determine the largest axial force P that can be applied 
without causing it to buckle. 


25 ft 


Prob. 13-25 


13.3 


13-26. The A-36 steel bar AB has a square cross section. 
If it is pin connected at its ends, determine the maximum 
allowable load P that can be applied to the frame. Use a 
factor of safety with respect to buckling of 2. 


Prob. 13-26 


13-27. Determine the maximum allowable intensity w of 
the distributed load that can be applied to member BC 
without causing member AB to buckle. Assume that AB is 
made of steel and is pinned at its ends for x—x axis buckling 
and fixed at its ends for y—y axis buckling. Use a factor 
of safety with respect to buckling of 3. Ey = 200 GPa, 
ay = 360 MPa. 


*13-28. Determine if the frame can support a load of 
w = 6kN/m if the factor of safety with respect to buckling 
of member AB is 3. Assume that AB is made of steel and is 
pinned at its ends for x—x axis buckling and fixed at its ends 
for y-y axis buckling. Fy, = 200 GPa, ay = 360 MPa. 


w 
2 Fae 
C B 
1.5m 
0.5 m 
2m 
30 mm J; 
x 
| 20 mm 
y oe y 
= AA _t 
X39 mm 


Probs. 13-27/28 
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e13-29. The beam supports the load of P = 6kip. As a 
result, the A-36 steel member BC is subjected to a 
compressive load. Due to the forked ends on the member, 
consider the supports at B and C to act as pins for x-x axis 
buckling and as fixed supports for y—y axis buckling. 
Determine the factor of safety with respect to buckling 
about each of these axes. 


13-30. Determine the greatest load P the frame will 
support without causing the A-36 steel member BC to 
buckle. Due to the forked ends on the member, consider the 
supports at B and C to act as pins for x—x axis buckling and 
as fixed supports for y—y axis buckling. 


Probs. 13-29/30 


13-31. Determine the maximum distributed load that can 
be applied to the bar so that the A-36 steel strut AB does 
not buckle. The strut has a diameter of 2 in. It is pin 
connected at its ends. 


Prob. 13-31 
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*13-32. The members of the truss are assumed to be pin 
connected. If member AC is an A-36 steel rod of 2 in. 
diameter, determine the maximum load P that can be 
supported by the truss without causing the member to buckle. 


|-—— 3 ft —— 


Prob. 13-32 


e13-33. The steel bar AB of the frame is assumed to be pin 
connected at its ends for y—y axis buckling. If w= 3 kN/m, 
determine the factor of safety with respect to buckling about 
the y-y axis due to the applied loading. E, = 200 GPa, 
oy = 360 MPa. 


Prob. 13-33 


13-34. The members of the truss are assumed to be pin 
connected. If member AB is an A-36 steel rod of 40 mm 
diameter, determine the maximum force P that can be 
supported by the truss without causing the member to buckle. 


13-35. The members of the truss are assumed to be pin 
connected. If member CB is an A-36 steel rod of 40 mm 
diameter, determine the maximum load P that can be 
supported by the truss without causing the member to buckle. 


Probs. 13-34/35 


*13-36. If load C has a mass of 500 kg, determine the 
required minimum diameter of the solid L2-steel rod AB 
to the nearest mm so that it will not buckle. Use F.S. = 2 
against buckling. 


°13-37. If the diameter of the solid L2-steel rod AB is 
50 mm, determine the maximum mass C that the rod can 
support without buckling. Use F.S. = 2 against buckling. 


» A 


Probs. 13-36/37 


13-38. The members of the truss are assumed to be pin 
connected. If member GF is an A-36 steel rod having a 
diameter of 2 in., determine the greatest magnitude of load 
P that can be supported by the truss without causing this 
member to buckle. 


13-39. The members of the truss are assumed to be pin 
connected. If member AG is an A-36 steel rod having a 
diameter of 2 in., determine the greatest magnitude of load 
P that can be supported by the truss without causing this 
member to buckle. 


Probs. 13-38/39 


13.3 


*13-40. The column is supported at B by a support that 
does not permit rotation but allows vertical deflection. 
Determine the critical load P,,.. EJ is constant. 


Prob. 13-40 


°13-41. The ideal column has a weight w (force/length) 
and rests in the horizontal position when it is subjected to the 
axial load P. Determine the maximum moment in the column 
at midspan. EJ is constant. Hint: Establish the differential 
equation for deflection, Eq. 13-1, with the origin at the mid 
span. The general solution is v = C; sinkx + C) cos kx + 
(w/(2P))x*— (wL/(2P))x — (wEI/P”) where k* = P/EI. 


L 


Prob. 13-41 


13-42. The ideal column is subjected to the force F at its 
midpoint and the axial load P. Determine the maximum 
moment in the column at midspan. E/ is constant. Hint: 
Establish the differential equation for deflection, Eq. 13-1. 
The general solution is v = C; sin kx + Cy cos kx — c?x/k’, 
where c? = F/2EI, k? = P/EI. 


Prob. 13-42 
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13-43. The column with constant EJ has the end 
constraints shown. Determine the critical load for the 
column. 


Prob. 13-43 


*13—44. Consider an ideal column as in Fig. 13—10c, having 
both ends fixed. Show that the critical load on the column 
is given by P. = 47°EI/L’. Hint: Due to the vertical 
deflection of the top of the column, a constant moment 
M’ will be developed at the supports. Show that 
d’v/dx* + (P/EI)v = M'/EI. The solution is of the form 
v = C, sin(VP/EIx) + Cy cos(VP/EIx) + M'/P. 


e13—-45. Consider an ideal column as in Fig. 13-10d, having 
one end fixed and the other pinned. Show that the critical load 
on the column is given by P,, = 20.19EI/L”. Hint: Due to the 
vertical deflection at the top of the column, a constant moment 
M’ will be developed at the fixed support and horizontal 
reactive forces R' will be developed at both supports. Show 
that d’v/dx*? + (P/EI)v = (R'/EI)(L — x). The solution 
is of the form v = C; sin(VP/EIx) + C,cos(VP/EIx) + 
(R'/P)(L — x). After application of the boundary conditions 
show that tan(VP/EIL) = VP/EIL. Solve by trial and 
error for the smallest nonzero root. 
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The column supporting this crane is 
unusually long. It will be subjected 
not only to uniaxial load, but also a 
bending moment. To ensure it will not 
buckle, it should be braced at the roof 
as a pin connection. 


*13.4 The Secant Formula 


The Euler formula was derived assuming the load P is always applied 
through the centroid of the column’s cross-sectional area and that the 
column is perfectly straight. This is actually quite unrealistic, since 
manufactured columns are never perfectly straight, nor is the application 
of the load known with great accuracy. In reality, then, columns never 
suddenly buckle; instead they begin to bend, although ever so slightly, 
immediately upon application of the load. As a result, the actual criterion 
for load application should be limited either to a specified deflection of 
the column or by not allowing the maximum stress in the column to 
exceed an allowable stress. 

To study this effect, we will apply the load P to the column at a short 
eccentric distance e from its centroid, Fig. 13-13a. This loading on the 
column is statically equivalent to the axial load P and bending moment 
M' = Pe shown in Fig. 13-13b. As shown, in both cases, the ends A and 
B are supported so that they are free to rotate (pin supported). As 
before, we will only consider small slopes and deflections and linear- 
elastic material behavior. Furthermore, the x-v plane is a plane of 
symmetry for the cross-sectional area. 

From the free-body diagram of the arbitrary section, Fig. 13-13c, the 
internal moment in the column is 


M=-—P(e+v) (13-13) 
The differential equation for the deflection curve is therefore 
dv 
EI—, = —-P(et+v 
ie ( ) 


WD = Pe 
P 
x 


(a) (b) 


Fig. 13-13 
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or 
€0', Px FP, 
dx” EI EI 
This equation is similar to Eq. 13-7 and has a general solution consisting 
of the complementary and particular solutions, namely, 


. [| P | P 
= 7+ —x- — 
v= C,sin EI* C2 cos Er” (13-14) 


To evaluate the constants we must apply the boundary conditions. At 
x = 0,v = 0,so C, = e. And at x = L, v = 0, which gives 
e[1 — cos(V P/EIL)| 
sin(V P/EIL) 


Since 1 — cos(V P/EIL) = 2 sin?(V P/EIL/2) and sin(V P/EIL) = 
2 sin(V P/EI L/2) cos(V P/EI L/2), we have 


[PL 
C, = etan( Ft) 


Hence, the deflection curve, Eq. 13-14, can be written as 


v= dea fF) sal [Fe) + enol fFx)—1] a3 


Maximum Deflection. Due to symmetry of loading, both 
the maximum deflection and maximum stress occur at the column’s 
midpoint. Therefore, when x = L/2, U0 = Umax, SO 


t= de(JE2)\ 7] ast 


Notice that if e approaches zero, then Ux approaches zero. However, if 
the terms in the brackets approach infinity as e approaches zero, then 
Umax Will have a nonzero value. Mathematically, this would represent the 
behavior of an axially loaded column at failure when subjected to the 
critical load P,,. Therefore, to find P,, we require 


se( /24) = 0o 
EI 2 

Pyob ow 

lis ) 

7 


2 
EI 
a 

which is the same result found from the Euler formula, Eq. 13-5. 

If Eq. 13-16 is plotted as load P versus deflection Ux for various 

values of eccentricity e, the family of colored curves shown in Fig. 13-14 

results. Here the critical load becomes an asymptote to the curves, and of 


Cy 


(13-17) 
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e=0 Ideal column 
(small deflections) 


Inelastic behavior 


op, is reached 


Umax 


Fig. 13-14 


course represents the unrealistic case of an ideal column (e = 0). As 
stated earlier, e is never zero due to imperfections in initial column 
straightness and load application; however, as e — 0, the curves tend to 
approach the ideal case. Furthermore, these curves are appropriate only 
for small deflections, since the curvature was approximated by d?v/dx? 
when Eq. 13-16 was developed. Had a more exact analysis been 
performed, all these curves would tend to turn upward, intersecting and 
then rising above the line P = P,,. This, of course, indicates that a larger 
load P is needed to create larger column deflections. We have not 
considered this analysis here, however, since most often engineering 
design restricts the deflection of columns to small values. 

It should also be noted that the colored curves in Fig. 13-14 apply only 
for linear-elastic material behavior. Such is the case if the column is long 
and slender. However, if a short or intermediate-length stocky column is 
considered, then the applied load, as it is increased, may eventually cause 
the material to yield, and the column will begin to behave in an inelastic 
manner. This occurs at point A for the black curve in Fig. 13-14. As the 
load is further increased, the curve never reaches the critical load, and 
instead the load reaches a maximum value at B. Afterwards, a sudden 
decrease in load-carrying capacity occurs as the column continues to 
yield and deflect by larger amounts. 

Lastly, the colored curves in Fig. 13-14 also illustrate that a nonlinear 
relationship occurs between the load P and the deflection v. As a result, 
the principle of superposition cannot be used to determine the total 
deflection of a column caused by applying successive loads to the 
column. Instead, the loads must first be added, and then the 
corresponding deflection due to their resultant can be determined. 
Physically, the reason that successive loads and deflections cannot be 
superimposed is that the column’s internal moment depends on both the 
load P and the deflection v, that is, M = —P(e + v), Eq. 13-13. 


The Secant Formula. The maximum stress in the column can 
be determined by realizing that it is caused by both the axial load and 
the moment, Fig. 13-15a. Maximum moment occurs at the column’s 
midpoint, and using Eqs. 13-13 and 13-16, it has a magnitude of 


Po 
M = |P(e + Umax)| M = Pe seo(, jf 2) (13-18) 


As shown in Fig. 13-15b, the maximum stress in the column is 
compressive, and it has a value of 


P Mec P Pec PL 
4g ee 


Since the radius of gyration is defined as r* = I/ A, the above equation 
can be written in a form called the secant formula: 


P ec L P 
= 1+ 13-1 
O max Al 2 seo( -) ( 9) 


Omax = Maximum elastic stress in the column, which occurs at the 
inner concave side at the column’s midpoint. This stress is 
compressive 


P = vertical load applied to the column. P < P., unless e = 0; 
then P = P,, (Eq. 13-5) 

e = eccentricity of the load P, measured from the centroidal axis 
of the column’s cross-sectional area to the line of action of P 


c = distance from the centroidal axis to the outer fiber of the 
column where the maximum compressive stress Oax OCCUTS 


A = cross-sectional area of the column 


L = unsupported length of the column in the plane of bending. 
For supports other than pins, the effective length L, = KL 
should be used. See Fig. 13-10 


E = modulus of elasticity for the material 


r = radius of gyration, r = V J/A, where / is calculated about 
the centroidal or bending axis 


Like Eq. 13-16, Eq. 13-19 indicates that there is a nonlinear 
relationship between the load and the stress. Hence, the principle of 
superposition does not apply, and therefore the loads have to be added 
before the stress is determined. Furthermore, due to this nonlinear 
relationship, any factor of safety used for design purposes applies to the 
load and not to the stress. 

For a given value of omax, graphs of Eq. 13-19 can be plotted as 
the slenderness ratio KL/r versus the average stress P/A for various 
values of the eccentricity ratio ec/r’. A specific set of graphs for a 
structural-grade A-36 steel having a yield point of o,,,, = oy = 36 ksi 
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Axial 
stress 


++ 
Bending 
stress 


O max 


Resultant 
stress 


(b) 


Fig. 13-15 
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Euler’s formula 
Eq. 13-6 


i if i 
50 100 150 200 
A-36 structural steel 
Eg = 29 (10°) ksi, oy = 36 ksi 


Fig. 13-16 


and a modulus of elasticity of E,, = 29(10°) ksi is shown in Fig. 13-16. 
Note that when e— 0, or when ec/r* > 0, Eq. 13-19 gives max = P/A, 
where P is the critical load on the column, defined by Euler’s formula. 
This results in Eq. 13-6, which has been plotted in Fig. 13-7 and 
repeated in Fig. 13-16. Since both Eqs. 13-6 and 13-19 are valid only for 
elastic loadings, the stresses shown in Fig. 13-16 cannot exceed 
oy = 36ksi, represented here by the horizontal line. 

The curves in Fig. 13-16 indicate that differences in the eccentricity 
ratio have a marked effect on the load-carrying capacity of columns that 
have small slenderness ratios. However, columns that have large 
slenderness ratios tend to fail at or near the Euler critical load 
regardless of the eccentricity ratio. When using Eq. 13-19 for design 
purposes, it is therefore important to have a somewhat accurate value 
for the eccentricity ratio for shorter-length columns. 


Design. Once the eccentricity ratio has been determined, the 
column data can be substituted into Eq. 13-19. If a value of 0,,,, = oy 
is chosen, then the corresponding load Py can be determined from a 
trial-and-error procedure, since the equation is transcendental and 
cannot be solved explicitly for Py. As a design aid, computer software, 
or graphs such as those in Fig. 13-16, can also be used to determine Py 
directly. 

Realize that Py is the load that will cause the column to develop a 
maximum compressive stress of oy at its inner concave fibers. Due to the 
eccentric application of Py, this load will always be smaller than the 
critical load P,,, which is determined from the Euler formula that 
assumes (unrealistically) that the column is axially loaded. Once Py is 
obtained, an appropriate factor of safety can then be applied in order to 
specify the column’s safe load. 


Important Points 


© Due to imperfections in manufacturing or specific application of 
the load, a column will never suddenly buckle; instead, it begins 
to bend. 


© The load applied to a column is related to its deflection in a 
nonlinear manner, and so the principle of superposition does not 
apply. 

As the slenderness ratio increases, eccentrically loaded columns 
tend to fail at or near the Euler buckling load. 


13.4 THE SECANT FORMULA 


EXAMPLE |13.4 


The W8 X 40 A-36 steel column shown in Fig. 13-17a is fixed at its 
base and braced at the top so that it is fixed from displacement, yet 
free to rotate about the y—y axis. Also, it can sway to the side in the y—z 
plane. Determine the maximum eccentric load the column can 
support before it either begins to buckle or the steel yields. 


SOLUTION 

From the support conditions it is seen that about the y—y axis the 
column behaves as if it were pinned at its top and fixed at the bottom 
and subjected to an axial load P, Fig. 13-17b. About the x—x axis the 
column is free at the top and fixed at the bottom, and it is subjected to 
both an axial load P and moment M = P(9 in.), Fig. 13-17c. 


y-y Axis Buckling. From Fig. 13-10d the effective length factor is 
K, = 0.7,s0 (KL), = 0.7(12) ft = 8.40 ft = 100.8 in. Using the table 
in Appendix B to determine J, for the W8 xX 40 section and applying 
Eq. 13-11, we have 


WEI, — 7[29(10°) ksi](49.1 in*) 
(Po)y = a =o = 1383 kip 
(KL) (100.8 in.) 


x-x Axis Yielding. From Fig. 13-10b, K, = 2, so (KL), = 2(12) ft = 
24 ft = 288 in. Again using the table in Appendix B to determine 
A=11,7 in’, ¢ = 8.25 in./2 = 4.125 in., and 7, = 3.53 in., and applying 


the secant formula, we have 
(KL), | Py 
Die EA 


Substituting the data and simplifying yields 


421.2 = P,[1 + 2.979 sec(0.0700V P,)] 


Solving for P, by trial and error, noting that the argument for the 
secant is in radians, we get 


P, = 884 kip Ans. 


Since this value is less than (P,,), = 1383 kip, failure will occur about 
the x-x axis. 


ait 


y-y axis buckling 


M = P(9 in.) 
12 ft 


x-x axis yielding 


(c) 


Fig. 13-17 
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This crane boom failed by buckling 
caused by an overload. Note the region 
of localized collapse. 


*13.5 Inelastic Buckling 


In engineering practice, columns are generally classified according to the 
type of stresses developed within the column at the time of failure. Long 
slender columns will become unstable when the compressive stress 
remains elastic. The failure that occurs is referred to as elastic instability. 
Intermediate columns fail due to inelastic instability, meaning that the 
compressive stress at failure is greater than the material’s proportional 
limit. And short columns, sometimes called posts, do not become 
unstable; rather the material simply yields or fractures. 

Application of the Euler equation requires that the stress in the 
column remain below the material’s yield point (actually the 
proportional limit) when the column buckles, and so this equation 
applies only to long columns. In practice, however, most columns are 
selected to have intermediate lengths. The behavior of these columns can 
be studied by modifying the Euler equation so that it applies for inelastic 
buckling. To show how this can be done, consider the material to have a 
stress-strain diagram as shown in Fig. 13-18a. Here the proportional 
limit is o,,, and the modulus of elasticity, or slope of the line AB, is E. 

If the column has a slenderness ratio that is Jess than (KL/r),, then 
the critical stress in the column must be greater than o ,,. For example, 
suppose a column has a slenderness ratio of (KL/r); < (KL/r), with 
corresponding critical stress op > o , needed to cause instability. When 
the column is about to buckle, the change in stress and strain that occurs 
in the column is within a small range Ao and Ae, so that the modulus 
of elasticity or stiffness for the material can be taken as the tangent 
modulus E, = Aa/ Ae defined as the slope of the o—e diagram at point D, 
Fig. 13-182. In other words, at the time of failure, the column behaves as 
if it were made from a material that has a lower stiffness than when it 
behaves elastically, FE, < E. 


(a) 


Fig. 13-18 


In general, therefore, as the slenderness ratio (KL/r) decreases, the 
critical stress for a column continues to rise; and from the o—e diagram, 
the tangent modulus for the material decreases. Using this idea, we can 
modify Euler’s equation to include these cases of inelastic buckling by 
substituting the material’s tangent modulus EF, for FE, so that 


weE, 


This is the so-called tangent modulus or Engesser equation, proposed 
by F. Engesser in 1889. A plot of this equation for intermediate and 
short-length columns of a material defined by the o—e diagram in 
Fig. 13-18a is shown in Fig. 13-185. 

No actual column can be considered to be either perfectly straight 
or loaded along its centroidal axis, as assumed here, and therefore it 
is indeed very difficult to develop an expression that will provide a 
complete analysis of this phenomenon. As a result, other methods of 
describing the inelastic buckling of columns have been considered. One 
of these methods was developed by the aeronautical engineer F. R. 
Shanley and is called the Shanley theory of inelastic buckling. Although it 
provides a better description of the phenomenon than the tangent 
modulus theory, as explained here, experimental testing of a large 
number of columns, each of which approximates the ideal column, has 
shown that Eq. 13-20 is reasonably accurate in predicting the column’s 
critical stress. Furthermore, the tangent modulus approach to modeling 
inelastic column behavior is relatively easy to apply. 


WE, 


Cer 


"(KL In? 


ae WE 
“ (KL/r? 


KL 


(=) 
rsA 
Inelastic Elastic 


Short and intermediate | Long columns 
length columns 


(b) 


Fig. 13-18 (cont.) 
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EXAMPLE |13.5 


0.001 0.002 


Fig. 13-19 


A solid rod has a diameter of 30 mm and is 600 mm long. It is made of 
a material that can be modeled by the stress-strain diagram shown in 
Fig. 13-19. If it is used as a pin-supported column, determine the 
critical load. 


SOLUTION 
The radius of gyration is 


ee [(7/4)5 mm)‘ _ 
7 Va a(15 mm)? es 


and therefore the slenderness ratio is 


KL 1(600 mm) 


r 7.5mm 


Applying Eq. 13-20 we have, 


“Ee °E 
On =, = 2 = 1542(10)E, (1) 
(KL/r2 (80) 


First we will assume that the critical stress is elastic. From Fig. 13-19, 


_ 150 MPa 


= = Pp 
E 0.001 50 GPa 


Thus, Eq. 1 becomes 


Or = 1.542(1077)[150(107)] MPa = 231.3 MPa 


Since 6 > Op = 150 MPa, inelastic buckling occurs. 
From the second line segment of the o—e diagram, Fig. 13-19, we 
have 


Ao — 270MPa — 150 MPa 


E — 
aXe 0.002 — 0.001 


= 120 GPa 


Applying Eq. 1 yields 
Or = 1.542(1077)[120(107)] MPa = 185.1 MPa 


Since this value falls within the limits of 150 MPa and 270 MPa, it is 
indeed the critical stress. 
The critical load on the rod is therefore 


Py = GqA = 185.1(10°) Pa[7(0.015 m)?] = 131 kN Ans. 


13.5 INELASTIC BUCKLING 687 


P [PROBLEMS 


13-46. Determine the load P required to cause the A-36 
steel W8 x 15 column to fail either by buckling or by 
yielding. The column is fixed at its base and free at its top. 


ft 


=F Prob. 13-46 


13-47. The hollow red brass C83400 copper alloy shaft is 
fixed at one end but free at the other end. Determine the 
maximum eccentric force P the shaft can support without 
causing it to buckle or yield. Also, find the corresponding 
maximum deflection of the shaft. 

*13-48. The hollow red brass C83400 copper alloy shaft is 
fixed at one end but free at the other end. If the eccentric 
force P = 5 KN is applied to the shaft as shown, determine 
the maximum normal stress and the maximum deflection. 


DD. 


Section a—a 


Probs. 13-47/48 


e13-49. The tube is made of copper and has an outer 
diameter of 35 mm and a wall thickness of 7 mm. Using a 
factor of safety with respect to buckling and yielding of 
F.S. = 2.5, determine the allowable eccentric load P. The 
tube is pin supported at its ends. E,, = 120 GPa, ay = 
750 MPa. 


13-50. The tube is made of copper and has an outer 
diameter of 35 mm and a wall thickness of 7 mm. Using a 
factor of safety with respect to buckling and yielding of 
F.S. = 2.5, determine the allowable eccentric load P that it 
can support without failure. The tube is fixed supported at 
its ends. E,, = 120 GPa, oy = 750 MPa. 


Probs. 13-49/50 


13-51. The wood column is fixed at its base and can be 
assumed pin connected at its top. Determine the maximum 
eccentric load P that can be applied without causing the 
column to buckle or yield. Ey = 1.8(103) ksi, ay = 8 ksi. 


*13-52. The wood column is fixed at its base and can 
be assumed fixed connected at its top. Determine the 
maximum eccentric load P that can be applied without 
causing the column to buckle or yield. Ey, = 1.8(10°) ksi, 
Oy = 8 ksi. 


10 ft 


Probs. 13-51/52 
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e13-53. The W200 X 22 A-36-steel column is fixed at its 
base. Its top is constrained to rotate about the y—y axis and 
free to move along the y—y axis. Also, the column is braced 
along the x-x axis at its mid-height. Determine the 
allowable eccentric force P that can be applied without 
causing the column either to buckle or yield. Use F.S. = 2 
against buckling and F.S. = 1.5 against yielding. 


13-54. The W200 X 22 A-36-steel column is fixed at its 
base. Its top is constrained to rotate about the y—y axis and 
free to move along the y-y axis. Also, the column is braced 
along the x-x axis at its mid-height. If P = 25 kN, 
determine the maximum normal stress developed in the 
column. 


Probs. 13-53/54 


13-55. The wood column is fixed at its base, and its top 
can be considered pinned. If the eccentric force P = 10 kN 
is applied to the column, investigate whether the column 
is adequate to support this loading without buckling or 
yielding. Take E = 10 GPa and oy = 15 MPa. 


*13-56. The wood column is fixed at its base, and its 
top can be considered pinned. Determine the maximum 
eccentric force P the column can support without 
causing it to either buckle or yield. Take E = 10GPa 
and gy = 15 MPa. 


Probs. 13-55/56 


e13-57. The W250 X 28 A-36-steel column is fixed at its 
base. Its top is constrained to rotate about the y—y axis and 
free to move along the y-y axis. If e = 350 mm, determine 
the allowable eccentric force P that can be applied without 
causing the column either to buckle or yield. Use F.S. = 2 
against buckling and F.S. = 1.5 against yielding. 


13-58. The W250 x 28 A-36-steel column is fixed at its 
base. Its top is constrained to rotate about the y—y axis and 
free to move along the y-y axis. Determine the force P and 
its eccentricity e so that the column will yield and buckle 
simultaneously. 


Probs. 13-57/58 


13-59. The steel column supports the two eccentric 
loadings. If it is assumed to be pinned at its top, fixed at the 
bottom, and fully braced against buckling about the y—y 
axis, determine the maximum deflection of the column 
and the maximum stress in the column. F,, = 200 GPa, 
oy = 360 MPa. 


*13-60. The steel column supports the two eccentric 
loadings. If it is assumed to be fixed at its top and bottom, 
and braced against buckling about the y—y axis, determine 
the maximum deflection of the column and the maximum 
stress in the column. Ey = 200 GPa, ay = 360 MPa. 


130kN 50 kN 


Probs. 13-59/60 


13-61. The W250 x 45 A-36-steel column is pinned at its 
top and fixed at its base. Also, the column is braced along 
its weak axis at mid-height. If P = 250 kN, investigate 
whether the column is adequate to support this loading. 
Use F.S. = 2 against buckling and F.S. = 1.5 against 
yielding. 


°13-62. The W250 x 45 A-36-steel column is pinned at its 
top and fixed at its base. Also, the column is braced along 
its weak axis at mid-height. Determine the allowable force 
P that the column can support without causing it either 
to buckle or yield. Use F.S. = 2 against buckling and 
F.S. = 1.5 against yielding. 
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Probs. 13-61/62 


13-63. The W14 xX 26 structural A-36 steel member is 
used as a 20-ft-long column that is assumed to be fixed at 
its top and fixed at its bottom. If the 15-kip load is applied 
at an eccentric distance of 10 in., determine the maximum 
stress in the column. 


*13-64. The W14 X 26 structural A-36 steel member is 
used as a column that is assumed to be fixed at its top and 
pinned at its bottom. If the 15-kip load is applied at an 
eccentric distance of 10 in., determine the maximum stress 
in the column. 


Probs. 13-63/64 
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e13-65. Determine the maximum eccentric load P the 
2014-T6-aluminum-alloy strut can support without causing 
it either to buckle or yield. The ends of the strut are 
pin-connected. 


| f 
100mm |_ 
[' 


Section a—a 


Prob. 13-65 


13-66. The W8 x 48 structural A-36 steel column is fixed 
at its bottom and free at its top. If it is subjected to the 
eccentric load of 75 kip, determine the factor of safety with 
respect to either the initiation of buckling or yielding. 


13-67. The W8 x 48 structural A-36 steel column is fixed 
at its bottom and pinned at its top. If it is subjected to the 
eccentric load of 75 kip, determine if the column fails by 
yielding. The column is braced so that it does not buckle 
about the y-—y axis. 


75M oa 
A ” 


| 
x 


12 ft 


Yau 


Probs. 13-66/67 


*13-68. Determine the load P required to cause the steel 
W12 x 50 structural A-36 steel column to fail either by 
buckling or by yielding. The column is fixed at its bottom 
and the cables at its top act as a pin to hold it. 


e13-69. Solve Prob. 13-68 if the column is an A-36 steel 
W12 X 16 section. 


Probs. 13-68/69 


13-70. A column of intermediate length buckles when the 
compressive stress is 40 ksi. If the slenderness ratio is 60, 
determine the tangent modulus. 


13-71. The 6-ft-long column has the cross section shown 
and is made of material which has a stress-strain diagram 
that can be approximated as shown. If the column is 
pinned at both ends, determine the critical load P,, for the 
column. 


*13-72. The 6-ft-long column has the cross section shown 
and is made of material which has a stress-strain diagram 
that can be approximated as shown. If the column is fixed 
at both ends, determine the critical load P,, for the 
column. 


o(ksi) 

40.5 in. 

55 

0.5 in. J 

Sin 
25 -- > "0.5 in. 
3 in. 
! e (in./in.) 
0.001 0.004 
Probs. 13-71/72 


°13-73. The stress-strain diagram of the material of a 
column can be approximated as shown. Plot P/A vs. KL/r 
for the column. 


o (MPa) 
350 
200 4=- —— 
r e (in./in.) 
0.001 0.004 
Prob. 13-73 


13-74. Construct the buckling curve, P/A versus L/r, 
for a column that has a bilinear stress-strain curve in 
compression as shown. The column is pinned at its ends. 


ao (MPa) 


260 


140 


e (mm/mm) 


0.001 0.004 


Prob. 13-74 
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13-75. The stress-strain diagram for a material can be 
approximated by the two line segments shown. If a bar 
having a diameter of 80 mm and a length of 1.5 m is made 
from this material, determine the critical load provided the 
ends are pinned. Assume that the load acts through the axis 
of the bar. Use Engesser’s equation. 


*13-76. The stress-strain diagram for a material can be 
approximated by the two line segments shown. If a bar 
having a diameter of 80 mm and a length of 1.5 m is made 
from this material, determine the critical load provided the 
ends are fixed. Assume that the load acts through the axis of 
the bar. Use Engesser’s equation. 


e13-77. The stress-strain diagram for a material can be 
approximated by the two line segments shown. If a bar 
having a diameter of 80 mm and length of 1.5 m is made 
from this material, determine the critical load provided one 
end is pinned and the other is fixed. Assume that the load 
acts through the axis of the bar. Use Engesser’s equation. 


ao (MPa) 
1100 
200 
0.001 0.007 ecmmymnia) 
Probs. 13-75/76/77 


692 CHAPTER 13. BUCKLING OF COLUMNS 


These long unbraced timber columns are 
used to support the roof of this building. 


*13.6 Design of Columns for 
Concentric Loading 


The theory presented thus far applies to columns that are perfectly 
straight, made of homogeneous material, and originally stress free. 
Practically speaking, though, as stated previously, columns are not 
perfectly straight, and most have residual stresses in them, primarily due 
to nonuniform cooling during manufacture. Also, the supports for 
columns are less than exact, and the points of application and directions 
of loads are not known with absolute certainty. In order to compensate 
for these effects, which actually vary from one column to the next, many 
design codes specify the use of column formulas that are empirical. By 
performing experimental tests on a large number of axially loaded 
columns, the results may be plotted and a design formula developed by 
curve-fitting the mean of the data. 

An example of such tests for wide-flange steel columns is shown in 
Fig. 13-20. Notice the similarity between these results and those of the 
family of curves determined from the secant formula, Fig. 13-16. The 
reason for this similarity has to do with the influence of an “accidental” 
eccentricity ratio on the column’s strength. As stated in Sec. 13.4, this ratio 
has more of an effect on the strength of short and intermediate-length 
columns than on those that are long. Tests have indicated that ec/r? can 
range from 0.1 to 0.6 for most axially loaded columns. 

In order to account for the behavior of different-length columns, design 
codes usually specify several formulas that will best fit the data within the 
short, intermediate, and long column range. Hence, each formula will apply 
only for a specific range of slenderness ratios, and so it is important that the 
engineer carefully observe the KL/r limits for which a particular formula is 
valid. Examples of design formulas for steel, aluminum, and wood columns 
that are currently in use will now be discussed. The purpose is to give some 
idea as to how columns are designed in practice. These formulas should not, 
however, be used for the design of actual columns, unless the code from 
which they are referenced is consulted. 


Euler formula 
Eq. 13-6 


KL 


ll ————————————————e—e——Ooo 
Short column Intermediate column Long column 


Fig. 13-20 
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Steel Columns. Columns made of structural steel can be designed 
on the basis of formulas proposed by the Structural Stability Research 
Council (SSRC). Factors of safety have been applied to these formulas and 
adopted as specifications for building construction by the American 
Institute of Steel Construction (AISC). Basically these specifications 
provide two formulas for column design, each of which gives the maximum 
allowable stress in the column for a specific range of slenderness ratios.* 

For long columns the Euler formula is proposed, ie., Omax= 
wE/(KL/r)’. 

Application of this formula requires that a factor of safety F.S. = 2 = 1.92 
be applied. Thus, for design, 

2 

ae (<4) < KE < 499 (13-21) 

23(KL/r)* c r 


As stated, this equation is applicable for a slenderness ratio bounded by 
200 and (KL/r).. A specific value of (KL/r), is obtained by requiring 
the Euler formula to be used only for elastic material behavior. Through 
experiments it has been determined that compressive residual stresses 
can exist in rolled-formed steel sections that may be as much as one-half 
the yield stress. Consequently, if the stress in the Euler formula is greater 
than soy, the equation will not apply. Therefore the value of (KL/r), is 
determined as follows: 


1 2 KL WWE 
oy=— OO ( ) =,/== (13-22) 
2 (KL/r), rere Lo 


Columns having slenderness ratios less than (KL/r), are designed on 
the basis of an empirical formula that is parabolic and has the form 


Fallow 
r 


Fallow 
,_ (KEY oy 
A{KL/r)2 |" ? 
Since there is more uncertainty in the use of this formula for longer 
columns, it is divided by a factor of safety defined as follows: 036i 
wg 254 3CKEIN) __(KL/r) 
“" 3 8(KL/r). 8(KL/r)3 0 ma : 
Here it is seen that F.S. = 3 ~ 1.67 at KL/r = 0 and increases to ea) 


FBS. = 7 ~ 1.92 at (KL/r),. Hence, for design purposes, 


[ (KL/ry | 
~ UKLn)2 | 


(5/3) + [(3/8)(KL/r)/(KL/r),] — [(KL/r)?/8(KL/r) 3] 


Fig. 13-21 


(13-23) 


Callow — 


Equations 13-21 and 13-23 are plotted in Fig. 13-21. When applying any of 
these equations, either FPS or SI units can be used for the calculations. 


*The current AISC code enables engineers to use one of two methods for design, namely, 
Load and Resistance Factor Design, and Allowable Stress Design. The latter is explained here. 
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Aluminum Columns. Column design for structural aluminum is 
specified by the Aluminum Association using three equations, each 
applicable for a specific range of slenderness ratios. Since several types of 


allow(ksi) aluminum alloy exist, there is a unique set of formulas for each type. For a 
— Eq. 13-24 common alloy (2014-T6) used in building construction, the formulas are 
28 
: KL 
a Callow = 28 ksi 0s mae = 12 (13-24) 
KL KL 
Callow = [30.7 0.23( ) ksi 12 < — <55 (13-25) 
r r 
KL . 

0 54 000 ksi KL 

12 55 r Piling = oe <— (13-26) 
(KL/r) z 
Fig. 13-22 


These equations are plotted in Fig. 13-22. As shown, the first two 
represent straight lines and are used to model the effects of columns in 
the short and intermediate range. The third formula has the same form as 
the Euler formula and is used for long columns. 


Timber Columns. Columns used in timber construction are 
designed on the basis of formulas published by the National Forest 
Products Association (NFPA) or the American Institute of Timber 
Construction (AITC). For example, the NFPA formulas for the 
allowable stress in short, intermediate, and long columns having a 
atlow(ksi) rectangular cross section of dimensions b and d, where d is the smallest 


dimension of the cross section, are 
Eq. 13-27 
- Eq. 13-28 KL 
all Caton = 120ksi OS 311 (13-27) 
0.8 
1/KL/d\7)_. KL 
Eq. 13-29 Oallow = 1201 = (+3 ksi 11 < Ss = 26 (13-28) 
0.216 é 
540 k KL 
; KL Oalow => CH 50 (13-29) 
ia 26 50. d (KL/d) d 
Fig. 13-23 


Here wood has a modulus of elasticity of E,, = 1.8(10°) ksi and an 
allowable compressive stress of 1.2 ksi parallel to the grain. In particular, 
Eq. 13-29 is simply Euler’s equation having a factor of safety of 3. These 
three equations are plotted in Fig. 13-23. 
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Procedure for Analysis 


Column Analysis. 


e When using any formula to analyze a column, that is, to find its 
allowable load, it is first necessary to calculate the slenderness 
ratio in order to determine which column formula applies. 


® Once the average allowable stress has been calculated, the 
allowable load on the column is determined from P = @ajowA. 


Column Design. 


e If a formula is used to design a column, that is, to determine the 
column’s cross-sectional area for a given loading and effective 
length, then a trial-and-check procedure generally must be 
followed when the column has a composite shape, such as a 
wide-flange section. 


One possible way to apply a trial-and-check procedure would be 
to assume the column’s cross-sectional area, A’, and calculate the 
corresponding stress 7’ = P/A'. Also, use an appropriate design 
formula to determine the allowable stress oj... From this, 
calculate the required column area Ayegg = P/O atow- 


If A’ > Ajegra, the design is safe. When making the comparison, 
it is practical to require A’ to be close to but greater than Ajega, 
usually within 2-3%. A redesign is necessary if A’ < Ajega- 


e Whenever a trial-and-check procedure is repeated, the choice of 
an area is determined by the previously calculated required area. 
In engineering practice this method for design is usually 
shortened through the use of computer software or published 
tables and graphs. 


These timber columns can be considered 
pinned at their bottom and_ fixed 
connected to the beams at their tops. 
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EXAMPLE | 13.6 


An A-36 steel W10 X 100 member is used as a pin-supported column, 
Fig. 13-24. Using the AISC column design formulas, determine the 
largest load that it can safely support. 


SOLUTION 
The following data for a W10 X 100 is taken from the table in 
Appendix B. 


A=294in? r, = 4.60in. ry = 2.65 in. 


Since K = 1 for both x and y axis buckling, the slenderness ratio is 
largest if r, is used. Thus, 


KL 1(16 ft)(12 in./ft) 
a 2.65 in. 


= 72.45 


From Eq. 13-22, we have 


( KL) |2n?E 
if (e Oy 


277[29(10%) ksi] 
36 ksi 


= 126.1 
Here 0 < KL/r < (KL/r),., so Eq. 13-23 applies. 
(KL/r) | 
© KLE |” 
(5/3) + [(3/8)(KL/r)/(KL/r)_] — [(KL/r)9/8(KL/r.)°| 


[1 — (72.45)?/2(126.1)7]36 ksi 
(5/3) + [(3/8)(72.45/126.1)] — [(72.45)?/8(126.1)7] 
= 16.17 ksi 


Fallow — 


The allowable load P on the column is therefore 


P 
29.4 in? 
P = 476kip 


Callow — ae 16.17 kip/in* = 
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EXAMPLE |13.7 


The steel rod in Fig. 13-25 is to be used to support an axial load of 
18 kip. If Ey, = 29(10°) ksi and oy = 50 ksi, determine the smallest 
diameter of the rod as allowed by the AISC specification. The rod is 
fixed at both ends. 


d 


I 
I8kp ——" 
15 ft 


Fig. 13-25 


SOLUTION 
For a circular cross section the radius of gyration becomes 


: - /5- [(1/4)a(d/2)* 
A (1/4) ad? 


Applying Eq. 13-22, we have 


(<4) —— 277[29(10°) ksi] 
50 ksi 


Since the rod’s radius of gyration is unknown, KL/r is unknown, and 
therefore a choice must be made as to whether Eq. 13-21 or Eq. 13-23 
applies. We will consider Eq. 13-21. For a fixed-end column K = 0.5, so 
127° E 
3K L ee 
18kip _ 1277[29(103) kip/in?] 
(1/4)ad* — 23[0.5(15 ft) (12 in./ft)/(d/4)}° 
22; ie 


Callow — 


— ae 


d= 2 lileine 
Use 


d = 2.25 in. = 27 in. 
For this design, we must check the slenderness-ratio limits; i-e., 


KL 0.5(15 ft)(12 in./ft) 
P| (@25.in./4) 


= 160 


Since 107.0 < 160 < 200, use of Eq. 13-21 is appropriate. 
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EXAMPLE |13.8 


A bar having a length of 30 in. is used to support an axial compressive 
load of 12 kip, Fig. 13-26. It is pin supported at its ends and made of 
a 2014-T6 aluminum alloy. Determine the dimensions of its cross- 
sectional area if its width is to be twice its thickness. 


SOLUTION 

Since KL = 30 in. is the same for both x and y axis buckling, the 
larger slenderness ratio is determined using the smaller radius of 
gyration, i.e., using Imin = Ty: 


1 5 Sa 1(30) mi038 
ty V/A  V(1/12)2b(b*)/[2b(6)] b 


(1) 


Here we must apply Eq. 13-24, 13-25, or 13-26. Since we do not as yet 
know the slenderness ratio, we will begin by using Eq. 13-24. 


j 


iP ; 
12 kip ras 28 ksi 


: 12 ki 
Fig. 13-26 Bos hipine 
2b(b) 8 kip/in 
b = 0.463 in. 


Checking the slenderness ratio, we have 


Ee eae 
r 0.463 


Try Eq. 13-26, which is valid for KL/r = 55, 


A (KL/r)’ 
12 54.000 


2b(b) — (103.9/b)* 
b = 1.05 in. 


P _ 54000 ksi 


From Eq. 1, 


KL _ 103.9 
: 1.05 003 DOK 


NOTE: It would be satisfactory to choose the cross section with 
dimensions 1 in. by 2 in. 
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EXAMPLE |13.9 


A board having cross-sectional dimensions of 5.5 in. by 1.5 in. is used 
to support an axial load of 5 kip, Fig. 13-27. If the board is assumed 
to be pin supported at its top and bottom, determine its greatest 
allowable length L as specified by the NFPA. 


5 kip 


5 kip 


Fig. 13-27 


SOLUTION 
By inspection, the board will buckle about the y axis. In the NFPA 
equations, d = 1.5 in. Assuming that Eq. 13-29 applies, we have 


je 540 ksi 


Al Kid) 
5 kip 540 ksi 


G65im)(15in.) (1 £/15im,)7 
L = 448 in. 


KL 1(44.8 in.) 
@) 1 wiesan 


= 29.8 


Since 26 < KL/d = S50, the solution is valid. 
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P [PROBLEMS 


13-78. Determine the largest length of a structural A-36 
steel rod if it is fixed supported and subjected to an axial 
load of 100 KN. The rod has a diameter of 50 mm. Use the 
AISC equations. 


13-79. Determine the largest length of a W1O0 x 45 
structural steel column if it is pin supported and subjected 
to an axial load of 290 kip. Ey = 29(10°) ksi, oy = 50 ksi. 
Use the AISC equations. 


*13-80. Determine the largest length of a W10 x 12 
structural A-36 steel section if it is pin supported and is 
subjected to an axial load of 28 kip. Use the AISC equations. 


e13-81. Using the AISC equations, select from Appendix B 
the lightest-weight structural A-36 steel column that is 14 ft 
long and supports an axial load of 40 kip. The ends are pinned. 
Take oy = 50 ksi. 


13-82. Using the AISC equations, select from Appendix B 
the lightest-weight structural A-36 steel column that is 12 ft 
long and supports an axial load of 40 kip. The ends are fixed. 
Take oy = 50 ksi. 


13-83. Using the AISC equations, select from Appendix B 
the lightest-weight structural A-36 steel column that is 24 ft 
long and supports an axial load of 100 kip. The ends are 
fixed. 


*13-84. Using the AISC equations, select from Appendix B 
the lightest-weight structural A-36 steel column that is 30 ft 
long and supports an axial load of 200 kip. The ends are 
fixed. 


013-85. A W8 x 24 A-36-steel column of 30-ft length is 
pinned at both ends and braced against its weak axis at mid- 
height. Determine the allowable axial force P that can be 
safely supported by the column. Use the AISC column 
design formulas. 


13-86. Check if a W10 x 39 column can safely support an 
axial force of P = 250 kip. The column is 20 ft long and is 
pinned at both ends and braced against its weak axis at 
mid-height. It is made of steel having E = 29(10°) ksi and 
oy = 50 ksi. Use the AISC column design formulas. 


13-87. A 5-ft-long rod is used in a machine to transmit 
an axial compressive load of 3 kip. Determine its smallest 
diameter if it is pin connected at its ends and is made of a 
2014-T6 aluminum alloy. 


*13-88. Check if a W10 X 45 column can safely support 
an axial force of P = 200 kip. The column is 15 ft long and 
is pinned at both of its ends. It is made of steel having 
E = 29(10°) ksi and oy = 50ksi. Use the AISC column 
design formulas. 


e13-89. Using the AISC equations, check if a column 
having the cross section shown can support an axial force of 
1500 KN. The column has a length of 4 m, is made from A-36 
steel, and its ends are pinned. 


20 mm ie au as 20 mm 


a il 
T 300 mm 
10 mm | 


Prob. 13-89 


13-90. The A-36-steel tube is pinned at both ends. If it 
is subjected to an axial force of 150 kN, determine the 
maximum length that the tube can safely support using the 
AISC column design formulas. 


100 mm 


-—— 80 mm —~| 


Prob. 13-90 
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13-91. The bar is made of a 2014-T6 aluminum alloy. 
Determine its smallest thickness b if its width is 5b. Assume 
that it is pin connected at its ends. 


*13-92. The bar is made of a 2014-T6 aluminum alloy. 
Determine its smallest thickness b if its width is 5b. Assume 
that it is fixed connected at its ends. 


600 Ib 


600 Ib 


Probs. 13-91/92 


¢13-93. The 2014-T6 aluminum column of 3-m length has 
the cross section shown. If the column is pinned at both 
ends and braced against the weak axis at its mid-height, 
determine the allowable axial force P that can be safely 
supported by the column. 


13-94. The 2014-T6 aluminum column has the cross 
section shown. If the column is pinned at both ends and 
subjected to an axial force P = 100 kN, determine the 
maximum length the column can have to safely support the 
loading. 


be 


15mm 


15mm 


| 


100 mm—| 


Probs. 13-93/94 


13-95. The 2014-T6 aluminum hollow section has the 
cross section shown. If the column is 10 ft long and is fixed 
at both ends, determine the allowable axial force P that can 
be safely supported by the column. 


*13-96. The 2014-T6 aluminum hollow section has the 
cross section shown. If the column is fixed at its base and 
pinned at its top, and is subjected to the axial force 
P = 100 kip, determine the maximum length of the column 
for it to safely support the load. 


x 4 in. | 


Probs. 13-95/96 


°13-97. The tube is 0.25 in. thick, is made of a 2014-T6 
aluminum alloy, and is fixed at its bottom and pinned at its 
top. Determine the largest axial load that it can support. 


13-98. The tube is 0.25 in. thick, is made of a 2014-T6 
aluminum alloy, and is fixed connected at its ends. 
Determine the largest axial load that it can support. 


13-99. The tube is 0.25 in. thick, is made of 2014-T6 
aluminum alloy and is pin connected at its ends. Determine 
the largest axial load it can support. 


P 


Probs. 13-97/98/99 
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*13-100. A rectangular wooden column has the cross 
section shown. If the column is 6 ft long and subjected to an 
axial force of P = 15 kip, determine the required minimum 
dimension a of its cross-sectional area to the nearest i in. 
so that the column can safely support the loading. The 
column is pinned at both ends. 


e13-101. A rectangular wooden column has the cross 
section shown. If a = 3in. and the column is 12 ft long, 
determine the allowable axial force P that can be safely 
supported by the column if it is pinned at its top and fixed at 
its base. 


13-102. A rectangular wooden column has the cross 
section shown. If a = 3 in. and the column is subjected to 
an axial force of P = 15 kip, determine the maximum 
length the column can have to safely support the load. The 
column is pinned at its top and fixed at its base. 


a 


Probs. 13-100/101/102 


13-103. The timber column has a square cross section and 
is assumed to be pin connected at its top and bottom. If it 
supports an axial load of 50 kip, determine its smallest side 
dimension a to the nearest 5 in. Use the NFPA formulas. 


a || 


Prob. 13-103 


*13-104. The wooden column shown is formed by gluing 
together the 6 in. X 0.5 in. boards. If the column is pinned 
at both ends and is subjected to an axial load P = 20 kip, 
determine the required number of boards needed to form 
the column in order to safely support the loading. 


Prob. 13-104 


e13-105. The column is made of wood. It is fixed at its 
bottom and free at its top. Use the NFPA formulas to 
determine its greatest allowable length if it supports an 
axial load of P = 2 kip. 


13-106. The column is made of wood. It is fixed at its 
bottom and free at its top. Use the NFPA formulas to 
determine the largest allowable axial load P that it can 
support if it has alength L = 4 ft. 


Probs. 13-105/106 
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*13.7 Design of Columns for 
Eccentric Loading 


Occasionally a column may be required to support a load acting either 
at its edge or on an angle bracket attached to its side, such as shown in 
Fig. 13-28a. The bending moment M = Pe, which is caused by the 
eccentric loading, must be accounted for when the column is designed. 
There are several acceptable ways in which this is done in engineering 
practice. We will discuss two of the most common methods. 


Use of Available Column Formulas. The stress distribution 
acting over the cross-sectional area of the column shown in Fig. 13-284 is 
determined from a superposition of both the axial force P and the bending 
moment M = Pe. In particular, the maximum compressive stress is 


P Me 


Cn = +S (13-30) 


A typical stress profile is shown in Fig. 13-28). If we conservatively 
assume that the entire cross section is subjected to the uniform stress 
Omax aS determined from Eq. 13-30, then we can compare Omax with 
Callow, Which is determined using the formulas given in Sec. 13.6. 
Calculation of @ajow 1S usually done using the largest slenderness ratio 
for the column, regardless of the axis about which the column 
experiences bending. This requirement is normally specified in design 
codes and will in most cases lead to a conservative design. If 


— 
Omax = Pallow 


then the column can carry the specified loading. If this inequality does 
not hold, then the column’s area A must be increased, and a new Oyax 
and alow Must be calculated. This method of design is rather simple to 
apply and works well for columns that are short or of intermediate 
length. 


Interaction Formula. When designing an eccentrically loaded 
column it is desirable to see how the bending and axial loads interact, so 
that a balance between these two effects can be achieved. To do this, we 
will consider the separate contributions made to the total column area 
by the axial force and moment. If the allowable stress for the axial load is 
(a)allow, then the required area for the column needed to support the 
load P is 


P 


( Oa ) allow 


A, = 


Similarly, if the allowable bending stress is (%)atlow, then since 
I = Ar’, the required area of the column needed to support the 
eccentric moment is determined from the flexure formula, that is, 


O max 


(b) 
Fig. 13-28 
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Typical example of a column used to 
support an eccentric roof loading. 


Mc 


2 
(Op attowt 
The total area A for the column needed to resist both the axial load 
and moment requires that 


Ap = 


P M 
A, + Ap = r A 
( Ta ) allow (op) allow” 
or 
P/A Mc/ Ar? 
=1 
(Og) allow (5) allow 
So eg (13-31) 
(Gq allow (Op) allow 
Here 


0, = axial stress caused by the force P and determined from 
0, = P/A, where A is the cross-sectional area of the 
column 


o» = bending stress caused by an eccentric load or applied 
moment M; a, is found from o, = Mc/I, where J is the 
moment of inertia of the cross-sectional area calculated 
about the bending or centroidal axis 


(a)allow = allowable axial stress as defined by formulas given in 
Sec. 13.6 or by other design code specifications. For this 
purpose, always use the /argest slenderness ratio for the 
column, regardless of the axis about which the column 
experiences bending 


(@p)allow = allowable bending stress as defined by code specifications 


Notice that, if the column is subjected only to an axial load, then the 
bending-stress ratio in Eq. 13-31 would be equal to zero and the 
design will be based only on the allowable axial stress. Likewise, when 
no axial load is present, the axial-stress ratio is zero and the stress 
requirement will be based on the allowable bending stress. Hence, each 
stress ratio indicates the contribution of axial load or bending moment. 
Since Eq. 13-31 shows how these loadings interact, this equation 
is sometimes referred to as the interaction formula. This design 
approach requires a trial-and-check procedure, where it is required that 
the designer pick an available column and then check to see if the 
inequality is satisfied. If it is not, a larger section is then picked and the 
process repeated. An economical choice is made when the left side is 
close to but less than 1. 

The interaction method is often specified in codes for the design of 
columns made of steel, aluminum, or timber. In particular, for allowable 
stress design, the American Institute of Steel Construction specifies the 
use of this equation only when the axial-stress ratio o,/(@q)atlow = 0-15. 
For other values of this ratio, a modified form of Eq. 13-31 is used. 
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EXAMPLE |13.10 


The column in Fig. 13-29 is made of aluminum alloy 2014-T6 and is 
used to support an eccentric load P. Determine the maximum 
magnitude of P that can be supported if the column is fixed at its base 
and free at its top. Use Eq. 13-30. 


Fig. 13-29 


SOLUTION 
From Fig. 13-10b, K = 2. The largest slenderness ratio for the column 
is therefore 
Kes 2(80 in.) 
f V1(1/12)(4 in.)(2 in.)3]/[(2 in.) 4 in.] 

By inspection, Eq. 13-26 must be used (277.1 > 55). Thus, 
_ 54000ksi — 54000 ksi 

(Kir? (277,1)7 
The maximum compressive stress in the column is determined from 
the combination of axial load and bending. We have 
P Pejc 

oe) 


Omax = A Vi 
P i P(1 in.) (2 in.) 


~ 2in.(4in.)  (1/12)(2in.)(4 in. 
= 0.3125P 


= 0.7031 ksi 


Fallow 


Assuming that this stress is uniform over the cross section, we require 


Fallow — Omax; 0.7031 = 0.3125P 
P = 2.25 kip Ans. 
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EXAMPLE |13.11 


M = P(30 in.) 
P 


Fig. 13-30 


The A-36 steel W6 X 20 column in Fig. 13-30 is pin connected at 
its ends and is subjected to the eccentric load P. Determine the 
maximum allowable value of P using the interaction method if the 
allowable bending stress is (0) atlow = 22 ksi. 


SOLUTION 
Here K = 1.The necessary geometric properties for the W6 X 20 are 
taken from the table in Appendix B. 


A=587in® I,=414int ry=150in. d= 620in. 


We will consider r, because this will lead to the /argest value of the 
slenderness ratio. Also, J, is needed since bending occurs about the x 
axis (c = 6.20 in./2 = 3.10 in.). To determine the allowable compressive 
stress, we have 


KL 1[15 ft(12 in./ft)] 
> 1.50 in. 


= 120 


2 2m7[29(10°) ksi 
S _ /2a?E | 2a°[29( ) oat 
Tyee oy 36 ksi 


then KL/r < (KL/r), and so Eq. 13-23 must be used. 
[1 — (KL/r)*/2(KL/r),2]oy 
(5/3) + [(3/8)(KL/r)/(KL/r).] — [(KL/r)*/8(KL/r) 9] 
7 [1 — (120)?/2(126.1)7]36 ksi 
(5/3) + [(3/8)(120)/(126.1)] — [(120)3/8(126.1)%] 
= 10.28 ksi 
Applying the interaction Eq. 13-31 yields 


Fallow — 


Ta + op 
(a)allow  (@b)allow 
P/5.87 in? — P(30 in.) (3.10 in.) /(41.4 in*) 
10.28 ksi u 22 ksi 
P = 843 kip Ans. 


=) 


Checking the application of the interaction method for the steel 
section, we require 


o, __ 8.43 kip/(5.87 in.) 
(Oa)allow 10.28 kip/in? 


= 0.140 < 0.15 OK 
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EXAMPLE |13.12 


The timber column in Fig. 13-31 is made from two boards nailed 
together so that the cross section has the dimensions shown. If the 
column is fixed at its base and free at its top, use Eq. 13-30 to determine 
the eccentric load P that can be supported. 


Fig. 13-31 
SOLUTION 
From Fig. 13-10b, K = 2. Here we must calculate K L/d to determine 
which equation from Eqs. 13-27 through 13-29 should be used. 
Since @ajiow 1S determined using the largest slenderness ratio, we 
choose d = 3 in. This is done to make this ratio as large as possible, 
and thereby yields the lowest possible allowable axial stress. We have 


KL | 2(60 in.) 7 
d 3 in. 


Since 26 < KL/d < 50 the allowable axial stress is determined using 
Eq. 13-29. Thus, 


540 ksi 540 ksi 
Og te) = 
ON Keay | 140), 


= 0.3375 ksi 


Applying Eq. 13-30 with ajow = Omax, We have 
PMc 
Tallow = “y ale ie 
P P(4 in.) (3 in.) 
(3 in.)(6in.) — (1/12)(3 in.) (6 in.) 
P =1.22kip 


0.3375 ksi = 
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P [PROBLEMS 


13-107. The W14 x 53 structural A-36 steel column 
supports an axial load of 80 kip in addition to an eccentric 
load P. Determine the maximum allowable value of P based 
on the AISC equations of Sec. 13.6 and Eq. 13-30. Assume 
the column is fixed at its base, and at its top it is free to sway 
in the x-z plane while it is pinned in the y-z plane. 


*13-108. The W12 x 45 structural A-36 steel column 
supports an axial load of 80 kip in addition to an eccentric 
load of P = 60 kip. Determine if the column fails based on 
the AISC equations of Sec. 13.6 and Eq. 13-30. Assume that 
the column is fixed at its base, and at its top it is free to sway 
in the x-z plane while it is pinned in the y-z plane. 


Probs. 13-107/108 


¢13-109. The W14 X 22 structural A-36 steel column is 
fixed at its top and bottom. If a horizontal load (not shown) 
causes it to support end moments of M = 10kip-ft, 
determine the maximum allowable axial force P that can be 
applied. Bending is about the x-x axis. Use the AISC 
equations of Sec. 13.6 and Eq. 13-30. 


13-110. The W14 X 22 column is fixed at its top and 
bottom. If a horizontal load (not shown) causes it to support 
end moments of M = 15 kip: ft, determine the maximum 
allowable axial force P that can be applied. Bending is 
about the x-x axis. Use the interaction formula with 
(op) allow = 24 ksi. 


12 ft 


Probs. 13-109/110 


13-111. The W14 x 43 structural A-36 steel column 
is fixed at its bottom and free at its top. Determine the 
greatest eccentric load P that can be applied using 
Eq. 13-30 and the AISC equations of Sec. 13.6. 


*13-112. The W10 X 45 structural A-36 steel column is 
fixed at its bottom and free at its top. If it is subjected to a 
load of P = 2 kip, determine if it is safe based on the AISC 
equations of Sec. 13.6 and Eq. 13-30. 


10 


as 


Probs. 13-111/112 
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e13-113. The A-36-steel W10 x 45 column is fixed at its 
base. Its top is constrained to move along the x—x axis but 
free to rotate about and move along the y—y axis. Determine 
the maximum eccentric force P that can be safely supported 
by the column using the allowable stress method. 


13-114. The A-36-steel W10 X< 45 column is fixed at its 
base. Its top is constrained to move along the x—x axis but 
free to rotate about and move along the y—y axis. Determine 
the maximum eccentric force P that can be safely supported 
by the column using an interaction formula. The allowable 
bending stress is (p)atlow = 15 ksi. 


13-115. The A-36-steel W12 x 50 column is fixed at its 
base. Its top is constrained to move along the x—x axis but 
free to rotate about and move along the y-y axis. If the 
eccentric force P = 15kip is applied to the column, 
investigate if the column is adequate to support the loading. 
Use the allowable stress method. 


*13-116. The A-36-steel W12 < 50 column is fixed at its 
base. Its top is constrained to move along the x—x axis but 
free to rotate about and move along the y-y axis. If the 
eccentric force P = 15kip is applied to the column, 
investigate if the column is adequate to support the loading. 
Use the interaction formula. The allowable bending stress is 
(7p)altow = 15 ksi. 


Probs. 13-113/114/115/116 


e13-117. A 16-ft-long column is made of aluminum alloy 
2014-T6. If it is fixed at its top and bottom, and a 
compressive load P is applied at point A, determine the 
maximum allowable magnitude of P using the equations of 
Sec. 13.6 and Eq. 13-30. 


13-118. A 16-ft-long column is made of aluminum alloy 
2014-T6. If it is fixed at its top and bottom, and a 
compressive load P is applied at point A, determine the 
maximum allowable magnitude of P using the equations of 
Sec. 13.6 and the interaction formula with (0p) alow = 20 ksi. 


Probs. 13-117/118 


13-119. The 2014-T6 hollow column is fixed at its base 
and free at its top. Determine the maximum eccentric 
force P that can be safely supported by the column. Use the 
allowable stress method. The thickness of the wall for the 
section is ¢ = 0.5 in. 


*13-120. The 2014-T6 hollow column is fixed at its base 
and free at its top. Determine the maximum eccentric force 
P that can be safely supported by the column. Use the 
interaction formula. The allowable bending stress is 
(p)allow = 30 ksi. The thickness of the wall for the section is 
t = 0.5 in. 


Probs. 13-119/120 
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e13-121. The 10-ft-long bar is made of aluminum alloy 
2014-T6. If it is fixed at its bottom and pinned at the top, 
determine the maximum allowable eccentric load P that can 
be applied using the formulas in Sec. 13.6 and Eq. 13-30. 


13-122. The 10-ft-long bar is made of aluminum alloy 
2014-T6. If it is fixed at its bottom and pinned at the top, 
determine the maximum allowable eccentric load P that 
can be applied using the equations of Sec. 13.6 and the 
interaction formula with (@})atlow = 18 ksi. 


Probs. 13-121/122 


13-123. The rectangular wooden column can be 
considered fixed at its base and pinned at its top. Also, the 
column is braced at its mid-height against the weak axis. 
Determine the maximum eccentric force P that can be safely 
supported by the column using the allowable stress method. 


*13-124. The rectangular wooden column can _ be 
considered fixed at its base and pinned at its top. Also, the 
column is braced at its mid-height against the weak axis. 
Determine the maximum eccentric force P that can be 
safely supported by the column using the interaction 
formula. The allowable bending stress is (0)allow = 1.5 ksi. 


P 
6 “a 


Probs. 13-123/124 


e13-125. The 10-in.-diameter utility pole supports the 
transformer that has a weight of 600 lb and center of gravity 
at G. If the pole is fixed to the ground and free at its 
top, determine if it is adequate according to the NFPA 
equations of Sec. 13.6 and Eq. 13-30. 


Prob. 13-125 


13-126. Using the NFPA equations of Sec. 13.6 and 
Eq. 13-30, determine the maximum allowable eccentric 
load P that can be applied to the wood column. Assume that 
the column is pinned at both its top and bottom. 


13-127. Using the NFPA equations of Sec. 13.6 and 
Eq. 13-30, determine the maximum allowable eccentric 
load P that can be applied to the wood column. Assume that 
the column is pinned at the top and fixed at the bottom. 


Probs. 13-126/127 


CHAPTER REVIEW 


Buckling is the sudden instability that occurs 
in columns or members that support an axial 
compressive load. The maximum axial load 
that a member can support just before 
buckling is called the critical load P,,. 


The critical load for an ideal column is 
determined from Euler’s formula, where 
K = 1 for pin supports, K = 0.5 for fixed 
supports, K = 0.7 for a pin and a fixed 
support, and K = 2 fora fixed support and a 
free end. 


If the axial loading is applied eccentrically 
to the column, then the secant formula can 
be used to determine the maximum stress 
in the column. 


When the axial load causes yielding of the 
material, then the tangent modulus should 
be used with Euler’s formula to determine 
the critical load for the column. This is 
referred to as Engesser’s equation. 


Empirical formulas based on experimental 
data have been developed for use in the 
design of steel, aluminum, and timber 
columns. 


CHAPTER REVIEW 
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a REVIEW PROBLEMS 


*13-128. The wood column is 4 m long and is required to 
support the axial load of 25 KN. If the cross section is square, 
determine the dimension a of each of its sides using a factor 
of safety against buckling of F.S. = 2.5. The column is 
assumed to be pinned at its top and bottom. Use the Euler 
equation. E,, = 11 GPa, and cy = 10 MPa. 


25 kN 


Prob. 13-128 


e13-129. If the torsional springs attached to ends A and 
C of the rigid members AB and BC have a stiffness k, 
determine the critical load P,,,. 


Prob. 13-129 


13-130. Determine the maximum intensity w of the 
uniform distributed load that can be applied on the beam 
without causing the compressive members of the supporting 
truss to buckle. The members of the truss are made from 
A-36-steel rods having a 60-mm diameter. Use FS. = 2 
against buckling. 


Prob. 13-130 


13-131. The W10 x 45 steel column supports an axial load 
of 60 kip in addition to an eccentric load P. Determine the 
maximum allowable value of P based on the AISC equations 
of Sec. 13.6 and Eq. 13-30. Assume that in the x-z plane 
K, = 1.0 and in the y-z plane K, = 2.0. Ey = 29(10%) ksi, 
oy = 50ks1. 


Prob. 13-131 


*13-132. The A-36-steel column can be considered pinned 
at its top and fixed at its base. Also, it is braced at its 
mid-height along the weak axis. Investigate whether a 
W250 X 45 section can safely support the loading shown. 
Use the allowable stress method. 


e13-133. The A-36-steel column can be considered pinned 
at its top and fixed at its base. Also, it is braced at 
its mid-height along the weak axis. Investigate whether a 
W250 xX 45 section can safely support the loading shown. 
Use the interaction formula. The allowable bending stress is 
(@p)atlow = 100 MPa. 


600 mm 


10 KN ff" kN 
UI 


4.5m 


>|< 


4.5m 


Probs. 13-132/133 


13-134. The member has a symmetric cross section. If it is 
pin connected at its ends, determine the largest force it can 
support. It is made of 2014-T6 aluminum alloy. 


0.5 in. 
2in. $=é 


ft 


P 


Prob. 13-134 
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13-135. The W200 x 46 A-36-steel column can be 
considered pinned at its top and fixed at its base. Also, the 
column is braced at its mid-height against the weak axis. 
Determine the maximum axial load the column can support 
without causing it to buckle. 


Prob. 13-135 


*13-136. The structural A-36 steel column has the cross 
section shown. If it is fixed at the bottom and free at the top, 
determine the maximum force P that can be applied at A 
without causing it to buckle or yield. Use a factor of safety 
of 3 with respect to buckling and yielding. 


e13-137. The structural A-36 steel column has the cross 
section shown. If it is fixed at the bottom and free at the top, 
determine if the column will buckle or yield when the load 
P =10KN. Use a factor of safety of 3 with respect to 
buckling and yielding. 


Probs. 13-136/137 


As piles are driven in place, their ends are subjected to impact loading. The nature of 


impact and the energy derived from it must be understood in order to determine the 
stress developed within the pile. 


Energy Methods 


CHAPTER OBJECTIVES 


In this chapter, we will show how to apply energy methods to solve 
problems involving deflection. The chapter begins with a discussion of 
work and strain energy, followed by a development of the principle of 
conservation of energy. Using this principle, the stress and deflection 
of a member are determined when the member is subjected to 
impact. The method of virtual work and Castigliano’s theorem are 
then developed, and these methods are used to determine the 
displacement and slope at points on structural members and 
mechanical elements. 


14.1 External Work and Strain Energy 


The deflection of joints on a truss or points on a beam or shaft can be 
determined using energy methods. Before developing any of these 
methods, however, we will first define the work caused by an external 
force and couple moment and show how to express this work in terms of 
a body’s strain energy. The formulations to be presented here and in the 
next section will provide the basis for applying the work and energy 
methods that follow throughout the chapter. 
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Work of a Force. In mechanics, a force does work when it 
undergoes a displacement dx that is in the same direction as the force. The 
work done is a scalar, defined as dU, = F dx. If the total displacement is 
A, the work becomes 


A 
i= [ F dx (14-1) 
0 


To show how to apply this equation, we will calculate the work done 
by an axial force applied to the end of the bar shown in Fig. 14—1a. As the 
magnitude of the force is gradually increased from zero to some limiting 
value F = P, the final displacement of the end of the bar becomes A. If 
the material behaves in a linear-elastic manner, then the force will be 
directly proportional to the displacement; that is, F = (P/A)x. 
Substituting into Eq. 14—1 and integrating from 0 to A, we get 


U. = 5PA (14-2) 


Therefore, as the force is gradually applied to the bar, its magnitude 
builds from zero to some value P, and consequently, the work done is 
equal to the average force magnitude, P/2, times the total displacement 
A. We can represent this graphically as the light-blue shaded area of the 
triangle in Fig. 14—1c. 

Suppose, however, that P is already applied to the bar and that another 
force P' is now applied, so that the end of the bar is displaced further by 
an amount A’, Fig. 14-1b. The work done by P’ is equal to the gray 
shaded triangular area, but now the work done by P when the bar 
undergoes this further displacement is 


i= Pe (14-3) 


Here the work represents the dark-blue shaded rectangular area in 
Fig. 14-1c. In this case P does not change its magnitude, since the bar’s 
displacement A’ is caused only by P’. Therefore, work here is simply the 
force magnitude P times the displacement A’. 
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Work of a Couple Moment. A couple moment M does work 


. 3 . : . 0 
when it undergoes an angular displacement dé along its line of action. 
The work is defined as dU, = M dé, Fig. 14-2. If the total angular 
displacement is 6 rad, the work becomes 
0 
U,= [ M dé (144) M 
0 
Fig. 14-2 


As in the case of force, if the couple moment is applied to a body 
having linear elastic material behavior, such that its magnitude is 
increased gradually from zero at 6 = 0 to M at 6, then the work is 


1 
U. = 5Me (14-5) 


However, if the couple moment is already applied to the body and other 
loadings further rotate the body by an amount 0’, then the work is 


U, = Me' 


Strain Energy. When loads are applied to a body, they will deform 
the material. Provided no energy is lost in the form of heat, the external 
work done by the loads will be converted into internal work called strain 
energy. This energy, which is always positive, is stored in the body and is 
caused by the action of either normal or shear stress. 


Normal Stress. If the volume element shown in Fig. 14-3 is subjected 
to the normal stress o,, then the force created on the element’s 
top and bottom faces is dF, = 0,dA = o,dxdy. If this force is 
applied gradually to the element, like the force P discussed previously, 
its magnitude is increased from zero to dF,, while the element 
undergoes an elongation dA, = €, dz. The work done by dF, is therefore 
dU; = sdF, dA, = 5[0, dx dye, dz. Since the volume of the element 
is dV = dx dy dz, we have 


i 
dU; = 50:6,dV (14-6) 


Notice that dU; is always positive, even if o, is compressive, since o, and 
e, will always be in the same direction. 

In general then, if the body is subjected only to a uniaxial normal stress 
o,, the strain energy in the body is then 


U; = | == av (14-7) 
eo 
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Fig. 14-4 


Also, if the material behaves in a linear-elastic manner, then Hooke’s law 
applies, and we can express the strain energy in terms of the normal 
stress as 


o 
U; = { ale (14-8) 


Shear Stress. A strain-energy expression similar to that for normal 
stress can also be established for the material when it is subjected 
to shear stress. Consider the volume element shown in Fig. 144. Here 
the shear stress causes the element to deform such that only the shear 
force dF = r(dx dy), acting on the top face of the element, is displaced 
y dz relative to the bottom face. The vertical faces only rotate, and 
therefore the shear forces on these faces do no work. Hence, the strain 
energy stored in the element is 


dU; = slr(ax dy)|y dz 
or since dV = dx dy dz 
dU; = xy dV (14-9) 
The strain energy stored in the body is therefore 
U;= | —dV (14-10) 


Like the case for normal strain energy, shear strain energy is always 
positive since 7 and y are always in the same direction. If the material is 
linear elastic, then, applying Hooke’s law, y = 7/G, we can express the 
strain energy in terms of the shear stress as 


a 
U; = | =dV 14-11 
ele (14-11) 
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Va 


o2 


(a) (b) 
Fig. 14-5 


In the next section, we will use Eqs. 14-8 and 14-11 to obtain formal 
expressions for the strain energy stored in members subjected to several 
types of loads. Once this is done we will then be able to develop the 
energy methods necessary to determine the displacement and slope at 
points on a body. 


Multiaxial Stress. The previous development may be expanded to 
determine the strain energy in a body when it is subjected to a general 
state of stress, Fig. 14-5a. The strain energies associated with each of 
the normal and shear stress components can be obtained from Eqs. 14-6 
and 14-9. Since energy is a scalar, the total strain energy in the body is 
therefore 


7 1 1 1 
U; = 7 gots + 7 vey + 3 Oke 


1 1 1 
+ 9 Tx Yxy + 2 TyeVyz + gy THY xz dV (14-12) 


The strains can be eliminated by using the generalized form of Hooke’s 
law given by Eqs. 10-18 and 10-19. After substituting and combining 
terms, we have 


+ alt + Ti + v)| dV (14-13) 


If only the principal stresses 0, 02, 03 act on the element, Fig. 14-5), 
this equation reduces to a simpler form, namely, 


1 v 
U;= [laplor+or+ a3?) - Bp lo182 + a203+ 0103)|dV (14-14) 


This equation was used in Sec. 10.7 as a basis for developing the 
maximum-distortion-energy theory. 
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14.2. Elastic Strain Energy for Various 
Types of Loading 


Using the equations for elastic strain energy developed in the previous 
section, we will now formulate the strain energy stored in a member 
when it is subjected to an axial load, bending moment, transverse shear, 
and torsional moment. Examples will be given to show how to calculate 
the strain energy in members subjected to each of these loadings. 


Axial Load. Consider a bar of variable yet slightly tapered cross 
section, Fig. 14-6. The internal axial force at a section located a distance x 
from one end is N. If the cross-sectional area at this section is A, then the 
normal stress on the section is 7 = N/A. Applying Eq. 14-8, we have 


oC 2 N2 
= —dV = d 
U; [s V DER 4 


If we choose an element or differential slice having a volume 
dV = Adx, the general formula for the strain energy in the bar is 
therefore 


If, N2 
on 2A 


U; = dx (14-15) 


For the more common case of a prismatic bar of constant cross- 
sectional area A, length L, and constant axial load N, Fig. 14-7, 
Eq. 14-15, when integrated, gives 


NL 
N US AE 


(14-16) 


Fig. 14-7 


Notice that the bar’s elastic strain energy will increase if the length of 
the bar is increased, or if the modulus of elasticity or cross-sectional area 
is decreased. For example, an aluminum rod [E,, = 10(10°) ksi] will 
store approximately three times as much energy as a steel rod 
[E. = 29(10°) ksi] having the same size and subjected to the same load. 
However, doubling the cross-sectional area of a rod will decrease its 
ability to store energy by one-half. The following example illustrates 
this point numerically. 
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EXAMPLE |14.1 


One of the two high-strength steel bolts A and B shown in Fig. 14-8 is 
to be chosen to support a sudden tensile loading. For the choice it is 
necessary to determine the greatest amount of elastic strain energy 
that each bolt can absorb. Bolt A has a diameter of 0.875 in. for 2 in. 
of its length and a root (or smallest) diameter of 0.731 in. within the 
0.25-in. threaded region. Bolt B has “upset” threads, such that the 
diameter throughout its 2.25-in. length can be taken as 0.731 in. In 
a cases, Wee the extra material that makes up the threads. Take 
Ey = 29( 10°) ksi, oy = “a ksi. 


B 


im 0 


J ~=— 0.875 in. - 0.731 in. 
k— ; 


0.731 in. 


Fig. 14-8 
SOLUTION 


Bolt A. If the bolt is subjected to its maximum tension, the 
maximum stress of oy = 44 ksi will occur within the 0.25-in. region. 
This tension force is 


lin, 
Prax = OyA = 44ksi | (2) | = 18.47 kip 
Applying Eq. 14-16 to each region of the bolt, we have 
NGL 
U; = 
i= 2 2AE 
(18.47 kip)?(2 in.) (18.47 kip)?(0.25 in.) 
2[7 (0.875 in./2)7][29(10°) ksi] 2[ (0.731 in./2)][29(103) ksi] 
= 0.0231 in. - kip Ans. 


Bolt B. Here the bolt is assumed to have a uniform diameter of 
0.731 in. throughout its 2.25-in. length. Also, from the calculation above, 
it can support a maximum tension force of Pax = 18.47 kip. Thus, 


NAL (18.47 kip)?(2.25 in.) 
US = : 2 SNe 
2AE — 2[7(0.731 in./2)*][29(10”) ksi] 


NOTE: By comparison, bolt B can absorb 36% more elastic energy 
than bolt A, because it has a smaller cross section along its shank. 


= 0.0315 in.- kip Ans. 
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Bending Moment. Since a bending moment applied to a straight 
prismatic member develops normal stress in the member, we can use 
Eq. 14-8 to determine the strain energy stored in the member due 
to bending. For example, consider the axisymmetric beam shown in 
Fig. 14-9. Here the internal moment is M, and the normal stress acting on 
the arbitrary element a distance y from the neutral axis is o = My/J. If 
the volume of the element is dV = dA dx, where dA is the area of its 
exposed face and dx is its length, the elastic strain energy in the beam is 


a 1 (~) 
= dV = dAd 
ot Me lx I 7 


or 


L 2 
M 2 
u- f 22 (fo ia) ax 


Realizing that the area integral represents the moment of inertia of the 
area about the neutral axis, the final result can be written as 


Lyy2 
M~ dx 

= 14-1 
U; | DEI (14-17) 


To evaluate the strain energy, therefore, we must first express the 
internal moment as a function of its position x along the beam, and then 
perform the integration over the beam’s entire length. The following 
examples illustrate this procedure. 


Fig. 14-9 


*Recall that the flexure formula, as used here, can also be used with justifiable accuracy 
to determine the stress in slightly tapered beams. (See Sec. 6.4.) So in the general sense, J 
in Eq. 14-17 may also have to be expressed as a function of x. 
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EXAMPLE |14.2 


Determine the elastic strain energy due to bending of the cantilevered 
beam in Fig. 14-10a. EJ is constant. 


Fig. 14-10 


SOLUTION 

The internal moment in the beam is determined by establishing the x 
coordinate with origin at the left side. The left segment of the beam is 
shown in Fig. 14-105. We have 


(ti Mya = 0; M+ wx(3) =0 


) 


© M? dx Z © (—w(x?/2)F dx = 
I 


Applying Eq. 14-17 yields 


Oe 2EI 


my PHBE 
7 w>L> 
'  40EI 
We can also obtain the strain energy using an x coordinate having 


its origin at the right side of the beam and extending positive to the 
left, Fig. 14-10c. In this case, 


Applying Eq. 14-17, we obtain the same result as before; however, 
more calculations are involved in this case. 
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EXAMPLE | 14.3 


Fig. 14-11 


Determine the bending strain energy in region AB of the beam 
shown in Fig. 14-11a. FJ is constant. 


SOLUTION 

A free-body diagram of the beam is shown in Fig. 14-115. To obtain 
the answer we can express the internal moment in terms of any one 
of the indicated three “x” coordinates and then apply Eq. 14-17. 
Each of these solutions will now be considered. 


0 = x, = L. From the free-body diagram of the section in 
Fig. 14-11c, we have 


(+My, = 0; M,+ Px, =0 
M, = 1? 35) 


M? dx i (—Px,)’ dx,  p?p3 
0 


U; = 


= Au 
2EI DET 6EI te 


0=x,=L. Using the free-body diagram of the section in 
Fig. 14-11d gives 


(+2 Mya, = 0; —-Mz + 2P(x) — P(x. + L) =0 
Mp = P(x, — L) 


“We = Eyl de Pei? 
2EI 6EI 


Ans. 


L=x3=2L. From the free-body diagram in Fig. 14-11e, we have 
(+2 My4 = 0; WWE Pee, — 16) = xs) =0 
M3 = P(x3 — 2L) 


M? dx aE) Pay 20) | dg PPT? 
(0S an 2EI 


Oe 


NOTE: This and the previous example indicate that the strain 
energy for the beam can be found using any suitable x coordinate. It is 
only necessary to integrate over the range of the coordinate where the 
internal energy is to be determined. Here the choice of x; provides 
the simplest solution. 
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Transverse Shear. The strain energy due to shear stress in a beam 
element can be determined by applying Eq. 14-11. Here we will consider 
the beam to be prismatic and to have an axis of symmetry about the y 
axis as shown in Fig. 14-12. If the internal shear at the section x is V, then 
the shear stress acting on the volume element of material, having an area 
dA and length dx, is r = VQ/It. Substituting into Eq. 14-11, the strain y 
energy for shear becomes 


r 1 (“ey 
u- [Za [5 ht dA dx 


L 2 2 
Vv 
u- f ; eda dx 
0 2GI At 


The integral in parentheses can be simplified if we define the form factor 
for shear as 


Fig. 14-12 


A 2, 
gS aA (14-18) 
Jat 
Substituting into the above equation, we get 
L 2) 
> ahs 
;= Ss 14-1 


The form factor defined by Eq. 14-18 is a dimensionless number that 
is unique for each specific cross-sectional area. For example, if the beam 
has a rectangular cross section of width b and height h, Fig. 14-13, then 
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t= 


dA = bdy 
1 
T= —bh° 
12? 


gara'= (r+ WM (2 5) 4H) 


Substituting these terms into Eq. 14-18, we get 


=k Le a eee 
© (q5bKB? Jone 4b? \ 4 aia 


The form factor for other sections can be determined in a similar manner. 
Once obtained, this factor is substituted into Eq. 14-19 and the strain 
energy for transverse shear can then be evaluated. 


Fig. 14-13 


(14-20) 
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EXAMPLE |14.4 


Determine the strain energy in the cantilevered beam due to shear 
if the beam has a square cross section and is subjected to a uniform 
distributed load w, Fig. 14-14a. EJ and G are constant. 


Fig. 14-14 


SOLUTION 
From the free-body diagram of an arbitrary section, Fig. 14-14, we have 
+TXF, = 0; —-V —wx =0 

V = -wx 


Since the cross section is square, the form factor f, = g (Eq. 14-20) 
and therefore Eq. 14-19 becomes 


L6 D ib 
3(—wx)* dx 2 
oe st ) = au x dx 
mien 5G), 


273 
(U;),=— Ans. 


NOTE: Using the results of Example 14.2, with A = te pa, the 
ratio of shear to bending strain energy is 


(Uj)s WL*/5Ga? -2(4) E 
Ui), wL/40E(hat) 3\L/ G 


Since G = E/2(1 + v) andy s 5 (Sec. 10.6), then as an upper 
bound, E = 3G, so that 
(Ga = (2) 
(Ui)o L 


It can be seen that this ratio will increase as L decreases. However, 
even for very short beams, where, say, L = 5a, the contribution due to 
shear strain energy is only 8% of the bending strain energy. For this 
reason, the shear strain energy stored in beams is usually neglected in 
engineering analysis. 
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Torsional Moment. To determine the internal strain energy in a 
circular shaft or tube due to an applied torsional moment, we must apply 
Eq. 14-11. Consider the slightly tapered shaft in Fig. 14-15. A section of 
the shaft taken a distance x from one end is subjected to an internal 
torque 7. The shear stress distribution that causes this torque varies 
linearly from the center of the shaft. On the arbitrary element of area 
dA and length dx, the stress is 7 = Tp/J. The strain energy stored in the 
shaft is thus 


72 1 (7) L T2 
U.= dV = Adit = —: 2dA|d 
ie boc f i [ IGF [pe * 


Since the area integral represents the polar moment of inertia J for the 
shaft at the section, the final result can be written as 


a 14-21 
aren (14-21) 


The most common case occurs when the shaft (or tube) has a constant 
cross-sectional area and the applied torque is constant, Fig. 14-16. 
Integration of Eq. 14~21 then gives 


TAL 
ee 14-22 
U; GI ( ) 


From this equation we may conclude that, like an axially loaded member, 
the energy-absorbing capacity of a torsionally loaded shaft is decreased by 
increasing the diameter of the shaft, since this increases J. 


Important Points 


A force does work when it moves through a displacement. When 
a force is applied to a body and its magnitude is increased 
gradually from zero to F, the work is U = (F/2)A, whereas if the 
force is constant when the displacement occurs then U = FA. 


A couple moment does work when it displaces through a rotation. 


Strain energy is caused by the internal work of the normal and 
shear stresses. It is always a positive quantity. 

The strain energy can be related to the resultant internal loadings 
N,V, M, and T. 

As the beam becomes longer, the strain energy due to bending 
becomes much larger than the strain energy due to shear. For this 
reason, the shear strain energy in beams can generally be neglected. 


The following example illustrates how to determine the strain energy 
in a circular shaft due to a torsional loading. 


Fig. 14-15 


Fig. 14-16 
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EXAMPLE |14.5 


The tubular shaft in Fig. 14~17a is fixed at the wall and subjected to 
two torques as shown. Determine the strain energy stored in the shaft 
due to this loading. G = 75 GPa. 


Fig. 14-17 


SOLUTION 

Using the method of sections, the internal torque is first determined 
within the two regions of the shaft where it is constant, Fig. 14-17). 
Although these torques (40 N-m and 15 N-m) are in opposite 
directions, this will be of no consequence in determining the strain 
energy, since the torque is squared in Eq. 14~22. In other words, the 
strain energy is always positive. The polar moment of inertia for the 
shaft is 


J= 71(0.08 m)* — (0.065 m)*] = 36.30(10~) m4 


Applying Eq. 14-22, we have 
y= 3 PE 
‘ 2GJ 
(40 N- m)?(0.750 m) (15 N- m)?(0.300 m) 
~ 2[75(10°) N/m2]36.30(10~°) m4 ze 2[75(10°) N/m7]36.30(10 ©) m4 
= 233 pJ Ans. 
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i PROBLEMS 


14-1. A material is subjected to a general state of plane 
stress. Express the strain energy density in terms of the 
elastic constants FE, G, and v and the stress components o,, 


oy, and Txy. 
Oy 
Txy 


Ox 


Prob. 14-1 


14-2. The strain-energy density must be the same whether 
the state of stress is represented by o,, Oy, and Txy, OF 
by the principal stresses o, and a,. This being the case, 
equate the strain—energy expressions for each of these two 
cases and show that G = E/[2(1 + v)]. 


14-3. Determine the strain energy in the stepped 
rod assembly. Portion AB is steel and BC is 
brass. Ey, = 101 GPa, Ey = 200 GPa, (cy)p, = 410 MPa, 
(oy) = 250 MPa. 


100 mm 
eas B30 kN 


Prob. 14-3 


*14-4, Determine the torsional strain energy in the A-36 
steel shaft. The shaft has a diameter of 40 mm. 


Prob. 14-4 


e14-5. Determine the strain energy in the rod assembly. 
Portion AB is steel, BC is brass, and CD is aluminum. 
Ey = 200 GPa, E}, = 101 GPa, and E,, = 73.1 GPa. 


25mm 


20 mm SKN C 


15 mm 
2kN 
A B 


Z 2kN 
300 mm —~| 


Prob. 14-5 


3 kN 


5 kN 


400 mm 00 mm-> 


14-6. If P = 60 kN, determine the total strain energy 
stored in the truss. Each member has a cross-sectional area 
of 2.5(10°) mm? and is made of A-36 steel. 


14-7. Determine the maximum force P and_ the 
corresponding maximum total strain energy stored in the 
truss without causing any of the members to have 
permanent deformation. Each member has the cross- 
sectional area of 2.5(10°) mm? and is made of A-36 steel. 


Probs. 14—6/7 
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*14-8. Determine the torsional strain energy in the A-36 
steel shaft. The shaft has a radius of 30 mm. 


Prob. 14-8 


e14-9,. Determine the torsional strain energy in the A-36 
steel shaft. The shaft has a radius of 40 mm. 


Prob. 14-9 


14-10. Determine the torsional strain energy stored in the 
tapered rod when it is subjected to the torque T. The rod is 
made of material having a modulus of rigidity of G. 


, 
~ 


Prob. 14-10 


14-11. The shaft assembly is fixed at C. The hollow 
segment BC has an inner radius of 20 mm and outer radius 
of 40 mm, while the solid segment AB has a radius of 
20 mm. Determine the torsional strain energy stored in the 
shaft. The shaft is made of 2014-T6 aluminum alloy. The 
coupling at B is rigid. 


Prob. 14-11 


*14-12. Consider the thin-walled tube of Fig. 5-28. Use 
the formula for shear stress, Tayy = T/2tA,,, Eq. 5-18, and 
the general equation of shear strain energy, Eq. 14-11, to 
show that the twist of the tube is given by Eq. 5-20, 
Hint: Equate the work done by the torque T to the strain 
energy in the tube, determined from integrating the strain 
energy for a differential element, Fig. 14-4, over the volume 
of material. 


e14-13. Determine the ratio of shearing strain energy to 
bending strain energy for the rectangular cantilever beam 
when it is subjected to the loading shown. The beam is made 
of material having a modulus of elasticity of E and Poisson’s 
ratio of v. 


h 


Section a—a 


Prob. 14-13 
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14-14. Determine the bending strain-energy in the beam 
due to the loading shown. E/ is constant. 


: a. 
a ee ee es 


Prob. 14-14 


14-15. Determine the bending strain energy in the beam. 
ETis constant. 


Prob. 14-15 


*14-16. Determine the bending strain energy in the A-36 
structural steel W10 X 12 beam. Obtain the answer using 
the coordinates (a) x; and x4, and (b) x and x3. 


6 kip 


ae ey, 
b+ 25>| 
12 ft 7 6 ft | 


Prob. 14-16 


e14-17. Determine the bending strain energy in the A-36 
steel beam. J = 99.2 (10°) mm‘. 


- 6m >| 


Prob. 14-17 


14-18. Determine the bending strain energy in the A-36 
steel beam due to the distributed load. J = 122 (10°) mm‘. 


15kN/m 


3m | 
Prob. 14-18 
14-19. Determine the strain energy in the horizontal 


curved bar due to torsion. There is a vertical force P acting 
at its end. JG is constant. 


P 


Prob. 14-19 
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*14-20. Determine the bending strain energy in the beam 
and the axial strain energy in each of the two rods. The 
beam is made of 2014-T6 aluminum and has a square cross 
section 50 mm by 50 mm. The rods are made of A-36 steel 
and have a circular cross section with a 20-mm diameter. 


Prob. 14-20 


e14-21. The pipe lies in the horizontal plane. If it is 
subjected to a vertical force P at its end, determine the 
strain energy due to bending and torsion. Express the 
results in terms of the cross-sectional properties J and J, and 
the material properties E and G. 


Prob. 14-21 


14-22. The beam shown is tapered along its width. If a 
force P is applied to its end, determine the strain energy in 
the beam and compare this result with that of a beam that 
has a constant rectangular cross section of width b and 
height h. 


_ 


h 
je 


Prob. 14-22 


14-23. Determine the bending strain energy in the 
cantilevered beam due to a uniform load w. Solve the 
problem two ways. (a) Apply Eq. 14-17. (b) The load w dx 
acting on a segment dx of the beam is displaced a distance y, 
where y = w(—x* + 4L3x — 3L*)/(24E1), the equation of 
the elastic curve. Hence the internal strain energy in the 
differential segment dx of the beam is equal to the external 
work, ie., dU; = $(w dx)(—y). Integrate this equation to 
obtain the total strain energy in the beam. EJ is constant. 


w dx 


dx—| | x 
L 


Prob. 14-23 


*14-24. Determine the bending strain energy in the 
simply supported beam due to a uniform load w. Solve the 
problem two ways. (a) Apply Eq. 14-17. (b) The load w dx 
acting on the segment dx of the beam is displaced a distance 
y, where y = w(—x* + 2Lx3 — L3x)/(24EJ), the equation 
of the elastic curve. Hence the internal strain energy in the 
differential segment dx of the beam is equal to the external 
work, i.e., dU; = S(w dx)(—y). Integrate this equation to 
obtain the total strain energy in the beam. EJ is constant. 


Prob. 14-24 
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14.3 Conservation of Energy 


All energy methods used in mechanics are based on a balance of energy, 
often referred to as the conservation of energy. In this chapter, only 
mechanical energy will be considered in the energy balance; that is, the 
energy developed by heat, chemical reactions, and electromagnetic 
effects will be neglected. As a result, if a loading is applied s/owly to a 
body, then physically the external loads tend to deform the body so that 
the loads do external work U, as they are displaced. This external work 
on the body is transformed into internal work or strain energy U;, which 
is stored in the body. Furthermore, when the loads are removed, the 
strain energy restores the body back to its original undeformed position, 
provided the material’s elastic limit is not exceeded. The conservation of 
energy for the body can therefore be stated mathematically as 


o, = Oh (14-23) 


We will now show three examples of how this equation can be applied 
to determine the displacement of a point on a deformable member or 
structure. As the first example, consider the truss in Fig. 14-18 subjected 
to the load P. Provided P is applied gradually, the external work done 
by P is determined from Eq. 14~2, that is, U, = SPA, where A is the 
vertical displacement of the truss at the joint where P is applied. 
Assuming that P develops an axial force N in a particular member, the 
strain energy stored in this member is determined from Eq. 14-16, that is, 
U; = N*L/2AE. Summing the strain energies for all the members of the 
truss, we can write Eq. 14—23 as 


1 N7L 
PA= 
2 > 2AE 


(14-24) 


Once the internal forces (N) in all the members of the truss are 
determined and the terms on the right calculated, it is then possible to 
determine the unknown displacement A. 


Fig. 14-18 
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xh A 
Fig. 14-19 
My 
0 
Fig. 14-20 


As a second example, consider finding the vertical displacement A 
under the load P acting on the beam in Fig. 14-19. Again, the external 
work is U, = SPA. In this case the strain energy is the result of internal 
shear and moment loadings caused by P. In particular, the contribution 
of strain energy due to shear is generally neglected in most beam 
deflection problems unless the beam is short and supports a very large 
load. (See Example 14.4.) Consequently, the beam’s strain energy will be 
determined only by the internal bending moment M, and therefore, 
using Eq. 14-17, Eq. 14-23 can be written symbolically as 


- v2 


5] 1 = 
d pPA= | opp ax (14-25) 


Once M is expressed as a function of position x and the integral is 
evaluated, A can then be determined. 

As a last example, we will consider a beam loaded by a couple moment 
My as shown in Fig. 14-20. This moment causes the rotational 
displacement 6 at the point of application of the couple moment. Since 
the couple moment only does work when it rotates, using Eq. 14-5, the 
external work is U, = 5M,0. Therefore Eq. 14-23 becomes 


M0 = dx (14-26) 


Here the strain energy is the result of the internal bending moment 
M caused by application of the couple moment My. Once M has been 
expressed as a function of x and the strain energy evaluated, then 6 
which measures the slope of the elastic curve can be determined. 

In each of the above examples, it should be noted that application of 
Eq. 14-23 is quite limited, because only a single external force or couple 
moment must act on the member or structure. Also, the displacement 
can only be calculated at the point and in the direction of the external 
force or couple moment. If more than one external force or couple 
moment were applied, then the external work of each loading would 
involve its associated unknown displacement. As a result, all these 
unknown displacements could not be determined, since only the single 
Eq. 14-23 is available for the solution. Although application of the 
conservation of energy as described here has these restrictions, it does 
serve as an introduction to more general energy methods, which we will 
consider throughout the rest of this chapter. 


14.3. CONSERVATION OF ENERGY 


EXAMPLE |14.6 


The three-bar truss in Fig. 14-214 is subjected to a horizontal force of 
5 kip. If the cross-sectional area of each member is 0.20 in’, determine 
the horizontal displacement at point B. E = 29(10%) ksi. 


5.77 kip 


5 kip 
30°7 
—_—_ > 


ro) a y G 
60° Nec=5.77kip No =5 kip 


Nap = 2.89 kip 
(b) 
Fig. 14-21 


SOLUTION 
We can apply the conservation of energy to solve this problem 
because only a single external force acts on the truss and the required 
displacement happens to be in the same direction as the force. 
Furthermore, the reactive forces on the truss do no work since they 
are not displaced. 
Using the method of joints, the force in each member is determined 
as shown on the free-body diagrams of the pins at B and C, Fig. 14-21b. 
Applying Eq. 14-24, we have 
1 NE 
2 —— 2AE 


ee _ (2.89 kip)*(2 ft) (—5.77 kip)?(4 ft) 
rcs kip)(Ag)n DAE ate DAE 


. (5 kip)?(3.46 ft) 
2AE 


47.32 kip - ft 
A = ee 
(Asi AE 


Notice that since N is squared, it does not matter if a particular 
member is in tension or compression. Substituting in the numerical 
data for A and E and solving, we get 


47.32 kip - ft(12 in./ft) 
(0.2 in?)[29(10%) kip/in?] 
= 0.0979 in. > 


B)h — 
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EXAMPLE | 14.7 


(b) 
Fig. 14-22 


The cantilevered beam in Fig. 14~-22a has a rectangular cross section 
and is subjected to a load P at its end. Determine the displacement of 
the load. E/ is constant. 


SOLUTION 
The internal shear and moment in the beam as a function of x are 
determined using the method of sections, Fig. 14—22b. 

When applying Eq. 14-23 we will consider the strain energy due to 
both shear and bending. Using Eqs. 14-19 and 14-17, we have 


eds n © M? dx 


veoG? ‘a DET 
6 


: (ease : — Bates 
0 0 


1 
PA= 
2; 


2GA 2EI 5GA GET © 


The first term on the right side of this equation represents the strain 
energy due to shear, while the second is the strain energy due to 
bending. As stated in Example 14.4, for most beams the shear strain 
energy is much smaller than the bending strain energy. To show when 
this is the case for the beam in Figure 14—22a, we require 


Swe Dupe bibs 
5GA  6EI 
Pl Z Pe 
5 G(bh) — 6E[75(bh') | 
Bee 
5G ER 
Since E =< 3G (see Example 14.4), then 


L 2) 
0.9 <|{— 
i) 


Hence if L is relatively long compared with h, the beam becomes 
slender and the shear strain energy can be neglected. In other words, 
the shear strain energy becomes important only for short, deep beams. 
For example, beams for which L = 5h have approximately 28 times 
more bending strain energy than shear strain energy, so neglecting the 
shear strain energy represents an error of about 3.6%. With this in 
mind, Eq. 1 can be simplified to 


ey ee, 
6EI 


so that 
ee 
- 3EI 


i PROBLEMS 


14.3. CONSERVATION OF ENERGY 737 


¢14-25. Determine the horizontal displacement of joint A. 
Each bar is made of A-36 steel and has a cross-sectional 
area of 1.5 in’. 


Prob. 14-25 


14-26. Determine the horizontal displacement of joint C. 
AE is constant. 


Prob. 14-26 


14-27. Determine the vertical displacement of joint C. AE 
is constant. 


Prob. 14-27 


*14-28. Determine the horizontal displacement of joint D. 
AE is constant. 


D Cc 


} 0.8L - 


Prob. 14-28 


¢14-29. The cantilevered beam is subjected to a couple 
moment My applied at its end. Determine the slope of the 
beam at B. EJ is constant. 


Ee 
i L | 


Prob. 14-29 


14-30. Determine the vertical displacement of point C of 
the simply supported 6061-T6 aluminum beam. Consider 
both shearing and bending strain energy. 


100 kip 


{ 


Prob. 14-30 


Section a—a 
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14-31. Determine the slope at the end B of the A-36 steel 
beam. J = 80(10°) mm‘. 


6kN-m 
as Cl l] UE™M 
1 — 
= b 8m : 
Prob. 14-31 


*14-32. Determine the deflection of the beam at its center 
caused by shear. The shear modulus is G. 


Prob. 14-32 


e14-33. The A-36 steel bars are pin connected at B and C. 
If they each have a diameter of 30 mm, determine the slope 


at E. 


300 N-m 


Prob. 14-33 


14-34. The A-36 steel bars are pin connected at B. If 
each has a square cross section, determine the vertical 


displacement at B. 


800 Ib 


LI 4 


} 2 in. 


} 8 ft Lae 10 ft -| 
Prob. 14-34 


14-35. Determine the displacement of point B on the 
A-36 steel beam. J = 80(10°) mm‘. 


Prob. 14-35 


*14-36. The rod has a circular cross section with a moment 
of inertia J. If a vertical force P is applied at A, determine 
the vertical displacement at this point. Only consider the 
strain energy due to bending. The modulus of elasticity is E. 


Prob. 14-36 


°14-37. The load P causes the open coils of the spring to 
make an angle 6 with the horizontal when the spring is 
stretched. Show that for this position this causes a torque 
T = PRcos @ and a bending moment M = PRsin @ at the 
cross section. Use these results to determine the maximum 
normal stress in the material. 


14-38. The coiled spring has n coils and is made from a 
material having a shear modulus G. Determine the stretch 
of the spring when it is subjected to the load P. Assume that 
the coils are close to each other so that 6 ~ 0° and the 
deflection is caused entirely by the torsional stress in the coil. 


Probs. 14—37/38 


14-39. The pipe assembly is fixed at A. Determine 
the vertical displacement of end C of the assembly. The 
pipe has an inner diameter of 40 mm and outer diameter 
of 60 mm and is made of A-36 steel. Neglect the shearing 
strain energy. 


Prob. 14-39 
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*14-40. The rod has a circular cross section with a polar 
moment of inertia J and moment of inertia J. If a vertical 
force P is applied at A, determine the vertical displacement 
at this point. Consider the strain energy due to bending and 
torsion. The material constants are FE and G. 


Prob. 14-40 


e14-41. Determine the vertical displacement of end B of 
the frame. Consider only bending strain energy. The frame 
is made using two A-36 steel W460 x 68 wide-flange 
sections. 


Prob. 14-41 
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aT 


Fig. 14-23 


This crash barrier is designed to absorb 
the impact energy of moving vehicles. 


14.4 Impact Loading 


Throughout this text we have considered all loadings to be applied to a 
body in a gradual manner, such that when they reach a maximum value the 
body remains static. Some loadings, however, are dynamic; that is, they 
vary with time. A typical example would be caused by the collision of 
objects. This is called an impact loading. Specifically, impact occurs when 
one object strikes another, such that large forces are developed between 
the objects during a very short period of time. 

If we assume no energy is lost during impact, due to heat, sound or 
localized plastic deformations, then we can study the mechanics of impact 
using the conservation of energy. To show how this is done, we will first 
analyze the motion of a simple block-and-spring system as shown in 
Fig. 14-23. When the block is released from rest, it falls a distance h, 
striking the spring and compressing it a distance A,,,, before momentarily 
coming to rest. If we neglect the mass of the spring and assume that the 
spring responds elastically, then the conservation of energy requires that 
the energy of the falling block be transformed into stored (strain) energy 
in the spring; or in other words, the work done by the block’s weight, 
falling h + A,,,x, iS equal to the work needed to displace the end of the 
spring by an amount A,,,,,. Since the force in a spring is related to Aj, by 
the equation F = kA,,,,, where k is the spring stiffness, then applying the 
conservation of energy and Eq. 14-2, we have 


U, = U; 


1 
W(h + Mens) = 5 (KAmax) Di riige 


1 
W(h + Anmax) = 7k Aimax (14-27) 


Me ~ a Anes > (en =0 


This quadratic equation may be solved for A,,,,. The maximum root is 


4 w\ Ww 
Amax = M(% (En 


If the weight W is supported statically by the spring, then the top 
displacement of the spring is Ay, = W/k. Using this simplification, 
the above equation becomes 


Bix = Be + V (Ag)? + 2Agh 


Amax = sal 1 +4/1+ {#) (14-28) 


or 


Once Ajax is calculated, the maximum force applied to the spring can 
be determined from 


FP rao = KA max (14-29) 


It should be realized, however, that this force and associated 
displacement occur only at an instant. Provided the block does not 
rebound off the spring, it will continue to vibrate until the motion 
dampens out and the block assumes the static position, A,,. Note also 
that if the block is held just above the spring, h = 0, and released, then, 
from Eq. 14-28, the maximum displacement of the block is 


Bae = 2Ag 


In other words, when the block is released from the top of the spring 
(a dynamic load), the displacement is twice what it would be if it were set 
on the spring (a static load). 

Using a similar analysis, it is also possible to determine the maximum 
displacement of the end of the spring if the block is sliding on a smooth 
horizontal surface with a known velocity v just before it collides with the 
spring, Fig. 14-24. Here the block’s kinetic energy,* 5(W/g)v, will be 
transformed into stored energy in the spring. Hence, 


U, = U; 
1/w\,_1 
=({ — }y? = —k A? 
2 ( g )e 5) max 
Ww 
Amax = a a (14-30) 


Since the static displacement at the top of the spring caused by the 
weight W resting on it is Ay, = W/k, then 


Aw 
ee (14-31) 
g 


The results of this simplified analysis can be used to determine both the 
approximate deflection and the stress developed in a deformable member 
when it is subjected to impact. To do this we must make the necessary 
assumptions regarding the collision, so that the behavior of the colliding 
bodies is similar to the response of the block-and-spring models discussed 
above. Hence we will consider the moving body to be rigid like the block 
and the stationary body to be deformable like the spring. Also, it is assumed 
that the material behaves in a linear-elastic manner. When collision occurs, 
the bodies remain in contact until the elastic body reaches its maximum 
deformation, and during the motion the inertia or mass of the elastic body is 
neglected. Realize that each of these assumptions will lead to a conservative 
estimate of both the maximum stress and deflection of the elastic body. In 
other words, their values will be larger than those that actually occur. 


*Recall from physics that kinetic energy is “energy of motion.” For the translation of a 
body it is determined from Sm, where m is the body’s mass, m = W/g. 


14.4 
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Fig. 14-24 
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Fig. 14-25 


The members of this crash guard must be 
designed to resist a prescribed impact loading 
in order to arrest the motion of a rail car. 


A few examples of when this theory can be applied are shown in 
Fig. 14-25. Here a block of known weight is dropped onto a post and a 
beam, causing them to deform a maximum amount A,,,,. The energy of 
the falling block is transformed momentarily into axial strain energy in 
the post and bending strain energy in the beam.* In order to determine 
the deformation A,,,,, we could use the same approach as for the 
block-spring system, and that is to write the conservation-of-energy 
equation for the block and post or block and beam, and then solve for 
Amax: However, we can also solve these problems in a more direct 
manner by modeling the post and beam by an equivalent spring. For 
example, if a force P displaces the top of the post A = PL/AE, then a 
spring having a stiffness k = AE/L would be displaced the same amount 
by P, that is, A = P/k. In a similar manner, from Appendix C, a force P 
applied to the center of a simply supported beam displaces the center 
A = PL3/48EI, and therefore an equivalent spring would have a 
stiffness of k = 48EI/L*. It is not necessary, however, to actually find the 
equivalent spring stiffness to apply Eq. 14—28 or 14-30. All that is needed 
to determine the dynamic displacement, A,,,,, is to calculate the static 
displacement, A,,, due to the weight P,, = W of the block resting on the 
member. 

Once A,,,x is determined, the maximum dynamic force can then be 
calculated from Py4, = KAmax- If we consider P,,,, to be an equivalent 
static load then the maximum stress in the member can be determined 
using statics and the theory of mechanics of materials. Recall that this 
stress acts only for an instant. In reality, vibrational waves pass through 
the material, and the stress in the post or the beam, for example, does not 
remain constant. 

The ratio of the equivalent static load P,,,, to the static load Py, = W 
is called the impact factor, n. Since Pa, = kKAwax and Py = kAy, then 
from Eq. 14-28, we can express it as 


n=1+ 1+ 4) (14-32) 


This factor represents the magnification of a statically applied load so 
that it can be treated dynamically. Using Eq. 14-32, n can be calculated 
for any member that has a linear relationship between load and 
deflection. For a complicated system of connected members, however, 
impact factors are determined from experience and experimental 
testing. Once n is determined, the dynamic stress and deflection at the 
point of impact are easily found from the static stress o,, and static 
deflection A, caused by the load W, that is, o,,, = noy and 
Bee = nk y. 


«Strain energy due to shear is neglected for reasons discussed in Example 14.4. 


14.4 IMPACT LOADING 


Important Points 


© Impact occurs when a large force is developed between two 
objects which strike one another during a short period of time. 


We can analyze the effects of impact by assuming the moving 
body is rigid, the material of the stationary body is linear elastic, 
no energy is lost during collision, the bodies remain in contact 
during collision, and the inertia of the elastic body is neglected. 


The dynamic load on a body can be determined by multiplying 
the static load by an impact factor. 


EXAMPLE | 14.8 


The aluminum pipe shown in Fig. 14~26 is used to support a load of 
150 kip. Determine the maximum displacement at the top of the pipe 
if the load is (a) applied gradually, and (b) applied by suddenly 
releasing it from the top of the pipe when h=0. Take 
E. = 10(10°) ksi and assume that the aluminum behaves elastically. 


SOLUTION 


Part (a). When the load is applied gradually, the work done by the 
weight is transformed into elastic strain energy in the pipe. Applying 
the conservation of energy, we have 


U, = U; 
(a neee 
WL 150 kip(12 in.) 
AE x{(3in.)2 — (2.5 in.)2]10(10°) kip/in 
= 0.02083 in. = 0.0208 in. 
Part (b). Here Eq. 14-28 can be applied, with h = 0. Hence, 


| h 
pe bal 1 1 (2) 


= 2A, = 2(0.02083 in.) Fig. 14-26 
= 0.0417 in. Ans. 


Hence, the displacement of the weight when applied dynamically is 
twice as great as when the load is applied statically. In other words, the 
impact factor isn = 2, Eq. 14-32. 


Ag = 
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EXAMPLE |14.9 


Fig. 14-27 


The A-36 steel beam shown in Fig. 14-27a is a W10 X 39. Determine 
the maximum bending stress in the beam and the beam’s maximum 
deflection if the weight W = 1.50 kip is dropped from a height h = 2 in. 
onto the beam. E,, = 29(10°) ksi. 


SOLUTION | 
We will apply Eq. 14-28. First, however, we must calculate A,,. Using 
the table in Appendix C, and the data in Appendix B for the 
properties of a W10 X 39, we have 

WL? (1.50 kip)(16 ft)°(12 in./ft)? 
~ 48EI —— 48[29(10°) ksi](209 in*) 


h 
Amax = Ag| 1 + 4/1 + 2[ — 
max ‘| (4) 


2 in. 
= 0.03649 in.} 1 + + 2( ———— } | = 0.420in. Ans. 
0.03649 in [ aD (Ge) 0.420 in. Ans: 


The equivalent static load that causes this displacement is therefore 
3) kei +4 

Pie esa ee = ee eee = ) (0.420 in.) = 17.3 kip 

£ (16 ft)’ (12 in./ft) 

The internal moment caused by this load is maximum at the center 
of the beam, such that by the method of sections, Fig. 14-27), 
Mimax = Pmax/4. Applying the flexure formula to determine the 
bending stress, we have 

MinG  Pmaglie  I2E AW e 
eS Se eS ae 
12[29(107) kip/in?](0.420 in.) (9.92 in./2) 


(16 ft)*(12 in./ft)? 


Ast = 0.03649 in. 


= 19.7 ksi Ans. 


SOLUTION II 

It is also possible to obtain the dynamic or maximum deflection 
Amax ftom first principles. The external work of the falling weight 
W is U.=W(h+ Ajax). Since the beam deflects A,,,,, and 
Pine = 48274, 2) > then 


(Gh = U; 
1 [ 48ET A max 
Wh AP Ronas) a [ies | DN rag 
1[ 48[29(10°) kip/in’]209 in* ] 
2 (16 ft)>(12 in./ft)? ae 


(1.50 kip)(2 in. + Amax) = 


20.55 Az. — 1.50A max — 3.00 = 0 
Solving and choosing the positive root yields 
Amax = 0.420 in. 


EXAMPLE |14.10 


A railroad car that is assumed to be rigid and has a mass of 80 Mg is 
moving forward at a speed of v = 0.2 m/s when it strikes a steel 
200-mm by 200-mm post at A, Fig. 14—28a. If the post is fixed to the 
ground at C, determine the maximum horizontal displacement of its 
top B due to the impact. Take E,, = 200 GPa. 


SOLUTION 
Here the kinetic energy of the railroad car is transformed into internal 
bending strain energy only for region AC of the post. (Region BA is 
not subjected to an internal loading.) Assuming that point A is 
displaced (A 4) max, then the force P,,,, that causes this displacement 
can be determined from the table in Appendix C. We have 

3EI ( DN ern 


max — 3 
Lac 


Substituting in the numerical data yields 


ee Ee m/s)?(1.5 m)> 
“er N35900(10°) N/m2][35(0.2 m)*] 


= 0.01162 m = 11.62 mm 


Using Eq. 1, the force P,,,, is therefore 


3[200(10°) N/m?]] (0.2 m)*](0.01162 m) 
(1.5 m)? 


= 275.4 kN 


With reference to Fig. 14-28b, segment AB of the post remains 
straight. To determine the maximum displacement at B, we must first 
determine the slope at A. Using the appropriate formula from the 
table in Appendix C to determine 0,, we have 


Paslke 2400 VN (Sm): 


= 0.01162 rad 
2EI 2[200(10°) N/m?]] (0.2 m)‘] 


04 


The maximum displacement at B is thus 


(Ae) mex = (ANA) meee ar O4L AB 
= 11.62 mm + (0.01162 rad) 1(10°) mm = 23.2mm_— Ans. 
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em 


VfB 


Fig. 14-28 
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E [PROBLEMS 


14-42. A bar is 4m long and has a diameter of 30 mm. If it 
is to be used to absorb energy in tension from an impact 
loading, determine the total amount of elastic energy that it 
can absorb if (a) it is made of steel for which 
Ey = 200 GPa, oy = 800 MPa, and (b) it is made from an 
aluminum alloy for which F,,; = 70 GPa, oy = 405 MPa. 


14-43. Determine the diameter of a red brass C83400 bar 
that is 8 ft long if it is to be used to absorb 800 ft-lb of 
energy in tension from an impact loading. No yielding occurs. 


*14-44, A steel cable having a diameter of 0.4 in. wraps 
over a drum and is used to lower an elevator having a weight 
of 800 Ib. The elevator is 150 ft below the drum and is 
descending at the constant rate of 2 ft/s when the drum 
suddenly stops. Determine the maximum stress developed in 
the cable when this occurs. Ey = 29(107) ksi, oy = 50 ksi. 


150 ft 


Prob. 14-44 


e14-45. The composite aluminum bar is made from two 
segments having diameters of 5 mm and 10 mm. Determine 
the maximum axial stress developed in the bar if the 5-kg 
collar is dropped from a height of A = 100 mm. 
E. = 70 GPa, oy = 410 MPa. 


Prob. 14-45 


14-46. The composite aluminum bar is made from two 
segments having diameters of 5 mm and 10 mm. Determine 
the maximum height 4 from which the 5-kg collar should 
be dropped so that it produces a maximum axial stress in the 
bar of Omax = 300 MPa, EF, = 70 GPa, oy = 410 MPa. 


Prob. 14—46 


14-47. The 5-kg block is traveling with the speed of 
v =4m/s just before it strikes the 6061-T6 aluminum 
stepped cylinder. Determine the maximum normal stress 
developed in the cylinder. 


*14-48. Determine the maximum speed v of the 5-kg 
block without causing the 6061-T6 aluminum stepped 
cylinder to yield after it is struck by the block. 


t 300 mm—_| 
C 


Probs. 14—47/48 


°14-49. The steel beam AB acts to stop the oncoming 
railroad car, which has a mass of 10 Mg and is coasting 
towards it at v = 0.5 m/s. Determine the maximum stress 
developed in the beam if it is struck at its center by the 
car. The beam is simply supported and only horizontal 
forces occur at A and B. Assume that the railroad car 
and the supporting framework for the beam remains rigid. 
Also, compute the maximum deflection of the beam. 
Ey = 200 GPa,oy = 250 MPa. 


200 oe 
ma OS mis wm 


int—: 
Prob. 14—49 


14-50. The aluminum bar assembly is made from two 
segments having diameters of 40 mm and 20 mm. 
Determine the maximum axial stress developed in the bar if 
the 10-kg collar is dropped from a height of h = 150 mm. 
Take E,, = 70 GPa, oy = 410 MPa. 
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14-51. The aluminum bar assembly is made from two 
segments having diameters of 40 mm and 20 mm. 
Determine the maximum height 4 from which the 60-kg 
collar can be dropped so that it will not cause the bar to 
yield. Take E,,; = 70 GPa, oy = 410 MPa. 


Probs. 14—50/51 


*14-52. The 50-lb weight is falling at 3 ft/s at the instant it 
is 2 ft above the spring and post assembly. Determine the 
maximum stress in the post if the spring has a stiffness of 
k = 200 kip/in. The post has a diameter of 3 in. and a 
modulus of elasticity of E = 6.80(10°) ksi. Assume the 
material will not yield. 


21 


Prob. 14-52 
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e14-53. The 50-kg block is dropped from h = 600 mm 
onto the bronze C86100 tube. Determine the minimum 
length L the tube can have without causing the tube to yield. 


14-54. The 50-kg block is dropped from h = 600 mm 


onto the bronze C86100 tube. If L = 900 mm, determine 
the maximum normal stress developed in the tube. 


Section a-—a 


Probs. 14—53/54 


14-55. The steel chisel has a diameter of 0.5 in. and a 
length of 10 in. It is struck by a hammer that weighs 3 Ib, and 
at the instant of impact it is moving at 12 ft/s. Determine 
the maximum compressive stress in the chisel, assuming 
that 80% of the impacting energy goes into the chisel. 
Eg = 29(10°) ksi, oy = 100 ksi. 


Prob. 14-55 


*14-56. The sack of cement has a weight of 90 Ib. If it is 
dropped from rest at a height of h = 4 ft onto the center of 
the W10 X 39 structural steel A-36 beam, determine the 
maximum bending stress developed in the beam due to the 
impact. Also, what is the impact factor? 


e14-57. The sack of cement has a weight of 90 lb. 
Determine the maximum height h from which it can be 
dropped from rest onto the center of the W10 x 39 
structural steel A-36 beam so that the maximum bending 
stress due to impact does not exceed 30 ksi. 


. 12 ft | 12 ft 


Probs. 14—56/57 


14-58. The tugboat has a weight of 120 000 lb and is 
traveling forward at 2 ft/s when it strikes the 12-in.-diameter 
fender post AB used to protect a bridge pier. If the post is 
made from treated white spruce and is assumed fixed at the 
river bed, determine the maximum horizontal distance 
the top of the post will move due to the impact. Assume 
the tugboat is rigid and neglect the effect of the water. 


Prob. 14-58 


14-59. The wide-flange beam has a length of 2L, a depth 
2c, and a constant EJ. Determine the maximum height h 
at which a weight W can be dropped on its end without 
exceeding a maximum elastic stress 0 max In the beam. 


w 
| 
h 
| 

A | 2c 
@ _—o 
|. L -- L | 
Prob. 14-59 


*14-60. The 50-kg block C is dropped from h = 1.5m 
onto the simply supported beam. If the beam is an A-36 
steel W250 X 45 wide-flange section, determine the 
maximum bending stress developed in the beam. 


e14-61. Determine the maximum height / from which the 
50-kg block C can be dropped without causing yielding in 
the A-36 steel W310 x 39 wide flange section when the 
block strikes the beam. 


Probs. 14—60/61 


14-62. The diver weighs 150 Ib and, while holding himself 
rigid, strikes the end of a wooden diving board (4 = 0) with 
a downward velocity of 4 ft/s. Determine the maximum 
bending stress developed in the board. The board has a 
thickness of 1.5 in. and width of 1.5 ft. Ey = 1.8(10°) ksi, 
oy = 8 ksi. 
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14-63. The diver weighs 150 Ib and, while holding himself 
rigid, strikes the end of the wooden diving board. 
Determine the maximum height / from which he can jump 
onto the board so that the maximum bending stress in the 
wood does not exceed 6 ksi. The board has a thickness of 
1.5 in. and width of 1.5 ft. E,, = 1.8(10°) ksi. 


Probs. 14-62/63 


*14-64. The weight of 175 lb is dropped from a height of 
4 ft from the top of the A-36 steel beam. Determine the 
maximum deflection and maximum stress in the beam if the 
supporting springs at A and B each have a stiffness of 
k = 500 Ib/in. The beam is 3 in. thick and 4 in. wide. 


¢14-65. The weight of 175 Ib, is dropped from a height of 
4 ft from the top of the A-36 steel beam. Determine the load 
factor n if the supporting springs at A and B each have a 
stiffness of k = 300 Ib/in. The beam is 3 in. thick and 4 in. 
wide. 


[| 


4 ft 
B [| +3 in 
k kk FO 
4 in. 
8 ft -- 8 ft 
Probs. 14-64/65 
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14-66. Block C of mass 50 kg is dropped from height 
h=0.9m onto the spring of stiffness k = 150 kN/m 
mounted on the end B of the 6061-T6 aluminum cantilever 
beam. Determine the maximum bending stress developed 
in the beam. 


14-67. Determine the maximum height 4 from which 
200-kg block C can be dropped without causing the 6061-T6 
aluminum cantilever beam to yield. The spring mounted on 
the end B of the beam has a stiffness of k = 150 kN/m. 


LC 
Ft 
h 
Ne 
—a i 
I 100 mm 
ak 
A a 
ice 
3m -| Section a—a 
Probs. 14-66/67 


*14-68. The 2014-T6 aluminum bar AB can slide freely 
along the guides mounted on the rigid crash barrier. If the 
railcar of mass 10 Mg is traveling with a speed of 
v =1.5 m/s, determine the maximum bending stress 
developed in the bar. The springs at A and B have a stiffness 
of k = 15 MN/m. 


e14-69. The 2014-T6 aluminum bar AB can slide freely 
along the guides mounted on the rigid crash barrier. 
Determine the maximum speed v the 10-Mg railcar without 
causing the bar to yield when it is struck by the railcar. The 
springs at A and B have a stiffness of k = 15 MN/m. 


300 mm 


300 mm 


|<—>| 


r 400 mm 


Probs. 14—68/69 


Section a—a 


14-70. The simply supported W10 x 15 structural A-36 
steel beam lies in the horizontal plane and acts as a shock 
absorber for the 500-Ib block which is traveling toward it at 
5 ft/s. Determine the maximum deflection of the beam and 
the maximum stress in the beam during the impact. The 
spring has a stiffness of k = 1000 Ib/in. 


12 ft 


12 ft 


Prob. 14-70 


14-71. The car bumper is made of polycarbonate- 
polybutylene terephthalate. If E = 2.0 GPa, determine the 
maximum deflection and maximum stress in the bumper if it 
strikes the rigid post when the car is coasting at v = 0.75 m/s. 
The car has a mass of 1.80 Mg, and the bumper can 
be considered simply supported on two spring supports 
connected to the rigid frame of the car. For the bumper 
take J = 300(10°) mm‘, c = 75 mm, oy = 30 MPa and 
k = 1.55 MN/m. 


0.75 m/s 


Prob. 14-71 


14.5 


*14.5 Principle of Virtual Work 


The principle of virtual work was developed by John Bernoulli in 1717, 
and like other energy methods of analysis, it is based on the conservation 
of energy. Although the principle of virtual work has many applications 
in mechanics, in this text we will use it to obtain the displacement and 
slope at a point on a deformable body. 

To do this, we will consider the body to be of arbitrary shape as shown 
in Fig. 14-295, and to be subjected to the “real loads” P,, Pz, and P3. It is 
assumed that these loads cause no movement of the supports; however, 
in general they can strain the material beyond the elastic limit. Suppose 
that it is necessary to determine the displacement A of point A on the 
body. Since there is no force acting at A, then A will not be included as an 
external “work term” in the equation when the conservation of energy 
principle is applied to the body. In order to get around this limitation, we 
will place an imaginary or “virtual” force P’ on the body at point A, such 
that P’ acts in the same direction as A. Furthermore, this load is applied to 
the body before the real loads are applied, Fig. 14-29a. For convenience, 
which will be made clear later, we will choose P’ to have a “unit” 
magnitude; that is, P’ = 1. It is to be emphasized that the term “virtual” 
is used to describe this load because it is imaginary and does not actually 
exist as part of the real loading. 

This external virtual load, however, does create an internal virtual load 
u in a representative element or fiber of the body, as shown in 
Fig. 14-29a. As expected, P’ and u can be related by the equations of 
equilibrium. Also, because of P’ and u, the body and the element will 
each undergo a virtual (imaginary) displacement, although we will not be 


P'=1 


Application of virtual unit load Application of real loads 
(a) 


Fig. 14-29 
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concerned with their magnitudes. Once the virtual load is applied and 
then the body is subjected to the real loads P,, P,, and P3, point A will be 
displaced a real amount A, which causes the element to be displaced dL, 
Fig. 14-29b. As a result, the external virtual force P’ and internal virtual 
load u “ride along” or are displaced by A and dL, respectively. 
Consequently these loads perform external virtual work 1-A on the 
body and internal virtual work u- dL on the element. Considering only 
the conservation of virtual energy, the external virtual work is then equal 
to the internal virtual work done on all the elements of the body. 
Therefore, we can write the virtual-work equation as 


virtual loadings 
1-A = dSu-dh (14-34) 
|__| 


real displacements 


P' = 1 = external virtual unit load acting in the direction of A 
u = internal virtual load acting on the element 
A = external displacement caused by the real loads 


dL = internal displacement of the element in the direction of u, 
caused by the real loads 


By choosing P’ = 1, it can be seen that the solution for A follows 
directly, since A = Yu dL. 


Application of virtual unit 


couple moment Application of real loads 


(a) (b) 


Fig. 14-30 
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In a similar manner, if the angular displacement or slope of the 
tangent at a point on the body is to be determined at A, Fig. 14-305, then 
a virtual couple moment M', having a “unit” magnitude, is applied at the 
point, Fig. 14-30a. As a result, this couple moment causes a virtual load 
Ug in one of the elements of the body. Assuming the real loads P,, P., P3 
deform the element an amount dL, the angular displacement @ can be 
found from the virtual-work equation 


virtual loadings 


-— 4 


1-6 = Sug dL (14-35) 


real displacements 


Here 


M' = 1 = external virtual unit couple moment acting in the 
direction of 6 


Ug = internal virtual load acting on an element 


6 = external angular displacement in radians caused 
by the real loads 


dL = internal displacement of the element in the direction 
of ug, caused by the real loads 


This method for applying the principle of virtual work is often referred 
to as the method of virtual forces, since a virtual force is applied, resulting 
in a determination of an external real displacement. The equation of 
virtual work in this case represents a statement of compatibility 
requirements for the body. Although it is not important here, realize that 
we can also apply the principle of virtual work as a method of virtual 
displacements. In this case, virtual displacements are imposed on the body 
when the body is subjected to real loadings. This method can be used to 
determine the external reactive force on the body or an unknown internal 
loading. When it is used in this manner, the equation of virtual work is a 
statement of the equilibrium requirements for the body.* 


Internal Virtual Work. The terms on the right side of Eqs. 14-34 
and 14-35 represent the internal virtual work developed in the body. The 
real internal displacements dL in these terms can be produced in several 
different ways. For example, these displacements may result from 
geometric fabrication errors, from a change in temperature, or more 
commonly from stress. In particular, no restriction has been placed on 
the magnitude of the external loading, so the stress may be large enough 
to cause yielding or even strain hardening of the material. 


*See Engineering Mechanics: Statics, 12th edition, R.C. Hibbeler, Prentice Hall, Inc., 
2009. 
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TABLE 14-1 


Deformation Strain Internal 
caused by energy virtual work 
ub # 
Axial load N N- ese nN 
2EA mae 
WAG “fo 
Shear V a al sU d 
NOGA” 2 wAnGA ce 
ie 
Bending moment M [ee mf mM jy 
2EI * |) El 
me 2 
Torsional moment T a (Ee cla, 
,7Gr 2 


If we assume that the material behavior is linear elastic and the stress 
does not exceed the proportional limit, we can then formulate the 
expressions for internal virtual work caused by stress using the equations 
of elastic strain energy developed in Sec. 14.2. They are listed in the 
center column of Table 14-1. Recall that each of these expressions 
assumes that the internal loading N, V, M, or T was applied gradually 
from zero to its full value. As a result, the work done by these resultants 
is shown in these expressions as one-half the product of the internal 
loading and its displacement. In the case of the virtual-force method, 
however, the “full” virtual internal loading is applied before the real 
loads cause displacements, and therefore the work of the virtual loading 
is simply the product of the virtual load and its real displacement. 
Referring to these internal virtual loadings (wu) by the corresponding 
lowercase symbols n, v, m, and ¢, the virtual work due to axial load, shear, 
bending moment, and torsional moment is listed in the right-hand 
column of Table 14-1. Using these results, the virtual-work equation for 
a body subjected to a general loading can therefore be written as 


nN mM fer dx 
-A= | —-dx + | ——dx + = 
1-A i ral / EI dx + fz dx (14-36) 


In the following sections we will apply the above equation to problems 
involving the displacement of joints on trusses, and points on beams and 
mechanical elements. We will also include a discussion of how to handle 
the effects of fabrication errors and differential temperature. For 
application it is important that a consistent set of units be used for all the 
terms. For example, if the real loads are expressed in kilonewtons and the 
body’s dimensions are in meters, a 1-kN virtual force or 1-kN-m virtual 
couple should be applied to the body. By doing so a calculated 
displacement A will be in meters, and a calculated slope will be in radians. 
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*14.6 Method of Virtual Forces 
Applied to Trusses 


In this section, we will apply the method of virtual forces to determine 
the displacement of a truss joint. To illustrate the principles, the vertical 
displacement of joint A of the truss shown in Fig. 14-31b will be 
determined. To do this, we must place a virtual unit force at this joint, 
Fig. 14-31a, so that when the real loads P; and P, are applied to the truss, 
they cause the external virtual work 1 - A. The internal virtual work in each 
member is nAL. Since each member has a constant cross-sectional area A, 
and n and N are constant throughout the member’s length, then from 
Table 14-1, the internal virtual work for each member is 


‘nN | nNL 
LL 
) AE AE 


Therefore, the virtual-work equation for the entire truss is 


NL 
1-A = ee (14-37) 


Here 
1 = external virtual unit load acting on the truss joint in the 
direction of A 
A = joint displacement caused by the real loads on the truss 


n = internal virtual force in a truss member caused by the external 
virtual unit load 


N = internal force in a truss member caused by the real loads 
L = length of a member 
A = cross-sectional area of a member 


E = modulus of elasticity of a member 


Application of virtual unit load Application of real loads 
(a) (b) 
Fig. 14-31 
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Temperature Change. Truss members can change their length 
due to a change in temperature. If a is the coefficient of thermal 
expansion for a member and AT is the change in temperature, the 
change in length of a member is AL = a ATL (Eq. 4-4). Hence, we can 
determine the displacement of a selected truss joint due to this 
temperature change from Eq. 14-34, written as 


1-A = Sna ATL (14-38) 


Here 
1 = external virtual unit load acting on the truss joint in the 
direction of A 
A = joint displacement caused by the temperature change 


n = internal virtual force in a truss member caused by the external 
virtual unit load 


a = coefficient of thermal expansion of material 
AT = change in temperature of member 


L = length of member 


Fabrication Errors. Occasionally errors in fabricating the lengths 
of the members of a truss may occur. If this happens, the displacement A 
in a particular direction of a truss joint from its expected position can be 
determined from direct application of Eq. 14—34 written as 


1-A = Sn AL (14-39) 


Here 
1 = external virtual unit load acting on the truss joint in the 
direction of A 
A = joint displacement caused by the fabrication errors 


n = internal virtual force in a truss member caused by the external 
virtual unit load 


AL = difference in length of the member from its intended length 
caused by a fabrication error 


A combination of the right-hand sides of Eqs. 14-37 through 14-39 
will be necessary if external loads act on the truss and some of the 
members undergo a temperature change or have been fabricated with 
the wrong dimensions. 
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Procedure for Analysis 


The following procedure provides a method that may be used to 
determine the displacement of any joint on a truss using the method 
of virtual forces. 


Virtual Forces n. 


e Place the virtual unit load on the truss at the joint where the 
displacement is to be determined. The load should be directed 
along the line of action of the displacement. 


With the unit load so placed and all the real loads removed from 
the truss, calculate the internal n force in each truss member. 
Assume that tensile forces are positive and compressive forces 
are negative. 


Real Forces N. 


© Determine the N forces in each member. These forces are caused 
only by the real loads acting on the truss. Again, assume that 
tensile forces are positive and compressive forces are negative. 


Virtual-Work Equation. 


e Apply the equation of virtual work to determine the desired 
displacement. It is important to retain the algebraic sign for each 
of the corresponding n and N forces when substituting these 
terms into the equation. 


If the resultant sum 2nNL/AE is positive, the displacement A is 
in the same direction as the virtual unit load. If a negative value 
results, A is opposite to the virtual unit load. 


When applying 1-A = Yna ATL, an increase in temperature, 
AT, will be positive; whereas a decrease in temperature will be 
negative. 


For 1: A = =n AL, when a fabrication error causes an increase 
in the length of a member, AL is positive, whereas a decrease in 
length is negative. 


When applying this method, attention should be paid to the units 
of each numerical quantity. Notice, however, that the virtual unit 
load can be assigned any arbitrary unit: pounds, kips, newtons, 
etc., since the n forces will have these same units, and as a result, 
the units for both the virtual unit load and the n forces will cancel 
from both sides of the equation. 
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EXAMPLE 


Determine the vertical displacement of joint C of the steel truss shown 
in Fig. 14~32a.The cross-sectional area of eachmember is A = 400 mm? 
and E,, = 200 GPa. 


Virtual forces 


(b) 
SOLUTION 


Virtual Forces n. Since the vertical displacement at joint C is to be 
determined, only a vertical 1-kN virtual load is placed at joint C; and 
the force in each member is calculated using the method of joints. The 
results of this analysis are shown in Fig. 14-325. Using our sign 
convention, positive numbers indicate tensile forces and negative 
numbers indicate compressive forces. 

Real Forces N. The applied load of 100 kN causes forces in the 
members that are also calculated using the method of joints. The 
results of this analysis are shown in Fig. 14—32c. 


Virtual-Work Equation. Arranging the data in tabular form, we have 


Real forces Member n 


(c) 


Fig. 14-32 565.7 
400 


> 965.7 kN?-m 


nNL 965.7kN2+:m 
AE AE 


Mae) 


Substituting the numerical values for A and E, we have 
965.7 kN*-m 
[400(10°°) m?] 200(10°) kN/m? 

Ac, = 0.01207 m = 12,1 mm 


LKN+ Ac, = 
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EXAMPLE | 14.12 


Determine the horizontal displacement of the roller at B of the truss 
shown in Fig. 14-33a. Due to radiant heating, member AB is subjected 
to an increase in temperature of AT = +60°C, and this member has 
been fabricated 3 mm too short. The members are made of steel, for 
which a = 12(10°)/°C and Ey = 200 GPa. The cross-sectional area 
of each member is 250 mm/?. 


SOLUTION 


Virtual Forces n. A horizontal 1-kN virtual load is applied to 
the truss at joint B, and the forces in each member are calculated, 
Fig. 14-33b. 


Real Forces N. Since the 1 forces in members AC and BC are zero, 
the N forces in these members do not have to be determined. Why? 
For completeness, though, the entire “real” force analysis is shown in 
Fig. 14-33c. 


Virtual-Work Equation. The loads, temperature, and the fabrication 
error all affect the displacement of point B; therefore, Eqs. 14-37, 
14-38, and 14-39 must be combined, which gives 


e 
1kKN-A;,= > ae + Sna ATL + SnAL 


(—1.155 kN)(—12 kN) (4 m) 
[250(10 °) m7][200(10°) kN/m7] 
+0 +0 + (—1.155 kN)[12(10~)/°C](60°C) (4 m) 
+ (—1.155 kN)(—0.003 m) 


+0+ 


Ap, = 0.00125 m 


= 125mm <— 


Virtual forces 


(b) 


10.39 kN 


Real forces 


(c) 
Fig. 14-33 
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[PROBLEMS 


*14-72. Determine the horizontal displacement of joint B 
on the two-member frame. Each A-36 steel member has a 
cross-sectional area of 2 in’. 


800 Ib 
30° 


Prob. 14-72 


¢14-73. Determine the horizontal displacement of point B. 
Each A-36 steel member has a cross-sectional area of 2 in?. 


14-74. Determine the vertical displacement of point B. 
Each A-36 steel member has a cross-sectional area of 
2 in’. 


ef ae ig 


Probs. 14~73/74 


14-75. Determine the vertical displacement of joint C on 
the truss. Each A-36 steel member has a cross-sectional area 
of A = 300 mm’. 


*14-76. Determine the vertical displacement of joint D on 
the truss. Each A-36 steel member has a cross-sectional area 
of A = 300 mm’. 


Probs. 14—75/76 


e14-77. Determine the vertical displacement of point B. 
Each A-36 steel member has a cross-sectional area of 
4.5 in’. 


14-78. Determine the vertical displacement of point E. 
Each A-36 steel member has a cross-sectional area of 
4.5 in’. 


Probs. 14—77/78 
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14-79. Determine the horizontal displacement of joint B 14-83. Determine the vertical displacement of joint C. 
of the truss. Each A-36 steel member has a cross-sectional Each A-36 steel member has a cross-sectional area of 
area of 400 mm/?. 4.5 in’. 
*14-80. Determine the vertical displacement of joint C of *14-84, Determine the vertical displacement of joint H. 
the truss. Each A-36 steel member has a cross-sectional area Each A-36 steel member has a cross-sectional area of 
of 400 mm?. 4.5 in’. 


6 kip 8 kip 6 kip 
Probs. 14-83/84 
Probs. 14-79/80 
°14-81. Determine the vertical displacement of point A. *14-85. Determine the vertical displacement of joint 
Each A-36 steel member has a cross-sectional area of C. The truss is made from A-36 steel bars having a 
400 mm?. cross- sectional area of 150 mm’. 
14-82. Determine the vertical displacement of point B. 14-86. Determine the vertical displacement of joint 
Each A-36 steel member has a cross-sectional area of G. The truss is made from A-36 steel bars having a 
400 mm?. cross-sectional area of 150 mm”. 


20 kN 


30 kN 


Probs. 14—-81/82 Probs. 14-85/86 
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*14.7 Method of Virtual Forces 
Applied to Beams 


In this section we will apply the method of virtual forces to determine 
the displacement and slope at a point on a beam. To illustrate the 
principles, the vertical displacement A of point A on the beam shown in 
Fig. 14-345 will be determined. To do this we must place a vertical unit 
load at this point, Fig. 14~-34a, so that when the “real” distributed load w 
is applied to the beam it will cause the internal virtual work 1: A. 
Because the load causes both a shear V and moment M within the beam, 
we must actually consider the internal virtual work due to both of these 
loadings. In Example 14.7, however, it was shown that beam deflections 
due to shear are negligible compared with those caused by bending, 
particularly if the beam is long and slender. Since this type of beam is 
most often used in practice, we will only consider the virtual strain 
energy due to bending, Table 14-1. Hence, the real load causes the 
element dx to deform so its sides rotate by an angle d0 = (M/EI)dx, 
which causes internal virtual work m dé. Applying Eq. 14-34, the virtual- 
work equation for the entire beam, we have 


JL, 
mM 
[Ae ad 14-40 
[S Z (14-40) 


Here 


1 = external virtual unit load acting on the beam in the direction 
of A 
A = displacement caused by the real loads acting on the beam 
m = internal virtual moment in the beam, expressed as a function 
of x and caused by the external virtual unit load 
M = internal moment in the beam, expressed as a function of x and 
caused by the real loads 
E = modulus of elasticity of the material 
I = moment of inertia of the cross-sectional area about the neutral 
axis 
In a similar manner, if the slope 6 of the tangent at a point on the 
beam’s elastic curve is to be determined, a virtual unit couple moment 
must be applied at the point, and the corresponding internal virtual 


moment mz, has to be determined. If we apply Eq. 14-35 for this case and 
neglect the effect of shear deformations, we have 


it, 
M 
1-6 = [ abla (14-41) 
0 
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— 


4 N) 


Virtual loads Real loads 
(a) (b) 


x 


Fig. 14-34 


When applying these equations, keep in mind that the integrals on the 
right side represent the amount of virtual bending strain energy that is 
stored in the beam. If concentrated forces or couple moments act on the 
beam or the distributed load is discontinuous, a single integration cannot 
be performed across the beam’s entire length. Instead, separate x 
coordinates must be chosen within regions that have no discontinuity of 
loading. Also, it is not necessary that each x have the same origin; however, 
the x selected for determining the real moment M in a particular region 
must be the same x as that selected for determining the virtual moment m 
or Mg within the same region. For example, consider the beam shown in 
Fig. 14-35. In order to determine the displacement at D, we can use x, to 
determine the strain energy in region AB, x, for region BC, x3 for region 
DE, and x4 for region DC. In any case, each x coordinate should be 
selected so that both M and m (or mp) can easily be formulated. 

Unlike beams, as discussed here, some members may also be 
subjected to significant virtual strain energy caused by axial load, shear, 
and torsional moment. When this is the case, we must include in the above 
equations the energy terms for these loadings as formulated in Eq. 14-36. 


x4 
Virtual load Real loads 
(a) (b) 


Fig. 14-35 
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Procedure for Analysis 


The following procedure provides a method that may be used to 
determine the displacement and slope at a point on the elastic curve 


of 


a beam using the method of virtual forces. 


Virtual Moments m or mg. 


Place a virtual unit load on the beam at the point and directed 
along the line of action of the desired displacement. 


If the slope is to be determined, place a virtual unit couple moment 
at the point. 


Establish appropriate x coordinates that are valid within regions 
of the beam where there is no discontinuity of both real and 
virtual load. 


With the virtual load in place, and all the real loads removed from 
the beam, calculate the internal moment m or mg as a function of 
each x coordinate. 

Assume that m or mg acts in the positive direction according to 


the established beam sign convention for positive moment, 
Fig. 6-3. 


Real Moments. 


Using the same x coordinates as those established for m or mg, 
determine the internal moments M caused by the real loads. 


Since positive m or m, was assumed to act in the conventional 
“positive direction,” it is important that positive M acts in this same 
direction. This is necessary since positive or negative internal 
virtual work depends on the directional sense of both the virtual 
load, defined by +m or tmp, and displacement, caused by +M. 


Virtual-Work Equation. 


Apply the equation of virtual work to determine the desired 
displacement A or slope 0. It is important to retain the algebraic 
sign of each integral calculated within its specified region. 


If the algebraic sum of all the integrals for the entire beam is 
positive, A or 6 is in the same direction as the virtual unit load or 
virtual unit couple moment. If a negative value results, A or 6 is 
opposite to the virtual unit load or couple moment. 
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EXAMPLE | 14.13 


Determine the displacement of point B on the beam shown in 
Fig. 14-36a. EJ is constant. 


) a= =o 


Vv 


V 
Virtual loads Real loads 


(b) (c) 
Fig. 14-36 


SOLUTION 


Virtual Moment m. The vertical displacement of point B is 
obtained by placing a virtual unit load at B, Fig. 14-36b. By inspection, 
there are no discontinuities of loading on the beam for both the real 
and virtual loads. Thus, a single x coordinate can be used to determine 
the virtual strain energy. This coordinate will be selected with its 
origin at B, so that the reactions at A do not have to be determined in 
order to find the internal moments m and M. Using the method of 
sections, the internal moment m is shown in Fig. 14~36b. 


Real Moment M. Using the same x coordinate, the internal moment 
M is shown in Fig. 14—36c. 


Virtual-Work Equation. The vertical displacement at B is thus 


 (—1x)(—wx*/2) dx 
an — | 


ET 
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EXAMPLE | 14.14 


Determine the slope at point B of the beam shown in Fig. 14-37a. EI 
is constant. 


a 


— 
V1 }-—x1— 


v2 > 
C f M,= -P& +X) 


1 
a aaa 


Virtual loads 
(b) Real load 


(c) 
Fig. 14-37 


SOLUTION 


Virtual Moments mp. The slope at B is determined by placing a 
virtual unit couple moment at B, Fig. 14-37b. Two x coordinates must 
be selected in order to determine the total virtual strain energy in the 
beam. Coordinate x, accounts for the strain energy within segment 
AB, and coordinate x2 accounts for the strain energy in segment BC. 
Using the method of sections the internal moments mz, within each of 
these segments are shown in Fig. 14-375. 


Real Moments M. Using the same coordinates x, and x, (Why?), 
the internal moments M are shown in Fig. 14-37c. 


Virtual-Work Equation. The slope at B is thus 


myM 
1-0, = d 
Op i EI x 


7 — dx — + Xx9]} dxz 
( a f EI 


pee P 
2 ey ns. 
The negative sign indicates that 6, is opposite to the direction of the 
virtual couple moment shown in Fig. 14—37b. 
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E [PROBLEMS 


14-87. Determine the displacement at point C. EI is 
constant. 


Prob. 14-87 


*14-88. The beam is made of southern pine for which 
E, = 13 GPa. Determine the displacement at A. 


15kN — 
| fit, 
a "Sa —— mae 
}—1.5m —|.— 3m | 
180mm | [| 
vee 
Prob. 14-88 


°14-89. Determine the displacement at C of the A-36 
steel beam. J = 70(10°) mm‘. 


14-90. Determine the slope at A of the A-36 steel beam. 
I = 70(10°) mm‘. 


14-91. Determine the slope at B of the A-36 steel beam. 
I = 70(10°) mm‘. 


2kN/m 


Probs. 14-89/90/91 


*14-92. Determine the displacement at B of the 1.5-in- 
diameter A-36 steel shaft. 


e14-93. Determine the slope of the 1.5-in-diameter A-36 
steel shaft at the bearing support A. 


Probs. 1492/93 320 Ib 320 Ib 


14-94. The beam is made of Douglas fir. Determine the 
slope at C. 
8kN 


180 mm i 
[+ 
Prob. 14-94 120 mm 
14-95. The beam is made of oak, for which E, = 11 GPa. 
Determine the slope and displacement at A. 
200 mm 
= 


4kN/m 


- 


Prob. 14-95 
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*14-96. Determine the displacement at point C. EI is 
constant. 


e14-97. Determine the slope at point C. EJ is constant. 


14-98. Determine the slope at point A. EJ is constant. 


Probs. 1496/97/98 


14-99, Determine the slope at point A of the simply 
supported Douglas fir beam. 


*14-100. Determine the displacement at C of the simply 
supported Douglas fir beam. 


0.6kN-m 


75mm 


rT 
@ [150 mm 


Section a—a 


Probs. 14—99/100 
e14-101. Determine the slope of end C of the overhang 
beam. EJ is constant. 


14-102. Determine the displacement of point D of the 
overhang beam. EJ is constant. 


Probs. 14-101/102 


14-103. Determine the displacement of end C of the 
overhang Douglas fir beam. 


*14-104. Determine the slope at A of the overhang white 
spruce beam. 


3 in. 


m1 
G [o. 


Section a—a 


Probs. 14-103/104 


e14-105. Determine the displacement at point B. The 
moment of inertia of the center portion DG of the shaft is 
2I, whereas the end segments AD and GC have a moment 
of inertia 7. The modulus of elasticity for the material is E. 


Ww 
A G 
D B G 
—— = aa 
Prob. 14-105 


14-106. Determine the displacement of the shaft at C. EI 
is constant. 


14-107. Determine the slope of the shaft at the bearing 
support A. EJ is constant. 


Probs. 14-106/107 
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*14-108. Determine the slope and displacement of end C 
of the cantilevered beam. The beam is made of a material 
having a modulus of elasticity of E. The moments of 
inertia for segments AB and BC of the beam are 2/ and J, 
respectively. 


Prob. 14-108 


e14-109. Determine the slope at A of the A-36 steel 
W200 X 46 simply supported beam. 


14-110. Determine the displacement at point C of the 
A-36 steel W200 X 46 simply supported beam. 


12kN/m 


MUTED renenine 


Probs. 14-109/110 


14-111. The simply supported beam having a square cross 
section is subjected to a uniform load w. Determine the 
maximum deflection of the beam caused only by bending, 
and caused by bending and shear. Take E = 3G. 


Prob. 14-111 


*14-112. The frame is made from two segments, each 
of length Z and flexural stiffness EJ. If it is subjected 
to the uniform distributed load determine the vertical 
displacement of point C. Consider only the effect of 
bending. 


e14-113. The frame is made from two segments, each 
of length LZ and flexural stiffness EJ. If it is subjected to 
the uniform distributed load, determine the horizontal 
displacement of point B. Consider only the effect of 
bending. 


|B 


Probs. 14-112/113 


14-114. Determine the vertical displacement of point A 
on the angle bracket due to the concentrated force P. The 
bracket is fixed connected to its support. EJ is constant. 
Consider only the effect of bending. 


Prob. 14-114 
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14-115. Beam AB has a square cross section of 100 mm by 
100 mm. Bar CD has a diameter of 10 mm. If both members 
are made of A-36 steel, determine the vertical displacement 
of point B due to the loading of 10 KN. 


*14-116. Beam AB has a square cross section of 100 mm 
by 100 mm. Bar CD has a diameter of 10 mm. If both 
members are made of A-36 steel, determine the slope at A 
due to the loading of 10 KN. 


A 
E ; 
. 3m 
Probs. 14-115/116 


14-117. Bar ABC has a rectangular cross section of 
300 mm by 100 mm. Attached rod DB has a diameter 
of 20 mm. If both members are made of A-36 steel, 
determine the vertical displacement of point C due to the 
loading. Consider only the effect of bending in ABC and 
axial force in DB. 


14-118. Bar ABC has a rectangular cross section of 
300 mm by 100 mm. Attached rod DB has a diameter 
of 20 mm. If both members are made of A-36 steel, 
determine the slope at A due to the loading. Consider only 
the effect of bending in ABC and axial force in DB. 


14-119. Determine the vertical displacement of point C. 
The frame is made using A-36 steel W250 * 45 members. 
Consider only the effects of bending. 


*14-120. Determine the horizontal displacement of end 
B. The frame is made using A-36 steel W250 x 45 
members. Consider only the effects of bending. 


15kN/m 


Probs. 14-119/120 


e14-121. Determine the displacement at point C. EI is 
constant. 


Prob. 14-121 


14-122. Determine the slope at B. EJ is constant. 


Probs. 14-117/118 


Prob. 14-122 
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*14.8 7 Castig lia no's Theorem 


In 1879, Alberto Castigliano, an Italian railroad engineer, published a 
book in which he outlined a method for determining the displacement 
and slope at a point in a body. This method, which is referred to as 
Castigliano’s second theorem, applies only to bodies that have constant 
temperature and material with linear-elastic behavior. If the 
displacement at a point is to be determined, the theorem states that the 
displacement is equal to the first partial derivative of the strain energy in 
the body with respect to a force acting at the point and in the direction of 
displacement. In a similar manner, the slope of the tangent at a point ina 
body is equal to the first partial derivative of the strain energy in the 
body with respect to a couple moment acting at the point and in the 
direction of the slope angle. 

To derive Castigliano’s second theorem, consider a body of any 
arbitrary shape, which is subjected to a series of n forces P,, P>,...,P,,, 
Fig. 14-38. According to the conservation of energy, the external work 
done by these forces is equal to the internal strain energy stored in the 
body. However, the external work is a function of the external loads, 
U.= 2 / P dx, Eq. 14-1, so the internal work is also a function of the 
external loads. Thus, 


Op Ug JP ilo 24a a) (14-42) 


Now, if any one of the external forces, say P;, is increased by a differential 
amount dP;, the internal work will also be increased, such that the strain 
energy becomes 


U; 
U; + dU; = U; + dP; (14-43) 


P, 


‘ 


Fig. 14-38 


P, 
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This value, however, will not depend on the sequence in which the n 
forces are applied to the body. For example, we could apply dP; to the 
body first, then apply the loads P;, Pj,..., P,,. In this case, dP; would 
cause the body to displace a differential amount dA; in the direction of 
dP. By Eq. 14-2 (U, = rea A;), the increment of strain energy would 
be 5aP, dA,. This quantity, however, is a second-order differential and 
may be neglected. Further application of the loads P,, P,,.. ., P,, causes 
dP; to move through the displacement A; so that now the strain energy 
becomes 


Here, as above, U; is the internal strain energy in the body, caused by 
the loads P,, P,,..., P,,, and dPjA; is the additional strain energy 
caused by dP;. 

In summary, Eq. 14-43 represents the strain energy in the body 
determined by first applying the loads P;, Py, ..., P,, then dP;; 
Eq. 14-44 represents the strain energy determined by first applying dP; 
and then the loads P,;, P5,..., P,,. Since these two equations must be 
equal, we require 


A, = (14-45) 


which proves the theorem; i.e., the displacement Aj; in the direction 
of P; is equal to the first partial derivative of the strain energy with 
respect to P;. 

Castigliano’s second theorem, Eq. 14-45, is a statement regarding the 
body’s compatibility requirements, since it is a condition related to 
displacement. Also, the above derivation requires that only conservative 
forces be considered for the analysis. These forces can be applied in any 
order, and furthermore, they do work that is independent of the path 
and therefore create no energy loss. As long as the material has 
linear-elastic behavior, the applied forces will be conservative and the 
theorem is valid. Castigliano’s first theorem is similar to his second 
theorem; however, it relates the load P; to the partial derivative of the 
strain energy with respect to the corresponding displacement, that is, 
P; = 0U;/0A;. The proof is similar to that given above. This theorem is 
another way of expressing the equilibrium requirements for the body; 
however, it has limited application and therefore it will not be 
discussed here. 
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*14.9  Castigliano’s Theorem 
Applied to Trusses 


Since a truss member is only subjected to an axial load, the strain energy 
for the member is given by Eq. 14-16, U; = N*L/2AE. Substituting this 
equation into Eq. 14-45 and omitting the subscript i, we have 


_ 9 SNL 
oP“ 2AE 


It is generally easier to perform the differentiation prior to summation. 
Also, L, A, and E are constant for a given member, and therefore we can 
write 


A= s(S)S (14-46) 


Here 


A = displacement of the truss joint 


ae) 
| 


= an external force of variable magnitude applied to the truss 
joint in the direction of A 


N = internal axial force in a member caused by both force P 
and the actual loads on the truss 


L = length of a member 
A = cross-sectional area of a member 


E = modulus of elasticity of the material 


By comparison, Eq. 14—46 is similar to that used for the method of 
virtual forces, Eq. 14-37 (1- A = 2nNL/AE), except that n is replaced 
by dN/dP. These terms, n and dN/dP, are the same, since they represent 
the change of the member’s axial force with respect to the load P or, in 
other words, the axial force per unit load. 
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Procedure for Analysis 


The following procedure provides a method that may be used to determine the displacement of any joint on 
a truss using Castigliano’s second theorem. 


External Force P. 


e Place a force P on the truss at the joint where the displacement is to be determined. This force is assumed 
to have a variable magnitude and should be directed along the line of action of the displacement. 


Internal Forces N. 

© Determine the force N in each member in terms of both the actual (numerical) loads and the (variable) 
force P. Assume that tensile forces are positive and compressive forces are negative. 

e Find the respective partial derivative 0N/aP for each member. 


e After N and dN/dP have been determined, assign P its numerical value if it has actually replaced a real 
force on the truss. Otherwise, set P equal to zero. 


Castigliano’s Second Theorem. 


e Apply Castigliano’s second theorem to determine the desired displacement A. It is important to retain 
the algebraic signs for corresponding values of N and dN/dP when substituting these terms into the 
equation. 


If the resultant sum 2 N(dN/dP)L/AE is positive, A is in the same direction as P. If a negative value 
results, A is opposite to P. 


EXAMPLE | 14.15 


Determine the vertical displacement of joint C of the steel truss 
shown in Fig. 14~-39a. The cross-sectional area of each member is 
A = 400 mm”, and Ey = 200 GPa. 


SOLUTION 


External Force P. A vertical force P is applied to the truss at joint 
C, since this is where the vertical displacement is to be determined, 
Fig. 14-39b. 


Fig. 14-39 
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P 


200kN+P D { 


141.4 kN + 1.414 P 141.4kN 
fo XQ Ae Pe 
100 kN B 
Z - 200kN+P AA 100 kN 
200kN+P Aa | pore 
100 kN 


100 kN + P 


(b) (c) 
Fig. 14-39 (cont.) 


Internal Forces N. The reactions at the truss supports A and D are 
calculated and the results are shown in Fig. 14-39b. Using the method 
of joints, the N forces in each member are determined, Fig. 14-39c.* 
For convenience, these results along with their partial derivatives 
dN/dP are listed in tabular form. Note that since P does not actually 
exist as a real load on the truss, we require P = 0. 


aN aN 
Member N a nee 


AB —100 0 —100 4 0 
BC 141.4 0 141.4 2.828 0 
AC —(141.4 + 1.414P) —1.414 —141.4 2.828 565.7 
CD 2OOR ae 1 200 2 400 


> 965.7kKN-m 


Castigliano’s Second Theorem. Applying Eq. 14-46, we have 


eS zu 


x) L 965.7 kKN-m 
oP / AE AE 


Substituting the numerical values for A and E, we get 


eS 965.7 kN+m 
[400(10~°) m2] 200(10°) kKN/m? 
= 0.01207 m = 12.1 mm Ans. 


Ac, 


This solution should be compared with that of Example 14.11, using 
the virtual-work method. 


*Tt may be more convenient to analyze the truss with just the 100-kN load on it, then 
analyze the truss with the P load on it. The results can then be summed algebraically to 
give the N forces. 


775 


776 CHAPTER 14 ENERGY METHODS 


PTPROBLEMS 


14-123. Solve Prob. 14-72 using Castigliano’s theorem. 


*14-124. Solve Prob. 14-73 using Castigliano’s theorem. 
¢14-125. Solve Prob. 14-75 using Castigliano’s theorem. 


14-126. Solve Prob. 14~76 using Castigliano’s theorem. 
= 14-127. Solve Prob. 14-77 using Castigliano’s theorem. 


*14-128. Solve Prob. 14-78 using Castigliano’s theorem. 


¢14-129. Solve Prob. 14-79 using Castigliano’s theorem. 
14-130. Solve Prob. 14-80 using Castigliano’s theorem. 
14-131. Solve Prob. 14-81 using Castigliano’s theorem. 
*14-132. Solve Prob. 14-82 using Castigliano’s theorem. 
e14-133. Solve Prob. 14-83 using Castigliano’s theorem. 
14-134. Solve Prob. 14-84 using Castigliano’s theorem. 


*14.10 Castigliano’s Theorem 
Applied to Beams 


The internal strain energy for a beam is caused by both bending and 
shear. However, as pointed out in Example 14.7, if the beam is long and 
slender, the strain energy due to shear can be neglected compared with 
that of bending. Assuming this to be the case, the internal strain energy 
for a beam is given by U; = {M? dx/2EI, Eq. 14-17. Omitting the 
subscript i, Castigliano’s second theorem, A; = dU;/dP;, becomes 


a [f° M dx 


A =— pakSaes 
aP Jo 2EI 


Rather than squaring the expression for internal moment, integrating, 
and then taking the partial derivative, it is generally easier to differentiate 
prior to integration. Provided E and / are constant, we have 


it 
OM \ dx 
= i u( ae) se (14-47) 


14.10 CASTIGLIANO’S THEOREM APPLIED TO BEAMS DAL 


Here 
A = displacement of the point caused by the real loads acting on the 
beam 


P = anexternal force of variable magnitude applied to the beam at 
the point and in the direction of A 


M = internal moment in the beam, expressed as a function of x and 
caused by both the force P and the actual loads on the beam 


E = modulus of elasticity of the material 


I = moment of inertia of cross-sectional area about the neutral axis 


If the slope of the tangent 6 at a point on the elastic curve is to be 
determined, the partial derivative of the internal moment M with 
respect to an external couple moment M' acting at the point must be 
found. For this case, 


1b, 
0M \ dx 
- [W(t )S (14-48) 


The above equations are similar to those used for the method of 
virtual forces, Eqs. 14-40 and 14-41, except m and mg, replace aM/oP 
and 0M/dM', respectively. 

In addition, if axial load, shear, and torsion cause significant strain 
energy within the member, then the effects of all these loadings should 
be included when applying Castigliano’s theorem. To do this we must 
use the strain-energy functions developed in Sec. 14.2, along with their 
associated partial derivatives. The result is 


aN\ L # av \ dx . Ee Me (7) a 
= + v(—]J— + — |—— + — }—— . 
. en (8) [ws [ou aP ) EI [or ap) GI O52) 


The method of applying this general formulation is similar to that used 
to apply Eqs. 14-47 and 14-48. 
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Procedure for Analysis 


The following procedure provides a method that may be used to 
apply Castigliano’s second theorem. 


External Force P or Couple Moment M’. 


Place a force P on the beam at the point and directed along the 
line of action of the desired displacement. 


If the slope of the tangent is to be determined at the point, place 
a couple moment M’ at the point. 


Assume that both P and M’ have a variable magnitude. 


Internal Moments M. 


Establish appropriate x coordinates that are valid within regions 
of the beam where there is no discontinuity of force, distributed 
load, or couple moment. 


Determine the internal moments M as a function of x, the actual 
(numerical) loads, and P or M’, and then find the partial 
derivatives 9M/dP or 9M/dM' for each coordinate x. 


After M and 0M/dP or 0M/dM' have been determined, assign P 
or M’ its numerical value if it has actually replaced a real force or 
couple moment. Otherwise, set P or M' equal to zero. 


Castigliano’s Second Theorem. 


Apply Eq. 14-47 or 14-48 to determine the desired displacement 
A or 9. It is important to retain the algebraic signs for 
corresponding values of M andaM/dP or aM/oM'. 


If the resultant sum of all the definite integrals is positive, A or 0 
is in the same direction as P or M’. If a negative value results, A 
or 6 is opposite to P or M’. 


14.10 CASTIGLIANO’S THEOREM APPLIED TO BEAMS 


EXAMPLE | 14.16 


Determine the displacement of point B on the beam shown in 
Fig. 14-40a. EJ is constant. 


Fig. 14-40 


SOLUTION 


External Force P. A vertical force P is placed on the beam at B as 
shown in Fig. 14-405. 


Internal Moments M. A single x coordinate is needed for the 
solution, since there are no discontinuities of loading between A and 
B. Using the method of sections, Fig. 14—40c, the internal moment and 
its partial derivative are determined as follows: 


(+2My,=0; M+ wx(2) + P(x) =0 


wx 


WO 


aM _ 
oP 
Setting P = 0 gives 


0M 
M= 2 and aP = 


Castigliano’s Second Theorem. Applying Eq. 14-47, we have 


ten f'u( ten [comic 


wL4 
8EI 


Ans. 


The similarity between this solution and that of the virtual-work 
method, Example 14.13, should be noted. 


779 


780 CHAPTER 14. ENERGY METHODS 


EXAMPLE | 14.17 


Determine the slope at point B of the beam shown in Fig. 14-41a. EJ 
is constant. 


SOLUTION 

External Couple Moment M’. Since the slope at point B is to be 
determined, an external couple moment M’ is placed on the beam at 
this point, Fig. 14-41b. 


Internal Moments M. Two coordinates, x, and x,, must be used to 
completely describe the internal moments within the beam since 
there is a discontinuity, M’, at B. As shown in Fig. 14-41), x, ranges 
from A to B and x, ranges from B to C. Using the method of sections, 
Fig. 14-41c, the internal moments and the partial derivatives for x, 
and x, are determined as follows: 


(+My, = 0; M, = alee 


Castigliano’s Second Theorem. Setting M’' = 0 and applying 


Fig. 14-41 Eq. 14-48, we have 


ET El EI 8EI 


ft famM\ ax — [2 (=Pm)O) de |’? =PI(L/2) + nll) dm 3 PL? 
03 = i u( ) [ ei Ans. 


aM' 


Note the similarity between this solution and that of Example 14.14. 


PTPROBLEMS 


14-135. Solve Prob. 14-87 using Castigliano’s theorem. 


*14-136. Solve Prob. 14-88 using Castigliano’s theorem. 
¢14-137. Solve Prob. 14-90 using Castigliano’s theorem. 


14-138. Solve Prob. 14-92 using Castigliano’s theorem. 
14-139. Solve Prob. 14-93 using Castigliano’s theorem. 


*14-140. Solve Prob. 14-96 using Castigliano’s theorem. 


14-141. Solve Prob. 14-97 using Castigliano’s theorem. 
14-142. Solve Prob. 14-98 using Castigliano’s theorem. 
14-143. Solve Prob. 14-112 using Castigliano’s theorem. 
*14-144, Solve Prob. 14-114 using Castigliano’s theorem. 
e14-145. Solve Prob. 14-121 using Castigliano’s theorem. 


CHAPTER REVIEW 


When a force (couple moment) acts on a deformable 
body it will do external work when it displaces 
(rotates). The internal stresses produced in the 
body also undergo displacement, thereby creating 
elastic strain energy that is stored in the material. 
The conservation of energy states that the external 
work done by the loading is equal to the internal 
elastic strain energy produced by the stresses in 
the body. 
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The conservation of energy can be used to solve 
problems involving elastic impact, which assumes 
the moving body is rigid and all the strain energy is 
stored in the stationary body. This leads to use of 
an impact factor n, which is a ratio of the dynamic 
load to the static load. It is used to determine the 
maximum stress and displacement of the body at 
the point of impact. 


The principle of virtual work can be used to 
determine the displacement of a joint on a truss 
or the slope and the displacement of points on 
a beam. It requires placing an external virtual 
unit force (virtual unit couple moment) at the 
point where the displacement (rotation) is to be 
determined. The external virtual work that is 
produced by the external loading is then equated 
to the internal virtual strain energy in the structure. 


Castigliano’s second theorem can also be used to 
determine the displacement of a joint on a truss or 
the slope and the displacement at a point on a beam. 
Here a variable force P (couple moment M’) is 
placed at the point where the displacement (slope) 
is to be determined. The internal loading is then 
determined as a function of P (M’) and its partial 
derivative with respect to P (M’) is determined. 
Castigliano’s second theorem is then applied to 
obtain the desired displacement (rotation). 
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[ REVIEW PROBLEMS 


14-146. Determine the bending strain energy in the beam e14-149. The L2 steel bolt has a diameter of 0.25 in., and 

due to the loading shown. EJ is constant. the link AB has a rectangular cross section that is 0.5 in. 
wide by 0.2 in. thick. Determine the strain energy in the link 
AB due to bending, and in the bolt due to axial force. The 
bolt is tightened so that it has a tension of 350 lb. Neglect 
the hole in the link. 


oe 


Prob. 14-146 


14-147. The 200-kg block D is dropped from a height 
h = 1 monto end C of the A-36 steel W200 X 36 overhang Prob. 14-149 
beam. If the spring at B has a stiffness k = 200 kN/m, 
determine the maximum bending stress developed in the 


beam. 

*14-148. Determine the maximum height / from which 14-150. Determine the vertical displacement of joint A. 
the 200-kg block D can be dropped without causing the Each bar is made of A-36 steel and has a cross-sectional 
A-36 steel W200 X 36 overhang beam to yield. The spring area of 600 mm”. Use the conservation of energy. 


at B has a stiffness k = 200 kN/m. 


[* 4m . 2m 5kN 


Probs. 14-147/148 Prob. 14-150 


14-151. Determine the total strain energy in the A-36 
steel assembly. Consider the axial strain energy in the two 
0.5-in.-diameter rods and the bending strain energy in the 
beam for which J = 43.4 in’. 


Prob. 14-151 


*14-152. Determine the vertical displacement of joint E. 
For each member A = 400 mm’, E = 200 GPa. Use the 
method of virtual work. 


e14-153. Solve Prob. 14-152 using Castigliano’s theorem. 


Probs. 14—152/153 
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14-154. The cantilevered beam is subjected to a couple 
moment M, applied at its end. Determine the slope of the 
beam at B. EI is constant. Use the method of virtual 
work. 


14-155. Solve Prob. 14-154 using Castigliano’s theorem. 


A a) 
L ' 


Probs. 14-154/155 


*14-156. Determine the displacement of point B on the 
aluminum beam. E,, = 10.6(10°) ksi. Use the conservation 
of energy. 


3 kip 


=— Lin. 
I 6 in. 
—— 


(re - 
B 
. 12 ft a 12 ft + 


Prob. 14-156 


14-157. A 20-lb weight is dropped from a height of 4 ft 
onto the end of a cantilevered A-36 steel beam. If the beam 
isa W12 X 50, determine the maximum stress developed in 
the beam. 


a 12 ft | 


Prob. 14-157 
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Geometric Properties 
of an Area 


‘<1 ——_| 


A.1  Centroid of an Area 


The centroid of an area refers to the point that defines the geometric 
center for the area. If the area has an arbitrary shape, as shown in Fig. A—1a, 
the x and y coordinates defining the location of the centroid C are 
determined using the formulas 


x= y= (A-1) 


The numerators in these equations are formulations of the “moment” of 
the area element dA about the y and the x axis, respectively, Fig. A-1); 
the denominators represent the total area A of the shape. 


(a) (b) 
Fig. A-1 


The location of the centroid for some areas may be partially or 
completely specified by using symmetry conditions. In cases where the 
area has an axis of symmetry, the centroid for the area will lie along this 
axis. For example, the centroid C for the area shown in Fig. A—2 must lie 
along the y axis, since for every elemental area dA a distance + x to the 
right of the y axis, there is an identical element a distance —x to the left. 
The total moment for all the elements about the axis of symmetry will 
therefore cancel; that is, {x dA = 0 (Eq. A-1), so that x = 0. In cases 
where a shape has two axes of symmetry, it follows that the centroid lies 
at the intersection of these axes, Fig. A-3. Based on the principle of 
symmetry, or using Eq. A-1, the locations of the centroid for common 
area shapes are listed on the inside front cover. 


Composite Areas. Often an area can be sectioned or divided into 
several parts having simpler shapes. Provided the area and location of 
the centroid of each of these “composite shapes” are known, one 
can eliminate the need for integration to determine the centroid for the 
entire area. In this case, equations analogous to Eq. A-1 must be used, 
except that finite summation signs replace the integrals; i.e., 


TVA 
7 3A 


(A-2) 


Here X and ¥ represent the algebraic distances or x, y coordinates for the 
centroid of each composite part, and =A represents the sum of the areas 
of the composite parts or simply the total area. In particular, if a hole, or 
a geometric region having no material, is located within a composite 
part, the hole is considered as an additional composite part having a 
negative area. Also, as discussed above, if the total area is symmetrical 
about an axis, the centroid of the area lies on the axis. 
The following example illustrates application of Eq. A-2. 


A.1 


CENTROID OF AN AREA 
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EXAMPLE |A.1 


Locate the centroid C of the cross-sectional area for the T-beam 
shown in Fig. A-4a. 


SOLUTION | 

The y axis is placed along the axis of symmetry so that x = 0, Fig. A-4a. 
To obtain y we will establish the x axis (reference axis) through the 
base of the area. The area is segmented into two rectangles as shown, 
and the centroidal location y for each is established. Applying Eq. A-2, 
we have 


_ Y¥A _ [Sin.](10in.)(2 in.) + [11.5 in.](3 in.)(8 in.) 
SSA (10 in.)(2 in.) + (3 in.)(8 in.) 
= 8.55 in. Ans. 


SOLUTION II 
Using the same two segments, the x axis can be located at the top of 
the area, Fig. A-4b. Here 


_  X¥A _ [—15in.](3in.)(8 in.) + [—8 in.](10 in.)(2 in.) 
72 Sh (3 in.)(8 in.) + (10in.)(2 in.) 
= —4,45 in. Ans. 


The negative sign indicates that C is located below the x axis, 
which is to be expected. Also note that from the two answers 
8.55 in. + 4.45 in. = 13.0 in., which is the depth of the beam. 


SOLUTION III 

It is also possible to consider the cross-sectional area to be one large 
rectangle Jess two small rectangles shown shaded in Fig A-4c. Here 
we have 


_ SA [6.5in.](13 in.)(8 in.) — 2[5 in.](10 in.)(3 in.) 
> SA = (13 in.)(8 in.) — 2(10 in.) (3 in.) 


= 8.55 in. Ans. 
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A.2 Moment of Inertia for an Area 


The moment of inertia of an area often appears in formulas used in y 
mechanics of materials. It is a geometric property that is calculated about 
an axis, and for the x and y axes shown in Fig. A-5, it is defined as 


~ 
* 
| 


= [va 
i (A-3) 


Iy= [eas 
A 


These integrals have no physical meaning, but they are so named 
because they are similar to the formulation of the moment of inertia of a 
mass, which is a dynamical property of matter. 

We can also calculate the moment of inertia of an area about the pole 
O or z axis, Fig. A—5. This is referred to as the polar moment of inertia, 


Jo= Jr dA=1,+ 1, (A-4) 
A 


Here r is the perpendicular distance from the pole (z axis) to the element 
dA. The relationship between J and J ,, J, is possible since r? = x” + y’, 
Fig. A-5. 
From the above formulations it is seen that /,, 7,, and Jg will always 
be positive, since they involve the product of distance squared and area. 
Furthermore, the units for moment of inertia involve length raised tothe ys 
fourth power, e.g.,m*, mm’, or ft*, in*. io 4 
Using the above equations, the moments of inertia for some common Bammer 
area shapes have been calculated about their centroidal axes and are | 
listed on the inside front cover. a 


Parallel-Axis Theorem for an Area. If the moment of inertia d 

for an area is known about a centroidal axis, we can determine the we 
moment of inertia of the area about a corresponding parallel axis using 
the parallel-axis theorem. To derive this theorem, consider finding the 
moment of inertia of the shaded area shown in Fig. A-6 about the x axis. 6 
In this case, a differential element dA is located at the arbitrary distance 

y’ from the centroidal x’ axis, whereas the fixed distance between the Fig. A-6 
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parallel x and x’ axes is d,. Since the moment of inertia of dA about the 
x axis is dI, = (y’ + d,)? dA, then for the entire area, 


I, = fo +d, dA= [oraas rd | ydas az f aa 
A A A A 


The first term on the right represents the moment of inertia of the area 
about the x’ axis, J,. The second term is zero since the x’ axis passes 
through the area’s centroid C, that is, fy' dA = y'A =O since y’ = 0. 
The final result is therefore 


Te Ty ed (A-5) 


A similar expression can be written for /,,, that is, 


I, =I, + Ad? (A-6) 


And finally, for the polar moment of inertia about an axis perpendicular 
to the x—-y plane and passing through the pole O (z axis), Fig. A-6, we 
have 


Jo =JIc + Ad? (A-7) 


The form of each of the above equations states that the moment of 
inertia of an area about an axis is equal to the area’s moment of inertia 
about a parallel axis passing through the “centroid” plus the product of the 
area and the square of the perpendicular distance between the axes. 


Composite Areas. Many cross-sectional areas consist of a series of 
connected simpler shapes, such as rectangles, triangles, and semicircles. 
In order to properly determine the moment of inertia of such an area 
about a specified axis, it is first necessary to divide the area into its 
composite parts and indicate the perpendicular distance from the axis to 
the parallel centroidal axis for each part. Using the table on the inside 
front cover of the book, the moment of inertia of each part is determined 
about the centroidal axis. If this axis does not coincide with the specified 
axis, the parallel-axis theorem, J = J + Ad’, should be used to determine 
the moment of inertia of the part about the specified axis. The moment of 
inertia of the entire area about this axis is then determined by summing 
the results of its composite parts. In particular, if a composite part has a 
“hole,” the moment of inertia for the composite is found by “subtracting” 
the moment of inertia for the hole from the moment of inertia of the 
entire area including the hole. 


A.2 MOMENT OF INERTIA FOR AN AREA 


EXAMPLE |A.2 


Determine the moment of inertia of the cross-sectional area of the 
T-beam shown in Fig. A-7a about the centroidal x’ axis. 


}-—8 in.—| 


Fig. A-7 


SOLUTION | 

The area is segmented into two rectangles as shown in Fig. A-7a, and 
the distance from the x’ axis and each centroidal axis is determined. 
Using the table on the inside front cover, the moment of inertia of a 
rectangle about its centroidal axis is [J = ik bh°. Applying the parallel- 
axis theorem, Eq. A-5, to each rectangle and adding the results, we 
have 


Sie Ad) 


[4 2injcio in.)? + (2 in.)(10 in.)(8.55 in. — sin.) 


- Les in.)(3 in.) + (8 in.)(3 in.)(4.45 in. — 1.5 in| 
I = 646 in* pn 


SOLUTION II 
The area can be considered as one large rectangle less two small 
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rectangles, shown shaded in Fig. A-7b. We have 


= 5 13 i 
f= 21, + Ad,) 


= Lesinjaas in.)° + (8 in.)(13 in.)(8.55 in. — 6.5 in| 


= at (3 in.) (10 in.)? + (3 in.)(10 in.)(8.55 in. — 5 in| 3 in. 2 in. 3 in. 


Ans. (b) 
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EXAMPLE |A.3 


Determine the moments of inertia of the beam’s cross-sectional area 
shown in Fig. A-8a about the x and y centroidal axes. 


SOLUTION 

The cross section can be considered as three composite rectangular 
areas A, B,and D shown in Fig. A-8b. For the calculation, the centroid 
of each of these rectangles is located in the figure. From the table on 
the inside front cover, the moment of inertia of a rectangle about its 
centroidal axis is J = bn’. Hence, using the parallel-axis theorem 
for rectangles A and D, the calculations are as follows: 


Rectangle A: 


me 1 
I, =Ty + Ady = {a (100 mm) (300 mm)? + (100 mm)(300 mm) (200 mm)? 


= 1.425(10°) mm‘ 
= i 
I, =T, + Ad? = 7p (300 mm) (100 mm)? + (100 mm)(300 mm)(250 mm)? 
= 1.90(10°) mm* 


Rectangle B: 
1 
= 7p (600 mm)(100 mm)? = 0.05(10°) mm‘4 


= 75 (100 mm) (600 mm)? = 1.80(10°) mm‘ 


Rectangle D: 


= 1 
I, = Ty + Ad,’ = —(100 mm)(300 mm)? + (100 mm)(300 mm) (200 mm)? 


1p! 
= 1.425(10°) mm‘ 


- 1 
I, =T,+ Ad? = 7p (300 mm) (100 mm)? + (100 mm)(300 mm)(250 mm)? 


= 1.90(10°) mm* 
The moments of inertia for the entire cross section are thus 
I, = 1.425(10°) + 0.05(10°) + 1.425(10°) 
= 2.90(10°) mm* 
I, = 1.90(10°) + 1.80(10°) + 1.90(10°) 
= 5.60(10°) mm* 
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A.3 Product of Inertia for an Area 


In general, the moment of inertia for an area is different for every axis 
about which it is computed. In some applications of mechanical or 
structural design it is necessary to know the orientation of those axes that 
give, respectively, the maximum and minimum moments of inertia for the 
area. The method for determining this is discussed in Sec. A.4. To use this 
method, however, one must first determine the product of inertia for the 
area as well as its moments of inertia for given x, y axes. 

The product of inertia for the area A shown in Fig. A—9 is defined as 


ls a J» dA (A-8) 


Like the moment of inertia, the product of inertia has units of length 
raised to the fourth power, e.g., m*, mm‘ or ft*, in*. However, since x or y 
may be a negative quantity, while dA is always positive, the product of 
inertia may be positive, negative, or zero, depending on the location and 
orientation of the coordinate axes. For example, the product of inertia 
7, for an area will be zero if either the x or y axis is an axis of symmetry 
for the area. To show this, consider the shaded area in Fig. A-10, where 
for every element dA located at point (x, y) there is a corresponding 
element dA located at (x, —y). Since the products of inertia for these 
elements are, respectively, xy dA and —xydA, their algebraic sum or 
the integration of all the elements of area chosen in this way will cancel 
each other. Consequently, the product of inertia for the total area 
becomes zero. 


(\ 


Fig. A-10 


Fig. A-9 
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Parallel-Axis Theorem. Consider the shaded area shown in 
Fig. A-11, where x’ and y’ represent a set of centroidal axes, and x and y 
represent a corresponding set of parallel axes. Since the product of inertia 
of dA with respect to the x and y axes is dI,, = (x’ + d,)(y' + dy) dA, 
then for the entire area, 


i= fo + dy)(y' + d,) dA 
= [evaata| yaasa, fears aa, f aa 
A A A A 


The first term on the right represents the product of inertia of the area 
with respect to the centroidal axis, / ,. The second and third terms are 
zero since the moments of the area are taken about the centroidal axis. 
Realizing that the fourth integral represents the total area A, we 
therefore have 


ele ce Gieh (A-9) 


The similarity between this equation and the parallel-axis theorem 
for moments of inertia should be noted. In particular, it is important 
that here the algebraic signs for d, and d, be maintained when applying 
Eq. A-9. 
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EXAMPLE |A.4 


Determine the product of inertia of the beam’s cross-sectional area, 
shown in Fig. A—12a, about the x and y centroidal axes. 


SOLUTION 

As in Example A.3, the cross section can be considered as three 
composite rectangular areas A, B, and D, Fig. A-12b. The coordinates 
for the centroid of each of these rectangles are shown in the figure. Due 
to symmetry, the product of inertia of each rectangle is zero about a 
set of x’, y’ axes that pass through the rectangle’s centroid. Hence, 
application of the parallel-axis theorem to each of the rectangles yields 


Rectangle A: 
Le = iy ar Ad,dy 
= 0 + (300 mm)(100 mm)(—250 mm)(200 mm) 
= —1.50(10°) mm* 


Rectangle B: 


Ty =Tyy + Ad,dy 
=0+0 
= 0 


Rectangle D: 
Lp leg Ado, 
0 + (300 mm)(100 mm)(250 mm)(—200 mm) 
= —1.50(10°) mm* 
The product of inertia for the entire cross section is thus 
I,y = [-1.50(10°) mm‘] + 0 + [-1.50(10°) mm‘] 
= —3,00(10°) mm* 
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A.4 Moments of Inertia for an Area 
about Inclined Axes 


In mechanical or structural design, it is sometimes necessary to calculate 
the moments and product of inertia /,,, J and /,,, for an area with 
respect to a set of inclined x’ and y’ axes when the values for 0, I,, ds 
and /,, are known. As shown in Fig. A-13, the coordinates to the area 
element dA from each of the two coordinate systems are related by the 
transformation equations 


x’ = xcosé+ ysind 


y' = ycos@ — xsin@ 


xcos fo  - 


x! 


Using these equations, the moments and product of inertia of dA 


about the x’ and y’ axes become 
Fig. A-13 


dl, = y" dA = (ycos@ — xsin@)’?dA 
0 x'’*dA = (xcos@ + ysin@)*dA 
dI 


x'y' dA = (xcos@ + ysin@)(ycos@ — xsin@)dA 


x'y! 


Expanding each expression and integrating, realizing that , = | y* dA, 
Iy.= ce dA, and 1, = px dA, we obtain 


I. = 1,cos’ @ + i sin? 9 — 21.) sin 6 cos @ 
= “2 2 : 
Iy = I, sin“ 6 + I, cos’ @ + 21,, sin 6 cos 6 


Ivy = I, sin 6 cos @ — I, sin 6 cos 6 + I ,y(cos? 6 — sin’ @) 


These equations may be simplified by using the trigonometric identities 
sin 20 = 2 sin 6 cos @ and cos 20 = cos” 6 — sin’ 6, in which case 


iat (eae bY 
ly = 5) sp 5 cos 29 — I,, sin 20 
MS Tiy ti Iie : 
Mp = a 293; 1, sm 20 (A-10) 
i, 
Ley = sin 26 + I,, cos 20 
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Principal Moments of Inertia. Note that Z,, Jy, and I, 
depend on the angle of inclination, 6, of the x’, y’ axes. We will now 
determine the orientation of these axes about which the moments of 
inertia for the area, J, and J,, are maximum and minimum. This 
particular set of axes is called the principal axes of inertia for the area, 
and the corresponding moments of inertia with respect to these axes are 
called the principal moments of inertia. In general, there is a set of 
principal axes for every chosen origin O; however, in mechanics of 
materials the area’s centroid is the most important location for O. 

The angle 6 = 6,, which defines the orientation of the principal axes 
for the area, can be found by differentiating the first of Eq. A-10 with 
respect to 6 and setting the result equal to zero. Thus, 


dly I,- Ty P 
— = —2 5 sin 26 — 2, cos 20 = 0 


dé 


Therefore, at 9 = Oy, 


(A-11) 


This equation has two roots, @,, and @,,, which are 90° apart and so 
specify the inclination of each principal axis. 

The sine and cosine of 26,, and 26,, can be obtained from the triangles 
shown in Fig. A-14, which are based on Eq. A-11. If these trigonometric 
relations are substituted into the first or second of Eq. A-10 and 
simplified, the result is 


I, ar If Ih. = Thy \2 
tg Ba (S ) a lle (A-12) 


Depending on the sign chosen, this result gives the maximum or 
minimum moment of inertia for the area. Furthermore, if the above 
trigonometric relations for 6,, and 6,, are substituted into the third of 
Eq. A-10, it will be seen that /,, = 0; that is, the product of inertia with 
respect to the principal axes is zero. Since it was indicated in Sec. A.3 that 
the product of inertia is zero with respect to any symmetrical axis, it 
therefore follows that any symmetrical axis and the one perpendicular to 
it represent principal axes of inertia for the area. Also, notice that the 
equations derived in this section are similar to those for stress and strain 
transformation developed in Chapters 9 and 10, respectively. 
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EXAMPLE |A.5 


Determine the principal moments of inertia for the beam’s cross- 
sectional area shown in Fig. A-15 with respect to an axis passing 
through the centroid C. 


SOLUTION 

The moments and product of inertia of the cross section with respect 
to the x, y axes have been determined in Examples A.3 and A.4. The 
results are 


I, = 2.90(10°) mm* J, = 5.60(10°) mm* 7, = —3.00(10°) mm4 


Using Eq. A-11, the angles of inclination of the principal axes x’ 
and y’ are 


Ley 3.00(10°) 
(I, — 1,)/2 — [2.90(10°) — 5.60(10°)]/2 
20,,=1142° and 26, = —65.8° 


tan 26, = = —2.22 
Thus, as shown in Fig. A-15, 
6, = 57.1° and O59 = —32.9° 


The principal moments of inertia with respect to the x’ and y’ axes 
are determined by using Eq. A-12. 


I, -1,\? 
2 
2) + by 


2 
4.25(10°) + 3.29(10°) 


2 


2.90(10°) + 5.60(10°) (2 — 5.60(10°) 


p 
| + [—3.00(10°)]? 


or 


Tmax = 7-54(10°) mm* — Inn = 0.960(10°) mm* — Ans. 
Specifically, the maximum moment of inertia, [,,,, = 7.54(10°) mm’, 
occurs with respect to the x’ axis (major axis), since by inspection most 
of the cross-sectional area is farthest away from this axis. To show this, 
substitute the data with 9 = 57.1° into the first of Eq. A-10. 
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A.5 Mohr's Circle for Moments of Inertia 


Equations A-10 through A-12 have a semi-graphical solution that is 
convenient to use and generally easy to remember. Squaring the first and 
third of Eq. A-10 and adding, it is found that 


igi) Lai 
(1. er * ley = 3 +1, (A-13) 


In any given problem, /, and J, are variables, and I,, 1,, and I, are 
known constants. Thus, the above equation may be written in compact 
form as 


(Iy — a)? + Iyy? = R? 
When this equation is plotted, the resulting graph represents a circle of 


radius 5 
ly, 

_ 2 

a= : Yea 


and having its center located at point (a, 0), where a = (J, + I,)/2. The 
circle so constructed is called Mohr’s circle. Its application is similar to 
that used for stress and strain transformation developed in Chapters 9 
and 10, respectively. 


Procedure for Analysis 


The main purpose for using Mohr’s circle here is to have a 
convenient means of transforming /,, /,, and /,, into the principal 
moments of inertia for the area. The following procedure provides a 
method for doing this. 


ee 
yt xy 
Establish the x, y axes for the area, with the origin located at the 
point P of interest, usually the centroid, and determine /,, /,, and 
Peles 1Od. 


Calculate I, | 


Minor axis for principal 
moment of inertia, [pin 


Y... axis for principal 


moment of inertia, Jax 


(a) Fig. A-16 
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Procedure for Analysis (continued) 


Construct the Circle. 


Establish a rectangular coordinate system such that the horizontal 
axis represents the moment of inertia J, and the vertical axis 
represents the product of inertia /,,, Fig. A-16b. Determine the 
center of the circle, C, which is located a distance (J, + I,)/2 from 
the origin, and plot the “reference point” A having coordinates 
(1,, Ixy). By definition, /, is always positive, whereas J, can either 
be positive or negative. Connect the reference point A with the 
center of the circle, and determine the distance CA by trigonometry. 
This distance represents the radius of the circle, Fig. A-16b. Finally, 
draw the circle. 


Fig. A-16 (cont.) 


Principal Moments of Inertia. 


The points where the circle intersects the J axis give the values of the 
principal moments of inertia Jin and Jax. Here the product of 
inertia will be zero at these points, Fig. A-16b. 

To find the orientation of the major principal axis, determine by 
trigonometry the angle 26,,, measured from the radius CA to the 
positive I axis, Fig. A-16b. This angle represents twice the angle from 
the x axis to the axis of maximum moment of inertia /,,x, 
Fig. A-16a. Both the angle on the circle, 26,,, and the angle on the 
area, 0,,, must be measured in the same sense, as shown in Fig. A-16. 
The minor axis is for minimum moment of inertia J,,;,, which is 
always perpendicular to the major axis defining J ax. 
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EXAMPLE |A.6 


Use Mohr’s circle to determine the principal moments of inertia for 
the beam’s cross-sectional area, shown in Fig. A-17a, with respect to 
principal axes passing through the centroid C. 


SOLUTION 


Compute I,, ly, Ixy. The moments of inertia and the product 
of inertia have been determined in Examples A.3 and A.4 with 100 mm 
respect to the x, y axes shown in Fig. A-17a. The results are 


I, = 2.90(10°) mm*, J, = 5.60(10°) mm‘, and J,,, = —3.00(10°) mm‘. 


Construct the Circle. The / and /,, axes are shown in Fig. A-17b. 
The center of the circle, C, lies at a distance (J, + I,)/2 = 
(2.90 + 5.60)/2 = 4.25 from the origin. When the reference point 
A(2.90, —3.00) is connected to point C, the radius CA is determined T,y(10°) mm* 
from the shaded triangle CBA using the Pythagorean theorem: 


CA = V (1.35)? + (—3.00)? = 3.29 


aes 


The circle is constructed in Fig. A-17c. 2.90 ‘i 


1(10°) mm* 
Principal Moments of Inertia. The circle intersects the J axis at 
points (7.54, 0) and (0.960, 0). Hence 

A(2.90, —3.00) 


Tee = 754010 Vom Ans. 


Tmin = 0-960(10°) mm* Ans. 


As shown in Fig. A-17c, the angle 26, is determined from the circle 
by measuring counterclockwise from CA to the positive I axis. Hence, 


Tnin = 9.960 =A 


00 
——— ) = 114.2° 
=) 


BA 
26,, = 180° — wn( 24) = 180° — tan-( 
|BC| 


} 
= ort 26p, 
329) 


G 


(10°) mm* 


The major principal axis (for Imax = 7.54(10°) mm‘) is therefore ANZ 39) 


oriented at an angle 6,, = 57.1°, measured counterclockwise, from the (c) 
positive x axis. The minor axis is perpendicular to this axis. The results 


are shown in Fig. A-17a. Fig. A-17 
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Geometric Properties 
of Structural Shapes 


Wide-Flange Sections or W Shapes FPS Units 


Web Flange 
Area | Depth | thickness | width | thickness Sone ES 
Designation A d th by tr | iS r I! S r 
in. X lb/ft in? in. in. in. in. int in? in. in4 in? in. 
W24 x 104 30.6 24.06 0.500 12.750 0.750 3100 258 10.1 259 40.7 229i 
W24 x 94 fell 24.31 0.515 9.065 0.875 2700 222) 9.87 | 109 24.0 1.98 
W24 x 84 24.7 24.10 0.470 9.020 0.770 2370 196 OL) 94.4 | 20.9 1.95 
W24 X 76 22.4 DOP 0.440 8.990 0.680 2100 176 9.69 82.5 | 18.4 1.92 
W24 X 68 20.1 DSWD 0.415 8.965 0.585 1830 154 9.55 70.4 | 15.7 1.87 
W24 X 62 18.2 23.74 0.430 7.040 0.590 1550 131 93) 34.5 9.80 | 1.38 
W24 X 55 16.2 DBhoT) 0.395 7.005 0.505 1350 114 9.11 29.1 8.30 | 1.34 
W18 X 65 19.1 18.35 0.450 7.590 0.750 1070 117 7A9 54.8 | 14.4 1.69 
W18 X 60 17.6 18.24 0.415 Tees) 0.695 984 108 TAT SOLE || i13h3 1.69 
W18 xX 55 16.2 18.11 0.390 7.530 0.630 890 98.3 7A1 44.9 | 11.9 1.67 
W18 X 50 14.7 17.99 0.355 7.495 0.570 800 88.9 7.38 40.1 | 10.7 1.65 
W18 X 46 i135) 18.06 0.360 6.060 0.605 712 78.8 V25 DOES 7.43 1.29 
W18 X 40 11.8 17.90 0.315 6.015 0.525 612 68.4 WeAM 19.1 6.35 27 
W18 xX 35 10.3 17.70 0.300 6.000 0.425 510 57.6 7.04 15.33 Sl || ia 
W16 X 57 16.8 16.43 0.430 7.120 0.715 758 92.2 6.72 43.1 | 12.1 1.60 
W16 X 50 14.7 16.26 0.380 7.070 0.630 659 81.0 6.68 S72 || WS 1.59 
W16 x 45 i13}33 16.13 0.345 7.035 0.565 586 || Ose 32.8 9.34 | 1.57 
W16 X 36 10.6 15.86 0.295 6.985 0.430 448 S05)|| Sil 24.5 700M les2 
W16 X 31 aly, 15.88 0.275 5.525) 0.440 BMS) 47.2 6.41 12.4 4.49 | 1.17 
W16 X 26 7.68 15.69 0.250 5.500 0.345 301 38.4 6.26 9.59) 3.49 | 1.12 
W114 x 53 EG 13.92 0.370 8.060 0.660 541 77.8 5.89 Stat || Wébs 1.92 
W114 x 43 12.6 13.66 0.305 7.995 0.530 428 62.7 5.82 as || ii8) 1.89 
W114 x 38 nlite, 14.10 0.310 6.770 0.515 385 54.6 5.87 26.7 7.88 | 1.55 
W114 x 34 10.0 13.98 0.285 6.745 0.455 340 48.6 Seis} 223\3) 6.91 133} 
W114 x 30 8.85 13.84 0.270 6.730 0.385 291 42.0 5/3 19.6 5.82 | 1.49 
W14 Xx 26 7.69 13.91 0.255 5.025 0.420 245 Bo 5.65 8.91} 3.54 | 1.08 
W114 x 22 6.49 13.74 0.230 5.000 0.335 199 29.0 5.54 7.00} 2.80 | 1.04 
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Wide-Flange Sections or W Shapes FPS Units 
ae = X-X axis axis 
Area | Depth | thickness | width | thickness ve 
Designation A d ts be te | iS) r I S r 
in. X Ib/ft in? in. in. in. in. int in? in. in4 in? in. 
W12 X 87 2G 1S} 0.515 12S) 0.810 740 118 5.38 | 241 BOM), 3.07 
W12 X 50 14.7 12.19 0.370 8.080 0.640 394 64.7 5.18 56.3 139 1.96 
W12 X 45 IB? 12.06 0.335 8.045 0.575 350 58.1 Sols) 50.0 | 12.4 1.94 
W12 X 26 7.65 (222 0.230 6.490 0.380 204 33.4 Spill 7 ies 5.34 | 1.51 
Wile e222} 6.48 IASI 0.260 4.030 0.425 156 25.4 4.91 4.66} 2.31 | 0.847 
W12 X 16 4.71 11.99 0.220 3.990 0.265 103 ell 4.67 2.82) 1.41 | 0.773 
W12 x 14 4.16 11.91 0.200 3.970 0.225 88.6 14.9 4.62 ABD || i. | Obes 
W10 X 100 29.4 11.10 0.680 10.340 LAD 623 i? 4.60 | 207 40.0 2765) 
W10 X 54 158 10.09 0.370 10.030 0.615 303 60.0 4.37 | 103 20.6 2.56 
W10 X 45 33) 10.10 0.350 8.020 0.620 248 49.1 4.32 Sele! || ihe} 2.01 
W10 X 39 HELE oy 0.315 7.985 0.530 209 42.1 4.27 45.0 | 11.3 1.98 
W10 X 30 8.84 10.47 0.300 5.810 0.510 170 32.4 4.38 16.7 Sf) || 1c337/ 
W10 X 19 5.62 10.24 0.250 4.020 0.395 96.3 18.8 4.14 4.29] 2.14 | 0.874 
W10 X 15 4.41 9.99 0.230 4.000 0.270 68.9 13.8 3.95 2.89} 1.45 | 0.810 
W10 X 12 3.54 9.87 0.190 3.960 0.210 53.8 10.9 3.90 PesMs} || ILaIKO) || 7635) 
W8 X 67 iG), 9.00 0.570 8.280 0.935 272 60.4 SH2 88.6 | 21.4 Onl} 
W8 X 58 il 8.75 0.510 8.220 0.810 228 52.0 3.65 Wx 18.3 2.10 
W8 X 48 14.1 8.50 0.400 8.110 0.685 184 43.3 3.61 60.9 | 15.0 2.08 
W8 X 40 iil 8.25 0.360 8.070 0.560 146 355) 358} 49.1 122 2.04 
W8 X 31 9.13 8.00 0.285 7.995 0.435 110 Des) 3.47 37 O27 2202, 
W8 X 24 7.08 E93 0.245 6.495 0.400 82.8 20.9 3.42 18.3 5103) || ifort 
W8 X 15 4.44 8.11 0.245 4.015 0.315 48.0 11.8 B29 3.41 1.70 | 0.876 
W6 X 25 7.34 6.38 0.320 6.080 0.455 53.4 16.7 2.70 yell Seoul || Is2 
W6 X 20 5.87 6.20 0.260 6.020 0.365 41.4 13.4 2.66 13.3) 4.41 | 1.50 
W6 X 16 4.74 6.28 0.260 4.030 0.405 Ball 10.2 2.60 4.43 |} 2.20 | 0.966 
W6 X 15 4.43 SY) 0.230 5.990 0.260 29 O72 || 2S Oy) || Bil || aks 
W6 X 12 3.55) 6.03 0.230 4.000 0.280 22a 7.31) 2.49 2.99} 1.50 | 0.918 
W6 X 9 2.68 5.90 0.170 3.940 0.215 16.4 5.56] 2.47 OAO ee le ele OLOOs) 
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American Standard Channels or C Shapes_ FPS Units 
Web Flange 
Area |Depth | _ thickness width thickness meses ENS: 

Designation] A d te b, te | iS r I iS r 
in. X lb/ft in? in. in in in* in? in. in4 in? in. 
CIS < SW 14.7 15.00 11/16 | 3.716 33 0.650 | 5/8 | 404 53.8 | 5.24 | 11.0 3.78 | 0.867 
C15 x 40 11.8 15.00 V2 eS 520) 35 0.650 | 5/8 | 349 46.5 |5.44 |] 9.23 | 3.37 | 0.886 
(Cid 38.2) 9.96 | 15.00 3/8 | 3.400 33 0.650 | 5/8 | 315 42.0 | 5.62 8.13 | 3.11 | 0.904 
C12 X 30 8.82 | 12.00 V2 || Bile 35 0.501 | 1/2 | 162 27.0 | 4.29 5.14 | 2.06 |0.763 
(Ci? >< 25) Vessel 00) 3/8 | 3.047 | 3 0.501 | 1/2 | 144 24.1 4.43 4.47 | 1.88 | 0.780 
(Ci >< 2207/ 6.09 | 12.00 5/16 | 2.942 | 3 Ors ONG ey ae 29 21.5 | 4.61 aigsksy || lek || (O78) 
Cio 2 30 8.82 | 10.00 TV/AGH | PSt0335 83 0.436 | 7/16 | 103 20.7 | 3.42 3.94 | 1.65 |0.669 
(Cil@ 2x 25) 7.35 | 10.00 1/2 | 2.886 23 OAZ69 7/16 O12 | 18:2 352) 3.36 | 1.48 | 0.676 
C10 X 20 5.88 | 10.00 3/8 | 2.739 23 0.436 |7/16| 78.9 | 15.8 |3.66 | 2.81 1.32 | 0.692 
CilO x 13} 4.49 | 10.00 1/4 | 2.600 23 OES | Wile | or4t | 18S | Bus7/ | 2s | ilo | @.7i3) 
C9 x 20 5.88 9.00 7/16 | 2.648 23 0.413 |7/16| 60.9 | 13.5 |3.22 | 2.42 |1.17 | 0.642 
C9 x 15 4.41 9.00 5/16 | 2.485 | 25 | 0.413 | 7/16 | 51.0 | 11.3 | 3.40 E93 1.01 | 0.661 
C9 x 13.4 3.94 9.00 Wa | 2'433 23 0.413 |7/16) 47.9 | 10.6 | 3.48 1.76 | 0.962 | 0.669 
C8 X 18.75 Soll 8.00 W2 || 2527 | 25 | O300 | 38 44.0 | 11.0 | 2.82 1.98 | 1.01 |0.599 
(C3 x IBS 4.04 8.00 5/16 | 2.343 23 0.390 | 3/8 36.1 Oe} || 29) 1.53 | 0.854 | 0.615 
(CS 2¢ Tis) 3.38 8.00 1/4 | 2.260 | 27 | 0.390 | 3/8 32.6 8.14 | 3.11 ES 2 ROY Sila OKO25 
C7 X 14.75 4.33 7.00 /MOm 222.998 62am O S66m nS //S DP Wits. | Asi 1.38 | 0.779 | 0.564 
(CH SX 1S) 3.60 7.00 5/16 | 2.194 | 24 | 0.366 | 3/8 24.2 6.93 | 2.60 1.17 | 0.703 |0.571 
C7 X 9.8 QRS 7.00 3/16 | 2.090 | 2g | 0.366 | 3/8 Pls) 6.08 | 2.72 | 0.968 | 0.625 | 0.581 
C6 x 13 3.83 6.00 7/16 | 2.157 | 2g | 0.343 | 5/16 | 17.4 pelt) || 2.118} 1.05 | 0.642 | 0.525 
C6 X 10.5 3.09 6.00 5/16 | 2.034 | 2 O243 | 5/6 | 152 5.06 | 2.22 | 0.866 | 0.564 | 0.529 
(CD 24 2.40 6.00 3/16 | 1.920 12 0.343 |5/16] 13.1 4.38 | 2.34 | 0.693 | 0.492 | 0.537 
CS KY 2.64 5.00 5/16 | 1.885 13 0.320 | 5/16 8.90 | 3.56 | 1.83 0.632 | 0.450 | 0.489 
CS XK Oy iLO 5.00 3/16 | 1.750 1} 0.320 | 5/16 7.49 | 3.00 | 1.95 0.479 | 0.378 | 0.493 
C4 X 7.25 2ale 4.00 SHO || Wo72il 13 0.296 | 5/16 4.59) 2.29 | 1.47 | 0.433 | 0.343 | 0.450 
C4 x 5.4 L539) 4.00 3/16 | 1.584 13 0.296 | 5/16 3.85 | 1.93 | 1.56 | 0.319 | 0.283 | 0.449 
C3 X 6 1.76 3.00 3/8 | 1.596 13 0.273 | 1/4 2.07 | 1.38 | 1.08 | 0.305 | 0.268 | 0.416 
(C3 xD 1.47 3.00 1/4 | 1.498 13 0.273 | 1/4 1.85 | 1.24 |1.12 | 0.247 | 0.233 | 0.410 
C3 X 4.1 ial 3.00 3/16 | 1.410 13 0.273 | 1/4 1.66} 1.10 | 1.17 | 0.197 | 0.202 | 0.404 
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Angles Having Equal Legs FPS Units 
cea Weight X-X axis y-y axis Z-z axis 
thickness per foot | Area A | r y | S r x r 

in. Ib in. int in? in in. in. 
ees 51.0 237 | 89.0 | 15:8 240 237 lke 
L8 x 8x? 38.9 228° |) 69.70) | 122 PG || BOR || 
L8 xX 8X3 26.4 2.19 | 48.6 8.560 | 250g 219 iattcs 
16 x6 x 1 37.4 1.86 | 35.5 S57) 1-80" |) 86 1 any 
GP AG 28.7 1.78 | 28.2 6661.83.) 78.) a7 
L6 x 6 x 5 19.6 1.68 | 19.9 4.61 | 1.86 | 168 | 1.18 
L6 x6 x3 14.9 1.64 | 15.4 Be | ES | ie! | ae 
15 x5 x? 23.6 1520) 57) 453)? \(el Se L525 101975 
ae 16.2 sey tes 1160) ||P 154) (5439 )|0.983 
ese 123 1.39 8.74 | 2.42 | 1.56 | 1.39 | 0.990 
IA Ax 18.5 127 Tel 281 119 27 eon7s 
L4x4x 5 12.8 1.18 556, || 01:97 |) 9122) ||| PABA | 0782 
l4x4x3 9.8 1.14 436 ||) 1.52) )|| d23° )\| 114" 1 0788 
eA ie 6.6 1.09 3.04) 9) 0S: 9) e125, 96. 69m 70.795 
Is ea ee | Ul 1.06 3.64 | 149 | 1.06 | 1.06 | 0.683 
1m oe ge SS 8.5 1.01 287 ap eI Se | R07" HO | 0687 
L35 X 33 Xj 5.8 0.968 | 2.01 | 0.794 | 1.09 | 0.968 | 0.694 
ioe 3 ec, 9.4 0.932 | 2.22 | 1.07 | 0.898 | 0.932 | 0.584 
13 x3 72 0.888 | 1.76 | 0.833 | 0.913 | 0.888 | 0.587 
WEISS 4.9 0.842 | 1.24 | 0.577 | 0.930 | 0.842 | 0.592 
12} X 23 x} ce 0.806 | 1.23 | 0.724 | 0.739 | 0.806 | 0.487 
12} x 23 x2 5.9 0.762 | 0.984] 0.566 | 0.753 | 0.762 | 0.487 
L2} x 25 xj 4.1 0.717 | 0.703 | 0.394 | 0.769 | 0.717 | 0.491 
1x 2? 4.7 0.636 | 0.479 | 0.351 | 0.594 | 0.636 | 0.389 
x 3.19 0.592 | 0.348] 0.247 | 0.609 ] 0.592 | 0.391 
WD 2 Xs 1.65 0.546 | 0.190] 0.131 | 0.626 | 0.546 | 0.398 
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APPENDIX B GEOMETRIC PROPERTIES OF STRUCTURAL SHAPES 


bs 
Wide-Flange Sections or W Shapes SI Units 
Web Flange . . 
Area | Depth | thickness | width | thickness sess mee 

Designation A d ieny by te I S Fr I S r 
mm X kg/m | mm? mm mm mm mm 10° mm‘ | 10? mm? | mm | 10° mm* | 10° mm? | mm 
W610 X 155 | 19800} 611 12.70 324.0 19.0 1290 4 220 255 | 108 667 73.9 
W610 < 140 | 17900 | 617 13.10 230.0 222; eI20) 3 630 250 45.1 392 pO 
W610 X 125 | 15900 | 612 11.90 229.0 19.6 985 3 220 249 ay3) 343 49.7 
W610 X 113 | 14400 | 608 11.20 228.0 eS 875 2 880 247 34.3 301 48.8 
W610 X 101 | 12900 | 603 10.50 228.0 14.9 764 2 530 243 S)S) 23) 47.8 
W610 X 92 | 11800} 603 10.90 179.0 15.0 646 2 140 234 14.4 161 34.9 
W610 X 82 | 10500} 599 10.00 178.0 12.8 560 1870 231 2A 136 33.9) 
W460 X 97 | 12300 | 466 11.40 193.0 19.0 445 1910 190 22.8 236 43.1 
W460 x 89 | 11400} 463 10.50 192.0 i 410 1770 190 20.9 218 42.8 
W460 X 82 | 10400] 460 919 il 191.0 16.0 370 1610 189 18.6 195 42.3 
W460 X 74 9460] 457 9.02 190.0 14.5 B85) 1 460 188 16.6 WS 41.9 
W460 < 68 8730] 459 9.14 154.0 15.4 297 1290 184 9.41 122 32.8 
W460 x 60 7590 | 455 8.00 130 13.3 Pas) 1120 183 7.96 104 32.4 
W460 < 52 6640 |) 450 7.62 152.0 10.8 PMD 942 179 6.34 83.4 30.9 
W410 x 85 | 10800} 417 10.90 181.0 18.2 315 1510 171 18.0 199 40.8 
W410 x 74 9510] 413 9.65 180.0 16.0 275 1330 170 15.6 73 40.5 
W410 X 67 8560 | 410 8.76 179.0 14.4 245 1 200 169 13.8 154 40.2 
W410 X 53 6 820] 403 TAY 177.0 10.9 186 928) 165 10.1 114 38.5 
W410 x 46 5890 | 403 6.99 140.0 ie 156 774 163 5.14 73.4 295 
W410 x 39 4960 | 399 6.35 140.0 8.8 126 632 159 4.02 57.4 28.5 
W360 x 79 | 10100] 354 9.40 205.0 16.8 it 1 280 150 24.2 236 48.9 
W360 x 64 8150] 347 7.75 203.0 13g) 79) 1030 148 18.8 185 48.0 
W360 X 57 7200 | 358 7.87 7220) il3),il 160 894 149 iii 129 39.3 
W360 X 51 6450 | 355 7.24 171.0 11.6 141 794 148 9.68 113 38.7 
W360 X 45 SiO || ss 6.86 171.0 9.8 il 688 146 8.16 95.4 37.8 
W360 X 39 4960 | 353 6.48 128.0 10.7 102 578 143 31) 58.6 DES 
W360 X 33 4190 | 349 5.84 127.0 8.5 82.9 475 141 2, 9ill 45.8 26.4 
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d x x 
y 
bs 
Wide-Flange Sections or W Shapes _ SI Units 
Web Flange . . 
Area | Depth | thickness | width | thickness coastal NaN S 

Designation A d tis by te I S r I S F 
mm X kg/m | mm? mm mm mm mm 10° mm* | 10? mm? | mm | 10° mm4 | 10? mm? | mm 
W310 X 129 | 16500] 318 13.10 308.0 20.6 308 1940 7 100 649 Wifes 
W310 x 74 9480 | 310 9.40 205.0 16.3 165 1060 SD) 23.4 228 49.7 
W310 X 67 8530 | 306 8.51 204.0 14.6 145 948 130 20.7 203 49.3 
W310 X 39 4930) 310 5.84 165.0 OM 84.8 547 131 23) 87.6 38.3 
W310 X 33 4180] 313 6.60 102.0 10.8 65.0 415 125 1.92 37.6 21.4 
W310 X 24 3040 | 305 5.59 101.0 6.7 42.8 281 119 1.16 23.0 19.5 
W310 X 21 2680 | 303 5.08 101.0 Spl! 37.0 244 117 0.986 19.5 oO 
W250 X 149 | 19000 | 282 17.30 263.0 28.4 259 1840 117 86.2 656 67.4 
W250 X 80 | 10200] 256 9.40 255.0 15.6 126 984 lel 43.1 338 65.0 
W250 X 67 8560 | 257 8.89 204.0 Sa7/ 104 809 110 22) 218 50.9 
W250 X 58 7400 | 252 8.00 203.0 IES 87.3 693 109 18.8 185 50.4 
W250 xX 45 5700 | 266 7.62 148.0 13.0 ile 535 112 7.03 95 Son 
W250 X 28 3620] 260 6.35 102.0 10.0 39.9 307 105 1.78 34.9 Dp) 
W250 X 22 2850 | 254 5.84 102.0 6.9 28.8 227 101 ily ay) 20.7 
W250 X 18 2280) 251 4.83 101.0 33} 2S) 179 O23) 0.919 18.2 20.1 
W200 X 100 | 12700] 229 14.50 210.0 23 113 987 94.3 36.6 349 Sol! 
W200 X 86 | 11000] 222 13.00 209.0 20.6 94.7 853 92.8 31.4 300 53.4 
W200 X 71 9100} 216 10.20 206.0 17.4 76.6 709 OMe 25.4 247 52.8 
W200 x 59 7580) 210 9.14 205.0 14.2 61.2 583 89.9 20.4 199 51.9 
W200 x 46 5890 | 203 7.24 203.0 11.0 45.5 448 87.9 15.3 151 51.0 
W200 x 36 4570} 201 (22) 165.0 10.2 34.4 342 86.8 7.64 92.6 40.9 
W200 x 22 2860 | 206 6.22 102.0 8.0 20.0 194 83.6 1.42 27.8 pre) 
W150 X 37 4730 | 162 8.13 154.0 11.6 2D 274 68.5 WOT 91.8 38.7 
W150 X 30 3790 || iy 6.60 153.0 9.3 slievealt 218 67.2 5.54 72.4 38.2 
W150 X 22 2860] 152 5.84 152.0 6.6 12a 159 65.0 3.87 50.9 36.8 
W150 x 24 3060) 160 6.60 102.0 10.3 13.4 168 66.2 1.83 35.9 24.5 
W150 X 18 2290 || i153 5.84 102.0 el Oi) 120 63.3 1.26 24.7 2355 
W150 X 14 1730} 150 4.32 100.0 Sy) 6.84 Ole? 62.9 0.912 18.2 23.0 
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American Standard Channels or C Shapes _ SI Units 


Web ; ; 
Area thickness ae ae aaa 

Designation A S S) r 

mm X kg/m | mm? 103 mm? 103 mm? | mm 
C380 x 74 9 480 882 61.8 22.0 
C380 X 60 7 610 761 Sopil DORs) 
C380 x 50 6 430 688 50.9 DPS) 
C310 x 45 5 690 442 33.8 19.4 
E310kX< 37, 4740 B93) 30.9 19.8 
C310 X 31 3 930 Boo) 28.3 20.2 
C250 x 45 5 690 338 Ziel 17.0 
E250 < 37 4740 299 24.3 72 
C250 x 30 3 790 258 21.6 17.6 
(250E e238 2 900 eal 19.0 18.1 
C230 x 30 3 790 BPA IQ. 16.3 
E2305 22 2 850 185 16.7 16.8 
C230 x 20 2 540 174 15.8 17.0 
C200 x 28 3 550 180 16.5 12 
C200 x 20 2 610 148 14.0 15.6 
C200 x 17 2 180 134 12.8 19) 
C180 x 22 2790 127 12.8 14.3 
C180 x 18 2 320 113 11.5 14.5 
C180 x 15 1 850 998) 10.2 14.8 
C150 x 19 2 470 95.3 10.5 183 
C150 x 16 1990 83.3 2 Bs 
C150 x 12 1550 Wie 8.04 13.6 
€130< 13 1 700 58.3 Wes 12.4 
C130 x 10 1270 49.1 6.18 ES 
E100 < iL 1370 3S) 5.62 ii 
C100 x 8 1030 31.4 4.65 11.4 
CH «9 1140 22.6 4.39 10.6 
(CHS << 7] 948 20.2 3.83 10.4 
C75 X 6 781 18.1 Be 10.2 
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y 

Angles Having Equal Legs SI Units 

Mass Be ee iene: eee 

Ber x-X axis y-y axis Z-z axis 
Size and thickness | Meter | Area | S r y | S r x r 

mm kg mm? | 10°mm*4 | 10°mm? | mm | mm | 10°mm*] 10°mm? | mm | mm | mm 

L203 X 203 X 25.4 WD 9 680 36.9 258 61.7 | 60.1 36.9 258 61.7 | 60.1 | 39.6 
L203 Xx 203 X 19.0 So) 7 380 28.9 199 (C29 || SIS || Bao 199 62.6 | 57.8 | 40.1 
IL PAOS) 2 PAVE) 25 NT 39.3 5 000 20.2 137 (oe om (reo 0 Bi 63.6 | 55.5 | 40.4 
L152 X 152 X 25.4 SDb// 7 100 14.6 139 45.3 | 47.2 14.6 139 45.3 | 47.2 | 29.7 
ILS < IS o< OW 42.7 5 440 11.6 108 46.2 | 45.0 11.6 108 46.2 | 45.0 | 29.7 
IES. 3 ISD 127 2912 3710 8.22 Well 47.1 | 42.7 8:22 Woll 47.1 | 42.7 | 30.0 
ILS) 3X ISR os OS) 222 2 810 6.35 57.4 47.5 | 41.5 6.35 57.4 47.5 | 41.5 | 30.2 
L127 X 127 X 19.0 Boul 4 480 6.54 73.9 Beis || 2heh,7/ 6.54 WS) 38.2 | 38.7 | 24.8 
TENET OS WAY SS 127) 24.1 3 060 4.68 Sle7/ 39.1 | 36.4 4.68 Sill of/ 39.1 | 36.4 | 25.0 
Ia xX 2A ox OS) 18.3 2 330 3.64 28) 7 39/5) | 35.33 3.64 Boy 39 || 35.3 | 2ZSqil 
L102 x 102 Xx 19.0 2ULS) 3510 B23 46.4 30.3 | 32.4 see} 46.4 30.3 | 32.4 | 19.8 
TELOZ S02 127, 19.0 2 420 2.34 32.6 31.1 | 30.2 2.34 32.6 Sill | S02 | 18 
102,102 95 14.6 1 840 1.84 W-3) 31.6 | 29.0 1.84 ce) 31.6 | 29.0 | 20.0 
L102 x 102 x 6.4 9.8 1250 1.28 3} BPO) | 29) 1.28 3 SP40) || ZIG) || AO 
TES9 EX 89F x 1277 16.5 2 100 52; 24.5 26.9 | 26.9 52; 24.5 26:9) 5 26:9) | lis 
L89 x 89 x 9.5 12.6 1 600 1.20 19.0 27.4 | 25.8 1.20 19.0 27.4 | 25.8 | 17.4 
L89 x 89 x 6.4 8.6 1 090 0.840 13.0 27.8 | 24.6 0.840 13.0 27.8 | 24.6 | 17.6 
Ihe) 3 They SS 127 14.0 1770 0.915 WES DDT || ASLO 0.915 IS) 22.7 | 23.6 | 14.8 
L76 X 76 X 9.5 10.7 1 360 0.726 13.6 A2all || 22S) 0.726 13.6 Ball || 22s) || eh) 
L76 X 76 X 6.4 V3 ey 0.514 939 | 235 | Zil3} 0.514 O39 || Bis | 23 | WSO 
L64 X 64 X 12.7 iS 1 450 0.524 iI 19.0 | 20.6 0.524 PIL 19.0 | 20.6 | 12.4 
L64 x 64 x 9.5 8.8 1120 0.420 9.46 | 19.4 | 19.5 0.420 946 | 194) 19.5 |) 12.4 
L64 x 64 x 6.4 6.1 766 0.300 (@.s9) || WSS} || ihe 0.300 Gs) || Ges || ie || ies) 
IES Xx Sil X YS 7.0 877 0.202 Sas || IS || io 0.202 S04 || iSe2 || Io” 9.88 
LS1 X 51 X 6.4 4.7 605 0.146 4.09 | 15.6 | 15.1 0.146 4.09 | 15.6 | 15.1 198 
JUS X Sil XS 2S) 312) 0.080 AMG || iO) || ise) 0.080 Mell) || iLO) || 8) || iit 
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Slopes and Deflections 
of Beams 


Simply Supported Beam Slopes and Deflections 
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Beam Slope Deflection Elastic Curve 
=/P 3 
_pr _pr3 Don oe 
Pmax ~ TEE] Pe a Agi 
= 2 iL/2 
=a IL, se 10) —Pb 
posses) v= (VP-P - 2) 
6EIL ES ee 6EIL 
Pab(L + a) eS ante a) F 
See Shee <x< 
ie 6EIL cas 
v 2 
9 = Mok _ =MoL 
TTGE we Page Pe lcs ee 
ee 0.5774L ae 
= tx = 0. 
2 3Ei ame 
-—wL —SwL4 —wx 
Omax = ~ - SIR Hp 
OST ESS SG OS ara ‘i ) 
3 se —W* (16x3 — 24Lx? + 9L3) 
a = = pe Guat 
eee: Tye we TOBE 0 38451 
128EI ee ae 
IwL3 4 
= wl —wL 
2 0.0 = 8x7 — 24Lx? 
384E1 One 065637 aan o x 
+ 17L7x — L?) 
at x = 0.4598L Wiese 
| i pee = ~0,00652"%%" 
1 “360ET ons El Srey ee 
Sapa - 
x We Casein 7 ) 
= tx = 0.5193L 
a, : b, 2 = 45RI at x = 0.5193 
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Cantilevered Beam Slopes and Deflections 


Beam Slope Deflection Elastic Curve 


| 
“oo 
| 
Nie 
= 
NN 
—— 
N 
A 
oS 
A 
fh 


24ET 
Os es 2 
-wL3 
Ale == IL 
jorer 4* ~ 4/2) 
Lj 32 Ik, 
—wox? 


(10L3 — 10L?x + 5Lx* — x) 


7 120ETE 


Fundamental Problems Partial Solutions and Answers 


Chapter 1 
F1-1 Entire beam: 
(+= Mz = 0; 60 — 10(2) — A,(2) = 0 Ay = 20 kN 
Left segment: 
> Fy = 0; Nc =0 Ans. 
+TXF, = 0; 20 -Vc=0 Vc = 20kN Ans. 
(+=Mc = 0; Mc + 60 — 20(1) = 0 Mc = —40kN-m Ans. 
F1-2 Entire beam: 
(+My, = 0; B,(3) — 100(1.5)(0.75) — 200(1.5)(2.25) = 0 
By = 262.5N 
Right segment: 
SIF, = 0; Nc=0 Ans. 
+TXF, = 0; Vo t+ 262.5 — 200(1.5) = 0 Vco=375N Ans. 
(+2 Mc = 0; 262.5(1.5) — 200(1.5)(0.75) — Mc = 0 
Mc = 169N-m Ans. 
F1-3 Entire beam: 
+5 YF, = 0; B,=0 
(+My, = 0; 20(2)(1) — By(4) = 0 By, =10kN 
Right segment: 
5 YF, = 0; Nc =0 Ans. 
+TIF, =0; Vc -10=0 Vc =10kN Ans. 
(+2=Mc = 0; —Mc — 10(2) =0 Mc = —-20kN:m Ans. 
F1-4 Entire beam: 
1 
(+= Mz = 0; 5 (10)(3)2) + 10(3)(4.5) — A,(6) = 0 Ay = 27.5 KN 
Left segment: 
5 YF, = 0; Nc =0 Ans. 
+fT2F, = 0; 27.5 — 10(3) — Ve = 0 Vo=—2.5kN Ans. 
(+= Mc = 0; Mc + 10(3)(1.5) — 27.5(3) = 0 Mc = 37.5kN-m Ans. 
F1-5 Entire beam: 
5 YF, = 0; A, =0 
1 
(+= Mz = 0; 300(6)(3) — 37 (300)(3)(1) — A,(6) = 0 Ay = 825 Ib 
Left segment: 
5 YF, = 0; Nc =0 Ans. 
ler = 0; 825 — 300(3) — Vc = 0 Vo = —75 Ib Ans. 
(+=Mc = 0; Mc + 300(3)(1.5) — 825(3) = 0 Mc = 1125 lb: ft Ans. 
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F1-6 


F1-7 


F1-8 


F1-9 


F1-10 


FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS 


Entire beam: 


3 
(+2M, = 0; Fool 2) — 5(6)(3) = 0 

4 
+5 SF, = 0; 375( 4) — A,=0 

3 

+TIF, = 0; Ay + 37.5(2) 5(6) = 0 
Left segment: 
5S YF, =0; Nc - 30=0 
+T=F, = 0; 7.5 — 5(2)-Vce=0 
(+>Mc = 0; Mc + 5(2)(1) — 7.5(2) = 0 
Beam: 


=M,4 = 0; Tcp = 2w 
27 0a = 


Rod AB: 
P w 
= —;300(10*) = —; 
C= a9 
w=3N/m 
Rod CD: 
P 2w 
= —; 300(10*) = — 
= as 
w = 2.25N/m Ans. 
A=77(0.1? — 0.087) = 3.6(107)z m? 
P  300(10%) 
awe =— = = 26.5 MP Ans. 
Tae A 3.6(10-2)ar : 7 
A=3[4(1)] = 12 in? 
P15 
Fave = A = Dp = 1.25 ksi Ans. 


Consider the cross section to be a rectangle and 
two triangles. 


d. 
_ BFA 0.15[(0.3)(0.12)] + (041) 5(0.16)(03) 
y= _ 
ma 0.3(0.12) + 3(0.16)(03) 
= 0.13 m = 130mm Ans. 
3 
= 2 on) = 10 MPa Ans. 


Pave A 0.06 
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Fep =37.5kN 
Ay=30kN 
Ay=7.5 kN 
Nc = 30kN Ans. 
Vo =-2.5kN Ans. 
Mc=5kN:m Ans. 
FI-11 
Ay=Ac= 70%) = 0.06257 in’, Az = q@ = 0.250 in? 
Na . 
oA, = A, 0.06250 ~ 15.3 ksi (T) Ans. 
oc ree 7.64 ksi = 7.64 ksi (C) A 
oR Ap 0250 . si = 7. si ns. 
ve 10.2 ksi (T) A 
ve Ae 06a oe 
F1-12 


Fp = 50(9.81) N=490.5 N 


3 
+TIF, = 0; Fe(2) — 490.5=0 Fyc=817.5N 


4 
+5 YF, = 0; 8i75(<) —Fyp=0 Fap=654N 


Aap = 7 (0.008") = 16(10~%) 7 m2 


Faz 


654 
(7 aB)avg = Aa 


B 16(10-°)r 


= 13.0 MPa Ans. 


F1-13 Ring C: 
+T=F,=0; — 2F cos 60°—200(9.81) =0 F = 1962N 
F 1962 
(Fatlow ave a A 150(10°) oS 
TP 
4 


d = 0.00408 m = 4.08 mm 


Used =5mm Ans. 
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F1-14 


F1-15 


F1-16 


F1-17 


F1-18 


F1-19 


FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS 


Entire frame: 

=F, = 0; Ay = 600 Ib 

=Mp, = 0; A, = 800 1b 

F 4 = V'(600)? + (800)? = 1000 Ib 
F 4/2 1000/2 

(Ta)ave A 7 2 

7(0.25) 
Double shear: 
YF,=0; 4V-10=0 V=2.5kip 


= 10.2 ksi Ans. 


3 2 
A= 2(3) = 0.140625a in? 


4\4 
Vv 2.5 
ave = = 5.66 ksi Ans. 
Tae "A 0.140625 - ' 
Single shear: F 
=F, = 0; P-3V=0 andes 


A= (0.004?) = 4(10~)a m2 


a 
V 
Tave)allow =—;  60(10°) = ———— 
( a @)allo A ( ) 4(10~°) ar 
P=2.262(10°) N = 2.26 kN Ans. 


3YF,=0; V-—Pcos60°=0 V=05P 


_ (0.05 7 thn of 
A= = (0025) = 1.4434(1073) m 


0.5P 
1.4434(107~) 


P=1.732(10*) N = 1.73 kN Ans. 
The resultant force on the pin is 
F = V30? + 40? = SOKN. 
Here we have double shear: 
F _ S50 


V =— == =25kN 
> 3 


A= 7 (0-037) = 0.225(1073)a m? 


(Tavg) allow ~ > 600(103) = 


|< 


V 25(10%) 


7 = 35.4 MPa Ans. 
Tee A 0.225(10~3)r 


S3F,=0; 30-N=0 N=30kN 
250 
Oatlow = a = T= = 166.67 MPa 


N 30(10° 
Callow — A 166.67(10°) = 30(10") 


d= 15.14 mm 


Use d=16mm Ans. 


F1-20 
5 IF, =0; Nagp—30=0 Nap = 30 kip 
5S YF,=0; Ngc-15-15-30=0 Ngc=60 kip 
oy _ 50 : 
Oallow — FS. a 15 = 33.33 ksi 
Segment AB: 
Nas 30 
allow = 3 33.33 = 
Fallow Hoge h,(0.5) 
hy =1.8 in. 
Segment BC: 
Nxc 60 
allow = 3 33.33 = 
Fallow Ape h,(0.5) 
hy = 3.6 in. 
7. 3 
Use h, = Ie in. and h, = 33 in. Ans. 
F1-21 N=P 
Oy 250 
Oallow — FS. = 2 = 125 MPa 
A, = 7(0.04") = 1.2566(10~3) m? 
Aja = 2(0.06 — 0.03)(0.05) = 3(10-7) m? 
The rod will fail first. 
N P 
allow =— 3 125(10°) = 
eae A, a) 1.2566(10-°) 
P= 157.08(10°) N = 157 kN Ans. 


F122. S3F,=0; 80-2V=0 V=40kN 
Tait _ 100 


Tallow — ES. = 25 = 40 MPa 
40(10° 
Talow = 5 4o(1o®) = 20°) 
A T 2 
4 
d= 0.03568 m = 35.68 mm 
Use d = 36 mm Ans. 
F123. V=P 
= Ztail _ 220 _ 4g Mpa 


Tao ES. 25 

Area of shear plane for bolt head and plate: 
A, = mdt = 7(0.04)(0.075) = 0.003a m? 
A, = mdt = 7(0.08)(0.03) = 0.00247 m?* 
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Since the area of shear plane for the plate is 


smaller, 
= 6 = 
ae A 48(10") = 0 0024n 
P=361.91(10°) N=362kN Ans. 
F1-24 
1 
(+= Mz = 0; 5(300)(9)(6) 6V(9)=0 V=150Ib 
Tail 16 . 
Tallow — ae a7 2 = 8ksi 
Vv 150 
Tallow = “3 8(10°) = —— 
2p 
4 
d = 0.1545 in. 
Use d = = in A 
16 a nS. 
Chapter 2 
8c 0.2 
F2-1 =——~, §.=03 
600 400° °C oe 
Ecp = ree = 300 ~ 2 mm/mm ns. 
F2-2 


_ (0.02° _ as 
0 (cs er rad = 0.3491(10 ”) rad 


8g = OL ap = 0.3491(10~3)(600) = 0.2094 mm 
8c = OLac = 0.3491(10~7)(1200) = 0.4189 mm 
dp 0.2094 


es = 7 a0 0.524(1073) mm/mm Ans. 
5 0.4189 
cay ie 600 7 0-698(10-9) mm/mm Ans. 
F2-3 
4 
a = —— = 0.005 rad B = =~ = 0.01333 rad 
400 300 
T 
(Ya)xy = 2 -—@6 
7 (z sip p) 
ae ee 
=a- B 
= 0.005 — 0.01333 
= —0.00833 rad Ans. 


F2-4 


Lpc= V 3007 + 4007 = 500 mm 


Lerc= V(300 


3)° + (400 + 5)*= 502.2290 mm 


3 
& = 705 > 0.007407 rad 


_ Lec — Lec _ 502.2290 — 500 
(€sc)ave Lee 500 


= 0.00446 mm/mm Ans. 


(Ya)xy = | = 5 (Z a) =—a=-—0.00741 rad Ans. 


F2-5 
Lac= VL cp? + Lap? = V300? + 300? = 424.2641 mm 


Lac = VLep? + Lap’? = V306? + 296 = 425.7370 mm 


0 s faa) (2) 
=t 50 = 2t —— | = 1.6040 rad 
5 an (2 30 an 296 ra 


fe Lac ~ Lac _ 425.7370 — 424.2641 
i ar jr 424.2641 
= 0.00347 mm/mm Ans. 
(VE)xy : 6 . 1.6040 = —0.0332 rad Ans. 
Chapter 3 
F3-1 = Material has uniform properties throughout. Ans. 
F3-2 Proportional limit is A. Ans. 
Ultimate stress is D. Ans. 
F3-3 The initial slope of the o — e diagram. Ans. 
F3-4 True. Ans. 
F3-5 False. Use the original cross-sectional area 
and length. Ans. 
F3-6 False. It will normally decrease. Ans. 
Co P 
F3-7 = —=—— 
“"E AE 
Peiecit i 100(107)(0.100) 
*“ AE 7(0.015)200(10°) 
= 0.283 mm Ans. 
Co P 
F3-8 =. >> 
“"E AE 
6=eL= ieee 
AE 
(10 000)(8) 
0.003 = ————— 
12E 


E = 2.22(10°) psi Ans. 
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F3-9 


F3-10 


F3-11 


F3-12 
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yee 
“EAE 
PL 6(10°)4 
6=eL= ot 2 9) 
AE — 7(0.01)? 100(10°) 
= 3.06 mm Ans. 
P— 100(10°) 
o = — =>— = 318.31 MPa 
A 70.027) 
Since 0 < oy =450 MPa, Hooke’s Law is 
applicable. 
oy  450(10°) 
=—= = 200 GP 
€y 0.00225 as 
o 318.31(10°) 
€= T= > = 0.001592 mm/mm 
E — 200(10°) 
8 = eL = 0.001592(50) = 0.0796 mm Ans. 
P 150(10° 
=—=— ( z = 477.46 MPa 
A £0.02?) 


Since 0 > oy = 450 MPa, Hooke’s Law is not 
applicable. From the geometry of the stress-strain 
diagram, 


e — 0.00225 — 477.46 — 450 
0.03 — 0.00225 500 — 450 
e = 0.017493 


When the load is removed, the strain recovers 


along a line parallel to the original elastic line. 
ay — 450(10°) 


Here E = = 200 GPa. 
See ey 000025 os 
The elastic recovery is 
o  477.46(10°) 
= T= = 0.002387 mm/mm 


“E 200(10°) 
= € — €, = 0.017493 — 0.002387 
0.01511 mm/mm 


€,L = 0.01511(50) = 0.755 mm 


& 
ll 


bac 0.2 - 
€Bc = Te. = 300 = 0.6667(10 3) mm/mm 
= Eegc = 200(10°)[0.6667(10->)] 


= 133.33 MPa 


OBC 


Since @ gc < ay = 250 MPa, Hooke’s Law is valid. 


F gc 6 Fc 
onc =; 133.33(10°) = — 2 
PC Apc (10°) = (6.003%) 


F gc = 942.48 N 
942,48(0.4) — P(0.6) = 0 
P = 628.31 N = 628N 


Ans. 


Ans. 


P 10(103) 
F313 og =— == 5 = 56.59 MPa 
A 7(0.015) 
ao 56.59(10°) 
long = = 70(10°) = 0.808(10) 
Elat = —VElong = —0.35(0.808(10 *)) 
= —0.283(10-7) 
dd = (—0.283(107))(15 mm) = —4.24(10-7) mm 
Ans. 
P 50(103) 
F3-14 =— =~ = 159.15 MPa 
A 70.027) 
= 2 _ 140 _ 9 000333 / 
fo eg mm/mm 
159.15(10° 
=2 (10) = 68.2 GPa Ans. 
€, 0.002333 
_ d'—d __ 19.9837 - 20 _ 4 
E, 7; 0 0.815(10 ”) mm/mm 
Ee —0.815(107) 
v= = = 0.3493 = 0.349 
es 0.002333 
E 68.21 
= = = 25.3GPa Ans. 
C= 50 +n ~ 20 + 03493) ore am 
F3-15 = 95 ~ 0.03333 rad 
a. ir 
_ T 0 _ T (z ) 
us i Sa 
= a = 0.003333 rad 
t = Gy = [26(10°)](0.003333) = 86.67 MPa 
V P 
tT=—;  86.67(10°) = ———__ 
A 0.15(0.02) 
P = 260 kN Ans. 
3 
F316 @ = 75 = 0.02 rad 
T T T 
y 5) 0 D (Z a) a = 0.02 rad 
When P is removed, the shear strain recovers 
along a line parallel to the original elastic line. 
Yr = Yy = 0.005 rad 
Yp = ¥ — Yr = 0.02 — 0.005 = 0.015 rad Ans. 
Chapter 4 
F41 A= 7 (0.02") = 0.1(10)m m? 
8c = Ag 40(10")(400) + [—60(10°)(600)]} 
_ —20(10°) N- mm 
AE 
= —0.318 mm Ans. 


F4-2 


F4-3 


F4—4 


F4-5 


F4-6 
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Aap = Acp = 7 (0.02) = 0.1(103)m m? 


Ape = 7 (0.08? 0.032) = 0.175(10-3)a m2 
[—10(10%)](400) 
0.1(107)a][68.9(10°)] 
[10(10°)](400) 
[0.175(1073)][68.9(10")] 
[—20(10°)](400) 
[0.1(10~3)2r][68.9(10°)] 


Sp/a a [ 


= —0.449 mm Ans. 
A= 7 (0.03%) = 0.225(10-3)a m2 
1 
8c = 995(10-3)m[200(10)] {| oe) 
= 2( 2)30a0 Jo + [-90(10(0.6)} 
= -—0.772(107) m = —0.772 mm Ans. 
Bs PL. [60(10°)](0.8) 
A/B AE — [0.1(10°)z7][200(10°)] 
= 0.7639(10 *)m | 
F, 3 
53 =—= a 1.2(10°3)m | 


k ~— 50(10°) 
+1 Oy = OB + o4/B 
5,4 = 1.2(10°3) + 0.7639(10°3) 


= 1.9639(10) m = 1.96 mm | Ans. 


A= (0.02%) = 0.1(1073)m m? 


Internal load P(x) = 30(10°)x 


— P(x)dx 
a” | AE 
1 0.9m Q 
= 30(10°)x d 
[0.1(10-)ar][73.1(10°)] ; 4, ee 
= 0.529(10-7) m = 0.529 mm Ans. 
a 45(10°) 4 
Distributed load P(x) = x = 50(10°)x N/m 


0.9 
Internal load P(x) = 3(50(10°))x(x) = 25(10°)x? 


‘ {= 
Af. AE 


1 0.9m a 
7 ae aa [25(10°)x“]dx 


= 0.265 mm Ans. 
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Chapter 5 


F5-1 


F5-2 


F5-3 


F5-4 


F5-5 


F5-6 


J= 7 (0.044) = 1.28(10~°) m4 
Tc 5(10°)(0.04) 

TAT = = 
EE 180 
Tpz 5(10°)(0.03) 
J 1.28(107%)ar 


=49.7MPa_ Ans. 


TR= = 37.3 MPa Ans. 


J= 5 (0.064 0.044) = 5.2(107%) m4 
_ Tc _ 10(10°)(0.06) 


TR=T = 36.7 MPa Ans. 
Re TSO Oh 
T 10(10°)(0.04 
gee OA UO ogee Ans. 
J 5.2(10~°) ar 


Tag 5 (0.044 0.034) = 0.875(10-°)a m* 


Ipc = 7(0.04") = 1.28(10)a m4 
_ TapCas _ [2(10°)](0.04) 


7 = 29.1 MPa 
(raB)max =~ 7, 0.875(10~®)ar 
(30) _ Tc Cac = [6(10°)](0.04) 
Belmx Ipc —‘1.28(10~ 5) 
= 59.7 MPa Ans. 
Tap = 0,T gc = 600 N-m, Tcp = 0 
J= 5 (0.024) = 80(10~°) m4 
Tce  600(0.02 
oie, SO) § aegis Ans. 


Tmax 7 


80(10~°) ar 


Ic = 5 (0.044 0.034) = 0.875(10~°)m m4 


TaccCec _2100(0.04) 
Jc 0.875(10°°)ar 
= 30.6 MPa Ans. 


(TBC) max - 


t = 5(10°) N-m/m 
Internal torque is T = 5(10°)(0.8) = 4000 N-m 


J= 7(0.044) = 1.28(10~%)a m4 
Tye 4000(0.04) 
J 1,28(10~°)a 


TA = = 39.8 MPa Ans. 
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F5-7 


F5-8 


F5-9 


F5-10 


F5-11 


F5-12 
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7 


I= 35 (0.03") = 0.405(10~°)z m+ 
ft 
[0.405(10~°%)][75(10°)] 


ajc = 


+ 1(107)(0.4)} 


= — 0.00838 rad = —0.480° 


J= (0.024) = 80(10~°)r m4 
600(0.45) 

80(10~°)s][75(10”)] 

= 0.01432 rad = 0.821° 


dpa = [ 


J= 5 (0.048 0.034) = 0.875(10~°)a m4 


Tap Lap 3(10°)(0.9) 
ajp = a = 9 
IG [0.875(10~°)r][26(10°)] 
= 0.03778 rad 
Tz  3(10° 
—— ( ) = 0.03333 rad 

k — 90(10°) 

ba= bat bap 


= 0.03333 + 0.03778 
= 0.07111 rad = 4.07° 


J= 5 (0.024) = 80(10~°) m4 
0.2 
80(107°)ar][75(10")] 

+200 + 500] 
= 0.01061 rad = 0.608° 


Paja =F [600 + (—300) 


J= 5 (0.04") = 1.28(10~%)a m4 
t = 5(10°) N-em/m 


Internal torque is 5(103)x N-m 


_ “T(x)dx 
Pa/B = / 1G 


1 0.8m 
= 5(10°)xdx 
a eo. ao) 

= 0.00531 rad = 0.304° 


7 


Je 50.04") = 1.28(10~°) m4 
ie _, _ 15(10°) 
Distributed torque is t = 06 (x) 


= 25(10°)x N-m/m 


{[-2(10°)](0.6) 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


1 
Internal torque is T(x) = 39 (25x)(x) 


= 12.5(10°)x* Nem 
a T(x)dx ; Tec Lc 
Pajc = JG ~° JG 
1 0.6m 
= [ 12.5(10°)x7dx + 4500(0.4) 
[1.28(10~°)ar][75(10°)]L.Jo 
= 0.008952 rad = 0.513° Ans. 
Chapter 6 
Fo1 +TSF,=0; -V-9=0 V=-9kN Ans. 
(+=2Mo =0; M+9x=0 M={-9x}kN-m 
Ans. 
F6-2 + TXF,=0; -V—-2x=0 V={-2x}kip Ans 
(+2Mo=0; M+ 2(3) —~18=0 
M=({18—x°}kip-ft Ans. 
1 
F6-3 TF, =0; —-V 5 (4%)() =0 
V={-2x°}kN Ans. 


F6-4 


F6-5 


F6-6 


EMo =0;M + a9 |(2) =0 


2 

m= {—Z} vem Ans. 
0<x<15m 
+ TXF, =0; 
(+=Mo = 0; 
15m<x=3m 
+ TIF, =0; V-9=0 V= 
(+=Mo = 0; M + 9(x — 1.5) 
M = {17.5 — 9x} kKN-m 


V=0 Ans. 
M-4=0 M=4kN-m Ans. 


9kN Ans. 
4=0 


Ans. 


(+2Mg=0; A,(6)-30=0 Ay=5KN 
+ TIF, =0; V-5=0 V=-—5kN 
Ans. 
(+2Mo =0; M+5x=0 M={-5x}kN-m 
Ans. 
(+=Mg=0; A, (6) +20 -50=0 
Ay = 5kN 
+ TIF, = 0; V-5=0 V=—5kN 
Ans. 
(+2Mo=0; M+5x—50=0 
M = {50 — 5x} kN-m Ans. 


F6-7 


F6-8 


F6-9 


Fo6-10 


Fo-11 


Fo-12 


F6-13 
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Shear diagram. V = —4, x = 0. Zero slope to x = 6. 


Moment diagram. M = 0, x = 0. Constant 
negative slope to M=—16,x=4",M=8,x=4". 
Constant negative slope to M = 0, x = 6. 


Shear diagram. V = —6, x = 0. Zero slope to x 


Moment diagram. M = 0, x = 0. Constant 
negative slope to M = —9,x = 15°,M = —21, 
x = 1.5*. Constant negative slope to M = —30, 
x = 3. 


Shear diagram. V = 0, x = 0. Zero slope to 

x =15°.V = 4,x = 1.5*. Zero slope to 

x = 45°,V =0,x = 4.5*. Zero slope to 
V=0,x =6. 

Moment diagram. M = 6, x = 0. Zero slope to 

x = 15. M = 6,x = 1.5. Constant positive slope 
tox = 4.5. M = 18, x = 4.5. Zero slope to 

M = 18, x = 6. 


Shear diagram. V = 16.5, x = 0. Constant negative 
slope to x = 3.V = 0, x = 2.75,V 1.5,x = 3. 
Negative decreasing slope, V = —10.5, x = 6. 


Moment diagram. M = 0, x = 0. Positive 
decreasing slope. M = 22.7, x = 2.75. Negative 
decreasing slope to M = 0, x = 6. 


Shear diagram. V = 0, x = 0. Negative constant 
slope, V = —6,x = 1.5°,V = 0,x = 1.5*. Zero 
slope tox = 4.5.V= 0,x = 4.5°.V= 6,x = 4.5%. 
Constant negative slope, V= 0, x = 6. 


Moment diagram. M = 0, x = 0. Negative 
increasing slope, M = —4.5, x = 1.5. Zero slope, 
M = —4.5, x = 4.5. Positive decreasing slope, 
M=0,x = 6. 


Shear diagram. V = 15, x = 0. Negative decreasing 
slope to zero slope at x = 3.V=0,x = 0. 
Negative increasing slope to V= —15, x = 6. 
Moment diagram. M = 0, x = 0. Positive 
decreasing slope to zero slope at x = 3. 

M = 15, x = 3. Negative increasing slope. 
M=0,x = 6. 


Shear diagram. V = 1050, x = 0. Constant negative 
slope. V= 0, x = 5.25, V= —150, x = 6. Zero 
slope. V = —150, x = 9°, V= —750, x = 9°. 
Zero slope. V = —750, x = 12. 


Moment diagram. M = 0, x = 0. Positive 


decreasing slope to x = 5.25. M = 2756, x = 5.25. 


Negative increasing slope to M = 2700, x = 6. 


ll 
ca 


F6-16 
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Constant negative slope. M = 2250, x = 9. 
Constant negative slope. M = 0, x = 12. 


F6-14 Shear diagram. V = 30, x = 0. Constant negative 
slope, V= 0, x = 1.5,V 50,x = 4.V = 20, 


x = 4°. Zero slope, V = 20, x = 6. 


Moment diagram. M = 0, x = 0. Positive 
decreasing slope, to zero slope at x = 1.5. 
M = 22.5, x = 1.5. Negative increasing slope, 
M = —40, x = 4. Positive constant slope, 
M=0,x = 6. 
1 7 1 4 
Fo-15. [=2 77 (0-02)(0.2") + 7p 0.26)(0.02 ) 
= 26.84(10-°) m* 
Mc 20(105)(0.1) 
Omay = = 
mT 26.84(1075) 


ai as 
=-——_- = U.1 Mm 
a3 


= 74.5 MPa Ans. 


f= 5(03)(0.3%) = 0.225(107>) m+ 

Mc 50(103)(0.3 — 0.1) 

(@maxde = = 0.225(10-3) 

= 44.4 MPa (C) Ans. 
_ My _ 50(10°)(0.1) 
(made =F 0.225(10") 


=22.2MPa(T) Ans. 


1 1 
F6-17. [= 490.2)(0.3°) - 75 (0-18)(0.26") 


= 0.18636(10~7) m* 
Mc 50(10°)(0.15) 
I 0.18636(10~3) 


= 40.2 MPa Ans. 


Omax — 


F6-18 
i= 2| 0.031049) +2] 4(0.14)(003")+ 0.14(0.03) (0.157) 
= 0.50963(10~>) m4 


_ Me _ 10(10°)(0.2) 
Cmax“ T ~ 0,50963(10~3) 


= 3.92 MPa Ans. 


F6-19 
[= 1 05)(0.4)? + 2 Fc 025)(0 | 
0 0. 
= 0.37917(10~3) m4 


— Mya 5(10°)(—0.15) 
OA 3 
I 0.37917(10-*) 


= 1.98 MPa (T) Ans. 
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F6-20.  M, = s0( 2) = 40kN-m 
3 
M, = s0(2) = 30kN-m 
I= 35 (03)(0.2" = 0.2(10~7) m4 
i= 35 (0.2)(03" = 0.45(10°-3) m* F7-3 
M.y Myz 
= — + 
ar es 7 
[30(10°)](—0.15)  [40(10°)](0.1) 
ie 0.45(10->) 0.2(10->) 
= 30 MPa (T) Ans. 
[30(10°)](0.15)  [40(10)](0.1) 
oR =3 =3 
0.45(10~>) 0.2(107>) F7-4 
= 10 MPa (T) Ans. 
tan a = —tané 
ee (5) 
tan a = | ———_ || = 
0.2(10~7) J\3 
a = 71.6° Ans. 
F6-21 Maximum stress occurs at D or A. 
(man) (50 cos 30°)12(3) (50 sin 30°)12(2) 
Oo. a t 
is 1(4)(6)" 1(6)(4)" 
= 40.4 psi Ans. FT-5 
Chapter 7 
F7-1 [= | Fo 02)(0 »)| + 1 26) (0.023) 
1 0. : 0 
= 26.84(10~°) m4 
Q4 = 0.055(0.09)(0.02) = 99(10~°) m3 
VQ,  100(10*)[99(10-°)] 
TA = = 
It —6 
[26.84(10~°)](0.02) mee 


= 18.4 MPa Ans. 


i os = —3) a4 
F720 «= 1 0-DO3°) + 1 0-20.V) 0.24167(10-°) m 
Qa = yA, + y'2A's 

= 510.05) |(0.05)(03) + 0.1(0.1)(0.1) 


= 1.375(10-*) m? 


Op = y'3A'3 = 0.1(0.1)(0.1) = 111077) m3 
— VQ __ 600(10°)[1.375(10~*)] 


= 11.4MPa Ans. 
"A "Tt [0.24167(10->)|(0.3) ona 
4 600(10°)[1(10-3 
TB 2 Ort ¢ y =24.8MPa Ans. 
It [0.24167(10~)](0.1) 
View = 45 hig 
1 
I= 6°) = 54 in* 
Onn = A’ =1530)3) = BS i 
VinaxOmax  4-5(10°)(13.5) ; 
(Tmax)abs _ aa ws 54(3) = 375 psi 
Ans. 


r= fs (003)(0.4) | + 2| (0.14)(003) 


+ 0.14(0.03)(0.15") = 0.50963(1073) m* 


Omax = 2y'sA") + y'2A"s = 2(0.1)(0.2)(0.03) 
+ (0.15)(0.14)(0.03) = 1.83(107) m? 


— VQmax __20(10°)[1.83(10*)] 
Tmax Tt 0.50963(10->)[2(0.3)] 


= 1.20 MPa 


Ans. 


1 A i | 
= (0. Ay + 2)— (0: 3y 
I = 55(0.05)(0.4) | 1p (0.025)(0.3) 
= 0.37917(10°) m* 
Qmax = 2y';A"; + y’2A’, = 2(0.075)(0.025)(0.15) 


+ (0.1)(0.05)(0.2) = 1.5625(1073) m3 


VOmax 20(107)[1.5625(10~4)] 
Tmax Tt [0.37917(10~5)][2(0.025)] 
= 1.65 MPa Ans. 
[= 5 (03)(0.2" = 0.2(1073) m4 


Q = y'A' = 0.05(0.1)(0.3) = 1.5(1077) m? 


2/15(10° 30(10° 
dar =2( £) = 22500. HOP) 


VQ ~—:30(10°) _ 50(10°)[1.5(10-*)] 
dallow T° 3 0.2105) 


s = 0.08 m = 80 mm Ans. 


F7-7 


F7-8 


F7-9 
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ey - ~3) aA 
l= 13 (0-3)(0.2") 0.2(1073) m 


Q=¥'A’ = 0,05(0:1)(0.3) = 1.5(10*) m° 


_ (F\ _ 2[15(0°)] _ 
Jallow 2( 5 ) 01 300(10°) N/m 


V[1.5(1073)] 


lea! a 0.2(10-3) 


allow — 3 
V = 40(10°) N = 40 kN Ans. 
I= 16 2)(0.347) — +6 19)(0.287) 
0-20. 0. 
= 0.3075(10~3) m4 
Q =y’A' = 0.16(0.02)(0.2) = 0.64(10~7) m3 


2[30(10° 60(10° 
pie (eae ey 


Ss Ss 


VQ —60(10°) _ 300(10°)[0.64(10-*)] 


aa a a 5 0.3075(10-3) 
s = 0.09609 m = 96.1 mm 
Use s = 96 mm Ans. 


I= 2| § 0.02103") + 1 ¥(0.05)02) + 0.05(0.2)(0.157) 


= 0.62917(107>) m4 


F7-10 


Q =y'A’ = 0.15(0.2)(0.05) = 1.5(1073) m3 


_ 4(F\ _ 2[8(10°)] _ 16(10°) 
allow 2( : ) e e 


VQ 16(10°) _ 20(10°)[1.5(10"*)] 
aaa a 5 0.62917(10") 
s = 0.3356 m = 335.56 mm 


Use s = 335 mm Ans. 


I= Se) | £0594) + 0.5(4)(37) 


= 100.67 in* 
Q=y'A' = 3(4)(0.5) = 6 in? 


F 6 
dallow — — > — 
S S 
VO 6 15(6) 
fallow "7? 5 100.67 
s = 6.711 in. 


5 
Use s = 63 in. Ans. 
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Chapter 8 
F8-1 +: TDF, = (Fr)z5 —500 — 300 = P 
P = —800 kN 
>M, = 0; 300(0.05) — 500(0.1) = M, 
M, = —35kN-m 
=M, = 0; 300(0.1) — 500(0.1) = My 


M, = —20kN-m 
A = 0.3(0.3) = 0.09 m? 

1 
=], = 790-3)(0.3°) = 0.675(10~*) m4 


_ ~800(10°) - [20(10°)](0.15)  [35(10°)](0.15) 


os 0.09  "  0.675(10~3) 0.675(10-3) 
= 3.3333 MPa = 3.33 MPa (T) Ans. 
_ ~800(10°) - [20(10°)](0.15) — [35(10°)](0.15) 
ve 0.09 —0.675(10~5) 0.675(10~°) 
= —12.22 MPa = 12.2 MPa (C) Ans. 
F82 +1>SF,=0; V-400=0 V =400kN 
(+My, =0; —M — 400(0.5) =0 M=—200kN-m 
1 
I= 90-03") = 0.225(10~*) m4 
QO, = y'A’ = 0.1(0.1)(0.1) = 1(1073) m3 
My — [200(10%)](—0.05) 
CAT (0.225(10-5) 
= —44.44 MPa = 44.4 MPa (C) Ans. 
VE 400(10°)[1(10°3 
TA= ns ues I =17.8 MPa Ans. 
It 0.225(1075)(0.1) 
F8-3 Left reaction is 20 KN. 
Left segment: 
+TXF,=0; 2-V=0 V =20kN 
(+=M, = 0; M — 20(0.5)=0 M=10kN-m 


1 1 
1 = 55(0-1)(0.2') — +5(0.09)(0.18°) 

= 22.9267(10-°) m4 
Oy = y\ A, + yA = 0.07(0.04)(0.01) 
+ 0.095(0.1)(0.01) = 0.123(10°3) m? 


My, [10(10°)](0.05) 
Oo 
= I 22.9267(10~°) 
= —21.81 MPa = 21.8 MPa (C) Ans. 


VO,  20(10°*)[0.123(10->)] 
It [22.9267(10~°)](0.01) 
= 10.7 MPa Ans, 


TA 
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F8-4 


F8-5 


F8-6 
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At the section through centroidal axis: 


V=0 
M=(2+1)P=3P 
Po. Mc 
a a Fy 
P 3P)(1 
wy. P_ . GR) 


20.5) 4(0.5)(2)3 


P=3kip Ans. 


At section through B: 
N = 500 lb, V = 400 lb 
M = 400(10) = 4000 Ib - in. 


Axial load: 
Oy = “ = ie) = 41.667 psi (T) 
Shear load: 

VQ _ 400[(1.5)(3)A)] 
ar arse 5 = 37.5 psi 

Li2(3)(4)"]8 
Bending moment: 
= ” = ra = 250 psi (C) 
12 

Thus 
a, = 41.667 — 250 = 208 psi (C) Ans. 
oy=0 Ans. 
Txy = 37.5 psi Ans. 
Top segment: 
DF, =0; V+ 1000 = 0 V, = —1000 N 
YF, =0; Vy — 1500 = 0 V, = 1500 N 
YM,=0; T,-1500(0.4)=0 T,=600N-m 
XM, =0; My, — 1500(0.2)=0 M,=300N-m 
YM, =0; M, — 1000(0.2)=0 M,=200N-m 


T 8 
l= k= 0.02") = 40(10~°)a m4 
J= (0.024) = 80(10~°)7 m4 


4(0.02) 
3a 


(Qy)a = |Z o02%) = §,3333(10~°) m3 


My , Myz__ 200(0)_—_,_ 300(0.02) 
CAT, | Ty 40010) | 40(10~-) 
= 47.7 MPa (T) Ans. 
T.c  600(0.02) 
“J 8010) 


[(7zy)rla = 47.746 MPa 


V(Qy)a _ 1000[5.3333(10~*)] 
Tt [40(10~°)2r](0.04) 
= 1.061 MPa 


[(rzy) vla = 


Combining these two shear stress components, 
(tTzy)a = 47.746 + 1.061 = 48.8 MPa Ans. 


F8-7  _— Right Segment: 
XF, = 0; V,-—6=0 
=M,=0; Ty, — 6(0.3) =0 


=M,=0; M, — 6(0.3) =0 


V,=6kN 
T, =1.8kN-m 
M, =18kN+m 


I, = (0.05 0.04) = 0,9225(10~°)a m4 


J= 50.05" 0.044) = 1.845(10~°)a m4 


(Q)a = y2A2 — yi Aj 
4(0.05)[ 7 
ae 0.03% = 
= 40.6667(10~°) m3 
M,z 1.8(10°) 
I, 0,9225(10~°) 7 
Tyc — [1.8(10°)](0.05) 


Uvdrla = FF gasc10-9m 


[rv] VA(Q2)a — 6(10%)[40.6667(10-°)] 

= = = 

wNIA Txt [0.9225(10~)ar](0.02) 
= 4.210 MPa 

Combining these two shear stress components, 


(ty2)a = 15.53 — 4.210 = 11.3 MPa Ans. 


so Z008)| 


Ans. 


oA = 


= 15.53 MPa 


F8-8 Left Segment: 

=F,=0; V,— 900 — 300 = 0 V,=1200N 
=M, =0; Ty + 300(0.1) — 900(0.1) =0 7, =60N-m 
=M, = 0; My, + (900 + 300)0.3 = 0 M, = —360N:m 


I, = (0.0254 0.02) = 57.65625(10~°)a m4 


Jee 5 (0.025 0.02") = 0.1153125(10°)a m* 
(Qy)a =0 


M,y  (360)(0.025) 
o4= = “— = 49.7MPa Ans. 
I, 57.65625(10~9)a 
(real Typa 60(0.025) sid 
To, a = =4, ‘a Ans. 
IDA F 0.1153125(10~5) ar 
V(Q 
(Con eee, Ans, 


It 


Chapter 9 
F9-1 = 6 = 120° oy =S500kPa oy =0 11, =0 
Apply Eqs. 9-1, 9-2. 
oy = 125 kPa Ans. 
Tyy = 217kPa Ans. 
F920 9=—45° o, =0 oy = —400 kPa 
Tyy = —300 kPa 
Apply Eqs. 9-1, 9-3, 9-2. 
oy = 100 kPa Ans. 
ay = —500 kPa Ans. 
Tyy = 200 kPa Ans. 
F9-35 0 oy, =80MPa o,=0 Txy = 30 MPa 
Apply Eqs. 9-5, 9-4. 
ao, = 90 MPa a2 = —10 MPa Ans. 
6, = 18.43° and 108.43° 
From Eq. 9-1, 
80+0 80-0 
Ceo 5) cos 2(18.43°) 
+ 30 sin 2(18.43°) 
= 90 MPa = o, 
Thus, 
(4,)1 = 18.4° and (4,)2 = 108° Ans. 
F9-4 =o, = 100 kPa oy = 700 kPa 
Try = —400 kPa 
Apply Eqs. 9-7, 9-8. 
Tmax 
in-plane — 500 kPa Ans. 
Fayg = 400 kPa Ans. 
F9-5 At the cross section through B: 
N =4kN V=2kN 
M = 2(2) = 4kN-m 
P Mc 4(10°) 4(10°) (0.03) 
CB A I~ 0.03(0.06) * 4(0.03)(0.06) 
= 224 MPa (T) 
Note 7g = O since Q = 0. 
Thus 
ao, = 224MPa Ans. 
= 0 
F9-6 Ay = By = 12kN 
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Segment AC: 

Ve =0 Mc = 24kN-m 

Tc = 0 (since Vc = 0) 

oc = 0 (since C is on neutral axis) 


0, =0,=0 Ans. 


Txt oy 500 +0 


F9-7 GO ayg = 5 5 = 250 kPa 
The coordinates of the center C of the circle and 
the reference point A are 
A(500, 0) C(250, 0) 
R= CA = 500 — 250 = 250 kPa 
6 = 120° (counterclockwise). Rotate the radial line 
CA counterclockwise 260 = 240° to the coordinates 
of point P(oy, Tyy). 
a = 240° — 180° = 60° 
oy = 250 — 250 cos 60° = 125 kPa Ans. 
Ty = 250 sin 60° = 217 kPa Ans. 
Og* Sy 804-0 
F9-8 — Oayg = 5 = ge 40 kPa 
The coordinates of the center C of the circle and 
the reference point A are 
A(80, 30) C(40, 0) 
R= CA = V(80 — 40)? + 30? =50 MPa 
a, = 40 + 50 = 90 MPa Ans. 
a7 = 40 — 50 = —10 MPa Ans. 
30 
tan 2 = ———~ = 0.75 
an 2(8p)1 = 5 — 40 
(8,)1 = 18.4° (counterclockwise) Ans. 
F-9 J= 5 (0.04" 0.03*) = 0.875(10~°)a m4 
Tc _ 4(10°)(0.04 
ee 
J 0.875(10~°)ar 
oO, = oy = Oand 7,, = —58.21 MPa 
oO, + Oy 
Oavg — a ae = 
The coordinates of the reference point A and the 
center C of the circle are 
A(0, —58.21) C(0, 0) 
R= CA =58.21 MPa 
a, =0 + 58.21 = 58.2 MPa Ans. 
a2 = 0 — 58.21 = —58.2 MPa Ans. 
F9-10 
+T=F, = 0; V-30=0 V = 30kN 
(+2 Mo = 0; —M — 30(0.3)=0 M=—9kN-m 
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ae 59 (0.05)(0.15°) = 14.0625(10~°) m4 
Q,4 = y'A' = 0.05(0.05)(0.05) = 0.125(10~*) m3 


a Mya _ [-9(10°)](0.025) 16 MPa (T) 
I 14.0625(10~°) 
— VO4 — 30(10°)[0.125(10*)] _ 
Tt 14.0625(10~°)(0.05) 
o, = 16 MPa, oy, = 0, and 7,, = —5.333 MPa 


_Ooxt Gy 164+0 
Save 2 2 


TA 5.333 MPa 


= 8 MPa 


The coordinates of the reference point A and the center C 
of the circle are 


A (16, —5.333) — C(8,0) 
R=CA= V(16 — 8)? + (—5.333)? = 9.615 MPa 
o1 = 8 + 9.615 = 17.6 MPa Ans. 
o7 = 8 — 9.615 = —1.61 MPa Ans. 
F9-11 
(+=Mz=0; 60(1)- A\(1.5)=0 Ay =40kN 
+TIF, = 0; 40-V=0 V =40kN 
(+2Mo =0;  M-— 40(0.5) =0 M =20kN-m 


1 1 
l= 79 0-1)(0.2’) ~ 790.09)(0.18°) = 22.9267(10~°) m* 


QO, = y'A’ = 0.095(0.01)(0.1) = 95(10~°) m3 


M 20(107)](0.09 
qos 4s [20(10°)10.09) _ 18.51 MPa 
I 22.9267(10° ©) 
= 78.51 MPa (C) 
Vv 40(107)[95(10~° 
TA Qa _ _GO)P500 I _ 16.57 MPa 


It [22.9267(107°)](0.01) 
oy, = —78.51 MPa, oy = 0, and 7,, = —16.57 MPa 


GP Cy 5140 
Oavg — 2 2 


39.26 MPa 


The coordinates of the reference point A and the center C 
of the circle are 
A(—78.51, —16.57) C(—39.26, 0) 


(—39.26)}? + (—16.57)" 


R=CA= V[-78.51 
= 42.61 MPa 


Tmax 


in-plane = |R| = 42.6 MPa Ans. 


Chapter 11 
F11-1 
Vinax =12KN  Minax = 18kN-m 
Mnax 18(10°)(a 
Callow — _ - 10(10°) = Bz) 
I 24 
a 
3 
a = 0.1392 m = 139.2 mm 
Use a = 140 mm Ans. 


2 
T= 3 (0-144) = 0.2561(10- +) m+ 


0.14 
One= —_(0.14)(0.14) = 13720107") mm 
VinaxQ max  12(10°)[1.372(1073)] 
Tmax "Tt [0.2561(10~)](0.14) 
= 0.459 MPa < Tallow = 1 MPa (OK) 
F11-2 
Vinax = 3 kip Mmax = 12 kip: ft 
pe a(<) _ ad! 
A\2 64 
d 
12(12)| = 
Minax€ ( (5) 
Callow — T ; 20 = ad 
64 
d= 4.19 in. 
1 
Use d = a in. Ans. 


mee 4) _ 4 
I= (4.25*) = 16.015 in 


4(4.25/2)[1/ a . 
max — AO 1% )c425) = 6.397 in* 
7 = Vmax @ max _ 3(6.397) 
= It 16.015(4.25) 


= 0.282 ksi < Tallow = 10 ksi (OK) 


F11-3 


Vinax = 10 kN Mmmax = 5 kKN+m 


=! 3_2 4 
I= M24) = 34 


3 
Caw =, 12(108) = ee 
3° 
a = 0.0855 m = 85.5 mm 
Use a = 86 mm Ans. 


2 
i= 30.086") = 36.4672(10-°) m4 


0.086 
Omax = 7 _(0.086)(0.086) 


= 0.318028(10-*) m? 
— VinaxQ max _ 10(10°)[0.318028(107*)] 


Ty ax 
a It [36.4672(10~°)](0.086) 
= 1.01 MPa < Tallow = 1.5 MPa (OK) 


F11-4 
Vinax= 45 kip Mmmax = 6.75 kip ft 
r= tae) =" 
12 3 
h 
Rach 6.75c1)( 4) 

Fallow — 7 3 2= IB 

3 

h = 7.794 in. 


ie M(H he 
QOmax = Y Fal 5 


= Vmax Q max : 


Tia ht 50.2 = RB 
34) 
h = 8.4375 in. (controls) 
Use h = 8 in. 
F11-5 
Vmax = 25 kN Mmax = 20kKN+m 


1 

I = —(b)(3b)y> = 2.25b* 
2! )(3b) 

_ M max. 


Fallow — 7 > 


12(10°) = 5 aK 


b = 0.1036 m = 103.6 mm 
Use b = 104 mm 
I = 2.25(0.104*) = 0.2632(10~7) m4 


20(10°)(1.5b) 
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Ans. 


Ans. 


Omax = 0.75(0.104)[1.5(0.104)(0.104)] = 1.2655(10~7) m3 


25(107)[1.2655(107>)] 
[0.2632(10~*)](0.104) 
= 1.156 MPa < Tallow = 1.5 MPa (OK). 


_ Vinax Q max = 


Tmax It 


F11-6 
Vinax = 150 kN Max = 150 kKN-m 
M wn: 150(10° 
aa (0) = 0.001 m? = 1000(10°) mm? 


Fatow — 150(10°) 


Select W410 x 67 [S,, = 1200(10°) mm3, d = 410 mm, 
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and t,, = 8.76 mm]. Ans. 
— Vv _ 150(10*) 
Tmax ~ yd 0.00876(0.41) 
= 41.76 MPa < Tajlow = 75 MPa (OK) 
Chapter 12 
F12-1 
(+= Mo = 0; M(x) = 30kN-m 
2, 
pie" 2G 
dx 
dv 
EI— = 30x + Cy 
dx 
Elv = 15x27 + Cx + Cy 
Aca 2 
= JM ae 
. > dx 
C; = —90 kN: m? 
Atx=3m,v = 0. 
C) = 135 kN: m? 
dv 1 
ae => Ey eox _— 90) 
1 
v = —(15x* — 90x + 135) 
EI 
For end A,x = 0 
d 90(10° 
6,=—| = ee = —0.00692 rad 
dx|x=0 200(10°)[65.0(10~°)] 
135(10) ai 
V4 = Viy-0 = = 0.01038 m = 10.4mm 
200(10°)[65.0(10°°)] 
Ans. 
F12-2 
(+= Mo = 0; M(x) = (—10x — 10) kN-m 
ax 
EI—, = —10x — 10 
dx 
d 
EI = —5x2 — 10x + C, 
dx 
5 i) 2 
ElIv 3% 5x° + Cyx + Cy 
d 
Atx =3 mo =0. 
EI(0) = —5(37) — 10(3) + Cy C, = 75 kN- m? 


Atx=3m,v = 0. 


EI(0) = > 5(3*) + 75(3) + Cy Cy = -135 kN: m? 


dv 1 4 ; 
dx rad 5x — 10x + 75) 

_1f 54_e2, ) 
v al 3% 5x° + 75x — 135 
For end A,x = 0 

dv 

= 5(0 10(0) + 75 

84 = ” EO) (0) ] 


75(10°) 


= 0.00577 rad Ans. 
200(10°)[65.0(10~°)] 


V4 = Viy=0 = ral °°) 5(0*) + 75(0) 135| 
135(107) 
200(10°)[65.0(10~°)] 


= —0.01038 m = —10.4mm 


Ans. 

F12-3 F 
(+=Mo = 0; M(x) = (Ze - 10x) kN-m 

d’x 3.5 
ere = 5 — 10x 

d 1 
EI ’ = we 5x7 + C, 

dx 

dv 

Atx =3m,— =0 

x Mx 


1 
EI(0) = 53°) 5(37) + C, C, = 58.5 kN: m? 


mil ee 585) 


dx EI\ 2 
For end A,x = 0 
d 58.5(10° 
64 = |,<0= “ = 0.0045 rad Ans. 
dx 200(10°)[65.0(10~°)] 
F12-4 
A, = 600 Ib 
(+= Mo = 0; M(x) = (600x — 50x?) Ib: ft 
ax 2 
El = 600x — 50x 
dx 


d 
EF = 300x? — 16.667x3 + C 
XK 


EIv = 100x? — 4.1667x* + Cyx + Co 

Atx =0,v = 0. 

EI(0) = 100(0°) — 4.1667(0*) + C,(0) + Cy 

Atx = 12 ft,v = 0. 

EI(0) = 100(12°) — 4.1667(12*) + C,(12) 
C, = —7200 lb - ft? 


C, =0 


dv 1 
=o = (00x? — 16.667x* — 7200) 
Xx 
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1 
v= Floor” — 4.1667x* — 7200x) 
dv 
Umax Occurs where —— = 0. 
dx 


300x? — 16.667x° — 7200 = 0 
x = 6ft Ans. 


v= 77 {1006 — 4.1667(6") — 7200(6)] 
—27 000(12 in./ft)> 
1 
15(105| 50,6), 
= —0.576 in. Ans. 


F12-5 
(+2 Mo = 0; 
2 


d°x 
EI, = 40 — 5x 
dx 


M(x) = (40 — 5x) kN-m 


2.5x7 + Cy 


dv 
EI— = 40. 
dx i 


EIv = 20x? — 0.8333x° + Cyx + Cy 
Atx =0,v = 0. 


EI(0) = 20(07) — 0.8333(0°) + C,(0) + Cz C,=0 
Atx=6m,v = 0. 
EI(0) = 20(67) — 0.8333(6°) + C,(6) + 0 


dv 
dx 


1 
= pox 2.5x" — 90) 


1 
v = —(20x" — 0.8333x73 — 90x) 
EI 
d 
Umax Occurs where Eee 0. 
dx 


40x — 2.5x2 — 90 = 0 
x = 2.7085 m 


1 
v= 202-7085") — 0.83333(2.7085°) — 90(2.7085)] 


113.60(10°) 
= —0.01424 m = -14.2 mm 
200(10°)[39.9(107°)] 
Ans. 
F12-6 
(+>Mo = 0; M(x) = (10x + 10) kKN-m 


a 
EI = 10x + 10 


2 


d 
EI = 5x2 + 10x + Cy 
dx 


d 
Due to symmetry, a =Oatx=3m. 
x 
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EI(0) = 5(37) + 10(3) + Cy Cy = -75 kN+ m? 
dv 1 


[5x7 + 10x — 75] 


dx EI 
Atx =0, 
d —75(10° 
v= 2 = —9.40(1073) rad Ans. 
dx — 200(10°)(39.9(10~°)) 
F12-7 


Since B is a fixed support, 03 = 0. 
(2 2) ) 87 kN + m* 


64 =|0a/sl = 5\ er * py EI 
87(10°) 


200(10°)[65(10~°)] 


da= lal = 0.5), 2@|+2]3( 2 )@| 
a 144(10°) 
200(10°)[65(10-°)} 


= 0.00669 rad Ans. 


= 0.01108 m = 11.1 mm Ans. 


F12-8 
Since B is a fixed support, 0g = 0. 


1/50 ~=20 1/20 45 kN-m? 
= = y4 1) = 
04 = |04/al Al \ ) (2) ) EI 


EI EI 
45(10°) 
= = 0.00179 rad Ans. 
200(10°)[126(10~°)] 
Ay = |tayal = 
1/30 20 1/ 20 
1.6667 1)]} + 1.5 1) | + 0.6667 if 
c.06on| er )o0| + 14/5 00] + 96601 5(F7)0o] 
61.667 KN- m? 61.667(10°) 
EI 200(10°)[126(10~°)] 
= 0.002447 m = 2.48 mm Ans. 
F12-9 
Since B is a fixed support, 03 = 0. 
1[ 60 30 90 kN: m? 
94 = |@a/al i) + ey) EI 
90(10°) 
= 0.00372 rad Ans. 


7 200(10°)[121(10~°)] 


6 
Ag = |ta;al = 1.66674 = )ca| | 02e| 
_ 110 kN-m? 
EL 
7 110(10°) 
200(10°)[121(10~°)] 


= 0.004545 m = 4.55 mm Ans. 


F12-10 
Since B is a fixed support, 0g = 0. 


1/18 1/9 63 kip: ft 
04 = Wayal = 3( 4) + 3(g7)@) = 


63(127) 
= ——.—~ = 0.00128 rad Ans. 
29(107)(245) 


se =baal=4}(8)o] +0 +225/4(2)o 


_ 263.25 kip-ft® _ 263.25(12°) 
EI 29(10°)(245) 


= 0.0640 in. Ans. 


F12-11 


Due to symmetry, the slope at the midspan of the beam 
(point C) is zero, L.e., 0c = 0. 


nex = Ae = laid = 2 5( Hr J] + 15|-7O)| 


_ 135kN-m? 
EI 
135(10°) 
200(10°)[42.8(107°)] 


=0.0158m=15.8mm J Ans. 


360 
7 It a/el _ EI _ 60 
aL 6 El 


The maximum deflection occurs at point C where the slope 
of the elastic curve is zero. 


OB = OB/c 


0) are 
EI \EI)” 2\Er)* 


2.5x" + 10x — 60 = 0 

x = 3.2915 m 

Amax = |tg/cl = 

2.2015 PCE 

3 2Ls«éEI 

113.60 kN- m3 

ae Tae 

113.60(10°) 


~ 200(10°)[39.9(10~°)] 


|e.2915} + 4.2915) W@2015) 


= 0.01424 m = 14.2 mm | Ans. 
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F12-13 
2 2 

(a) = E61 - 9) = VO po - 4 - “B31 

PL B,(4) = 21.33B, 
(ea) = 357 ~ SET er! 
(+T)ug = 0 = (vg t+ (va) 

1493.33 21.338, 

El El 
By = 70 KN Ans. 
5 YF,=0; A,=0 Ans. 
+T=F,=0;  70-40-A,=0 Ay=30kKN Ans. 
(+5M,=0; — 70(4) — 406) — Ma =0 

M, =40kN-m Ans. 

F12-14 


To use the deflection tables, consider loading as a 
superposition of uniform distributed load minus a 
triangular load. 


3 
= WoL? _ Lt = ByL 

(vg) = car (vg)2 = aera (vg)3 = ral 
(+1) vg =0= (vg), + (vg) + (Vp)s 

0 = WoLt : WoLt : BG 

SEI 30EI -3EI 
1woL 

yo 40 Ans. 

+5 YF, = 0; A, = Ans. 
lwo 1 
+T=F, = 0; eae 5Wol = 0 
9woL 
y= 40 Ans. 
Si wae (1) =0 
( a =0; At (L) ae 
_ Twol? pS 
A "120 aa 

F12-15 

L4 10(10%)](6* 
(vs), = — = EIS) = 0.12461 m J 

8EI — 8[200(10°)][65.0(10~°)] 

B,L B,(6°) im a 
vg). = —— = = 5.5385(10°)B 
(a) = Sey 3[200(10°)][65.0(10~%)] ee 
(+1) vp = (veh + (vp) 


0.002 = 0.12461 — 5.5385(10~°)B, 


By = 22.14(10°) N = 22.1 kN Ans. 
A, =0 Ans. 


4 F, = 0; 
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+TXF,=0; A, + 22.14 - 10(6) =0 


(+5M,=0; My + 22.14(6) — 10(6)(3) = 0 
M, =472kN-m 
F12-16 
MoL 
6EI(2L) 
B,QLy Bw? 
(Ys). = “Geer ~ GET 
(+ 1) vg =0= (vg) + (Ya) 
MoL’ Be 
Og Eee 
_ 3Mo 
y OF, 


Mol? 


(vg) = [(2L)? | = 


B 


F12-17 
Pbx 


ae 2 42 
(vg); GEILME be — x") 


_ 1533.3kKN:m? | 
EI 

B,L?> B,(12°)— 36B 
48EI 48EI EI 
vg = 0 = (vg) + (UB)2 
1533.3kN-m>  36By 

EI ' El 
By = 42.6kN 


F12-18 


y 


(vg)2 = 


Cel) 


ine 5[10(10°)](12") 
(a). = 38qn7 384[200(10°)][65.0(10~°)] 
aE B,(12?) 

48EI — 48[200(10°)][65.0(10~)] 


SwLt 7 


(vg)2 = 
(+ tT) vp = (vs) + (vs) 

0.005 = 0.20769 — 2.7692(10~°) By 
By = 73.19(10°) N = 73.2 kN 


Chapter 13 
F13-1 


wEI 
(KL) 
P 22.5 


A 7(0.5)? 


m*(29(10°))(7(0.5)') 
[0.5(50)}* 


P = 22.5 kip 


=28.6ksi<oy OK 


Ay = 37.9 kN 


Ans. 


Ans. 


Ans. 


67) 


Ans. 


= 0.20769 | 


= 2.7692(10-°)B, T 


Ans. 


Ans. 
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F13-2 
© PEF P0610) 
(KLY [1(12)(12)}° 
= 2.03 kip Ans. 
F13-3 


For buckling about the x axis, K, = 1 and L, = 12 m. 
% wEI, — m[200(10°)][87.3(10~%)] 
ao ae [1(12)? 


= 1.197(10°) N 


For buckling about the y axis, L = 6 mand K, = 1 
m EL, — 7?[200(10°)][18.8(10-°)] 


P. —t 
* (KyLy) [1(6)? 
= 1.031(10°) N (controls) 
P.,,  1.031(10°) 
Patiow _ FS. => 2 — 515 kN Ans. 
P,, — 1.031(10°) 
oa A Fao ~ 139.30 MPa < oy = 250 MPa 
(OK) 
F13-4 
A = 7((0.025)? — (0.015)”) = 1.257 (1077) m? 
1 
<— 47 ((0.025)* — (0.015)*) = 267.04(10~°) m+ 
2EI ?(200(10°))(267.04)(10~° 
a a Aon : 00) = 843KN Ans, 
(KL) [0.5(5)] 
P — 84.3(103) 
= 67.1MPa<250MPa = (OK) 


~ A 1.257(1073) 


F13-5 
3 
+TXF, = 0; Fu(2) —P=0 = Fyg = 1.6667P (T) 
4 
4 YF, = 0; 1.6667°( *) — Fic = 0 


Fac = 1.3333P (C) 
A= qe) = rin? [= 7) = 7 int 


Pe. = Fac(ES.) = 1.3333P(2) = 2.6667P 


WEI 
Po = 9. 
(KL) 
9010) = 
2.6667P = ————__= 
[1(4)(12)] 
P = 36.59 kip = 36.6 kip Ans. 
Py 2.6667(36.59) ; ; 
a le = 31.06 ksi < oy = 36 ksi 
i (OK) 
F13-6 
(+iM, = 0; w(6)(3) — Fc(6) = 0 Fc — 3w 


A= 700.05") = 0.625(10-3)7 m2 = 7(0.025%) 


= 97.65625(10-°) m4 
Po. = Fgc(ES.) = 3w(2) = 6w 


_ WEI 
“ (KLY 
__ -7[200(10")][97.65625(10"’)z] 
" [1)P 
w = 11.215(10°) N/m = 11.2kN/m Ans. 


_ Po 6[11.215(10°)} 
Co "A 0.625(10-3)r 


= 34.27 MPa < oy = 250 MPa 
(OK) 


Answers to Selected Problems 


Chapter 1 
1-1. (a) Fy = 13.8kip, (b) Fy = 34.9kN 
1-2. Tc = 250N-m,Tp = 0 
1-3. Ty = 150 lb-ft, Te = 500 Ib: ft 
1-5.  9.00(4) — A,(12) = 0, A, = 3.00 kip, 
B, = 6.00 kip, Np = 0, Vp = 0.750 kip, 
Mp = 13.5 kip: ft, Nz = 0, Vg = —9.00 kip, 
My = —24.0kip-ft 
1-6. Nc = —30.0 kN, Vc = —8.00 KN, 
Mc = 6.00kN+m 
1-7. P = 0.533 kN, Nc = —2.00 KN, 
Vo = —0.533 KN, Mc = 0.400 kN+m 
1-9. By = 3.00 KN, Np = 0, Vp = —1.875 kN, 
Mp = 3.94kN+m 
1-10. N, = 0,V4 = 450 lb, My = 1.125 kip: ft, 
Np = 0, Vg = 850 lb, Mg = —6.325 kip - ft, 
Vc = 0, Nc = -1.20 kip, Mc = —8.125 kip: ft 
1-1. V4 = 77.3 1b, N4 = 20.7 Ib, My = 14.5 Ib-in. 
1-13. Ng = —0.4kip, Vz = 0.960 kip, 
—Mg — 0.16(2) — 0.8(4.25) + 0.4(1.5) = 0, 
Mg = —3.12 kip: ft 
1-14. Nc = -04kip, Vc = 1.08 kip, 
Mc = —6.18 kip: ft, Np = 0, Vp = 1.45 kip, 
Mp = -15.7 kip ft 
1-15. Vc = 60N, Nc = 0, Mc = 0.9N-m 
1-17. Ng = 5.303 KN, Ny-g = —3.75 KN, 
V,—q = 1.25 kN, M,-q = 3.75 kN=m, 
Ny-» = —1.77 KN, Vj_» = 3.54 kN, 
My_» = 3.75kN-m 
1-18. Nc = —80 lb, Ve = 0, Mc = —480 Ib- in. 
1-19. Nc = 0, Vc = 4.50 kip, Mc = 31.5 kip: ft 
1-21. Ny-q = 779 N, Vj = 450N, 
900(0.2) — Mya = 0, My-¢ = 180N+m 
1-22. Ng = 9.81 kN, Vg = 0, Mg = 0 
1-23. Ny = —2.71 KN, Vy = —20.6 KN, 
My = -412kN-m 
1-25. (Vz), = 105 Ib, (Vg), = 0, (Ng): = 0, 
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(Mz) = 0, (Mg)y — 105(7.5) = 0; 
(Mz)y = 788 Ib- ft, (Tg); — 105(0.5) = 0; 
(Ts), = 52.5 1b« ft 


1-26. 


1-27. 


1-29. 


1-31. 
1-33. 


1-34. 
1-35. 


1-37. 


1-38. 
1-39. 
1-41. 


1-42. 
1-43. 


1-45. 


1-46. 
1-47. 


(Vc), = —250N, (Ne), = 0, 

(Vc), = -240N, 

(Mc), = —108N-m, 

(Tc)y = 0, (Mc), = —-138N-m 

(Nz)x = 0, (Vg)y = 0, (Vg): = 70.6 N, 
(Tg), = 9.42 N-m, (Mg), = 6.23 N-m, 
(Mz), = 0 

Pcos@ — N, = 0, N, = Pcos8, 

V, — Psin@ = 0, V4, = Psin 6, 

M, — P[r(1 — cos 6)] = 0, 

M, = Pr(1 — cos @) 

o = 1.82 MPa 

V = Pcos6é, N = Psin@, 


= = ante = Foe 
ay Ca ame S| 


Op = 13.3 MPa (C), og = 70.7 MPa (T) 
Joint A: 074g = 10.7 ksi (T), 
8.53 ksi (C), 
8.53 ksi (C), 
orp = 4.80ksi (T) 
Joint B: ogc = 23.5 ksi (T), 
Opp = 18.7ksi (C) 
aF = 7.5(10°) x’? dx, 
P =40MN,d = 2.40m 
o = 66.7 psi, 7 = 115 psi 
Faye = 5 MPa 
Dy, = 650 lb, E, = 500 lb, E, = 350 lb, 
C, = 150 1b, B, = 150 1b, 
Fz = Fo = 594.24 1b, 
(T5)ave = 12.1 ksi 
(Tp)ave = 6.62 ksi, (TE)avg = 6.22 ksi 
(rp)ave = 13.2 ksi, (7 E)avg = 12.4 ksi 
Fap _ 625 : 
= as oe = 417 psi 
opc = 469 psi (T) 
aac = 833 psi (T) 
o = 339 MPa 
Ta = 138 MPa 


ll 


TAE 


Joint E:ogp = 


Joint B: op 


Joint A: 


(C), 


1-49. 


1-50. 
1-51. 
1-53. 
1-54. 
1-55. 
1-57. 


1-58. 
1-59. 
1-61. 


1-62. 
1-63. 
1-65. 
1-66. 


1-67. 
1-69. 
1-70. 
1-71. 


1-73. 
1-74. 
1-75. 
1-77. 


1-78. 


1-79. 
1-81. 


1-82. 


1-83. 
1-85. 


1-86. 
1-87. 


A, = 9.5263P, Ay = 5.5P, F, = 11P, 

P =3.70kN 

(Ga-a)avg = 66.7 kPa, (Ta-a)avg = 115 kPa 
P = 4kip, (Ta—-a)avg = 250 psi 

V, = P/4,V, = P/4, P = 9.05 KN 

(Fayg)s = 56.6 MPa, (ayg)p = 31.8 MPa 
(Cava) AB = 118 MPa, (Gayg)ac = 58.8 MPa 
V = 12.19 kip, N = 15.603 kip, 

Inclined plane: a’ = 62.6 ksi, T',yp = 48.9 ksi, 
Cross section: = 101 ksi, Tay. = 0 

P = 68.3 kN 

o = 3.125 ksi, Taye = 1.80 ksi 

A, = 1.732P, Ay = P, F, = 2P, 
P=153kN 

(TA)avg = 3.71 ksi 

(Ta)avg = 159 ksi 

V = 636.40N, Tayg = 509 kPa 


P = 62.5kN 
— M42 _ 12 
o aA" x’) 


A = 7.069 in’, N = 720 1b, a0 = 102 psi 
pgmri)_ 
r= al sri) 


Oaq—a = 1.39 ksi, Tp» = 600 psi 


h = 2.74in.,h = 2 in. 

d = 5.71 mm 

d = 13.5mm 

Shear limitation, t = 167 mm, 
Tension limitation, b = 33.3 mm 


a= 65 in. 

d, = 27.6mm 

V = 1.696 kip, P = 3.39 kip, N = 2.827 kip, 
P = 3.26 kip 

dgp = 7.00 mm, d4g = 6.50 mm, 

dgc = 6.00 mm 

P= 443kN 

T = 1178.10 Ib, Fag = 1442.9 lb, W = 431 Ib 
d= Is in. 

P = 90KN, A = 6.19(107°) m’, 

Prax = 155 kN 
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3 
1-89. 21.0(10°) = cites d= > in, 
qd 8 
5(10°) 3 
5(10°) = an" = gin. 
1-90. dg = 7.08 mm, dc = 6.29 mm 
1-91. (FS.)g = 2.24, (F.S.Je = 2.13 
1-93. Oyoq = 13.26 ksi, (F-.S.),o¢ = 2.71, 
Tpins = 11.79 ksi, (F-S.)pins = 1.53 
1-94. w = 0.530 kip/ft 
1-95. ay = 130mm, ag = 300mm 
1-97. Fop = 6.70 KN, Fyg = 8.30 kN, 
dag = 6.02 mm, dcp = 5.41 mm 
1-98. h = 1.74 in. 
1-99. P=55.0kN 
1-101. Nj, = 259.81 KN, V,-, = 150 kN, 
(Oa—a)avg = 7.16 MPa, (7g-a)avg = 413 MPa 
1-102. o, = 208 MPa, (Tayg)a = 4.72 MPa, 
(Tavg)p = 45.5 MPa 
1-103. t= ; in.,d4 = i in., dg = = in. 
1-105. F = 3678.75 N, Taye = 61.3 MPa 
1-106. o,~, = 200 kPa, 7,-, = 115 kPa 
1-107. 49 = 3.98 MPa, o39 = 7.07 MPa, 
Tayg = 5.09 MPa 
Chapter 2 
2-1. € = 0.167 in./in. 
2-2. € = 0.0472 in./in. 
2-3. €cg = 0.00250 mm/mm, €gp = 0.00107 mm/mm 
2-5. 63 = 4mm, (€ayg)gp = 0.00267 mm/mm, 
(€avg)ce = 0.005 mm/mm 
2-6. y = 0.197 rad 
2-7. €gyg = 0.0689 in./in. 
2-9. AB = 500mm, AB’ = 501.75 mm, 
Ap = 438 mm 
2-10. (Yxy)4 = 0.206 rad, (yy) = —0.206 rad 
2-11. (€ayg)agz = —0.0889 mm/mm, 
(€avg)ap = —0.1875 mm/mm 
2-13. AD’ = 400.01125 mm, AB’ = 300.00667, 
D'B' = 496.6014 mm, DB = 500 mm, 
Eng = —0.00680 mm/mm, 
€4p = 0.0281(1077) mm/mm 
2-14. x = —0.192in., y = —0.218 in. 
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2-15. €4, = 0.152 in./in., € 4c = 0.0274 in./in. 3413. o = 11.43 ksi, € = 0.000400 in./in., 
217. Lpg = LV1 + (2e4p C08" 6 + 2ecp sin’ 6), E = 28.6(10°) ksi 
Epp = €4pCOS-0 + Ecpsin’é 3-14. Sp = 0.0632 in. 
2-18. (yg)xy = 11.6(10-*) rad, 3-15. P =5701b 
(ya)ey = —11.6(1073) rad 3417. oy = 44ksi, oy = 60ksi, E = 11.0(10°) ksi 
x = -3 in Ib in «Ib 
ee BAB. (U)), = 88 "™P, [U approx = 650(108) 
(Yp)xy = 11.6(10°*) rad in ie 


3-19. o@ = 2.22 MPa 

3-21. 04g = 31.83 MPa, € 4, = 0.009885 mm/mm, 
Ocp = 7.958 MPa, €cp = 0.002471 mm/mm, 
a = 0.708° 

3-22. P=11.3kN 


3-23. From the stress-strain diagram, the 
copolymer will satisfy both stress and 
strain requirements. 


2-21. Lep = 0.6155 m, €ayg = 0.0258 mm/mm 
2-22. (ya)xy = 5.24(10-*) rad 
2-23. €4c = 16.7(10°-7) mm/mm, 
€gp = 11.3(10-*) mm/mm 
2-25. A’B’ = 5.08416 m, AB = 5.00 m, 
€4g = 16.8(10°7) mm/mm 
2-26. (€ayg)ac = 0.0112 mm/mm, 


(€avg)cp = 0.125 mm/mm, 3-25. o = 1.697 MPa, 
(”ay)r = 0.245 rad, 8 = 0.126 mm, Ad = —0.00377 mm 
(€avg)ae = 0.0635 mm/mm 3-26. (a) 8 = —0.577(10°%) in. 
2-27. (€avg) AD = 0.132 mm/mm, (b) d' = 0.5000673 in. 
(€ave)cr = —0.0687 mm/mm 3-27. v = 0.300 
5 ne an 05 cos 6)(2.d6) 3-29, Etong = —0.0002667, €1,, = 0.0000880, v = 0.330, 
—29. € = 0.05 cos9, = .OS cos fs ee : 
; h' = 2.000176 in. _ 
AL = 0.100 ft 3-30. €, = —0.0150 in./in., €, = 0.00540 in./in., 
2-30. AL = 0.16 ft tae 
2-31. Eavg = 0.479 ft/ft 3-31. P= 53.0 kip, E= 28.6(10") ksi 
1 3-33. Tavg = 4166.67 Pa, y = 0.02083 rad, 
2(vg sin 8 — uy cos 8) |z 
2233, ey =| 14 ; ii, 5 = 0.833 mm 
uvgsinf u,cosé 3-34. S= Pa 
€4B = L - 2bhG 
3-35. Gy = 4.31(10°) ksi 
3-37. E = 5.5 psi,u, = 19.25 psi, u, = 11 psi 
Chapter 3 3-38. 6 = —0.0173 mm, d' = 20.0016 mm 
1.31 - 0 = = - 
of. dee = 3.275(10°) ksi 3-39. x = 1.53 m,d/, = 30.008 mm 
0.0004 — 0 3-41. 7 = 148.89kPa, G = 1.481 MPa, 5, = 3.02 mm 
32. EF = 55.3(10°) ksi, u, = 9.96 ai 3-42. epg = 0.00116 in,/in., W = 112 Ib, 
In €gc = 0.00193 in./in. 
= in-Ib 3-43. €, = 0.00227 mm/mm, 
Ste Milage — BOO €, = 0.000884 mm/mm 
3-5. (Ur)approx = 117 MJ/m* 
3-6.  E = 8.83(10°) ksi Chapter 4 
— = in? P = i —5.00(107)(8 
3-7. A= 0.209 in we 1.62 kip . ‘a i ( : )(8) : 3,64(10-3) mm 
3-9. o = 1.50 ksi, € = 0.035 in./in., 8 = 0.228 in. (0.4? — 0.37)200(10°) 
3-10. E =30.0(10°) ksi, Py = 11.8 kip, Py, = 19.6 kip 42. 84p = 0.766(10*) in. 
3-11. Elastic Recovery = 0.003 in./in., 43. dp = 0.850mm 


AL = 0.094 in. 45. 6,=614mm 


46. 
4-7. 
4-9, 


4-10. 
4-11. 


4-13. 


4-14, 
4-15. 
4-17. 
4-18. 
4-19. 
4-21. 


422. 
425. 
426. 


427. 
4-29, 


4-30. 
4-31. 
4-33. 


4-34. 
4-35. 
4-37. 
4-38. 


4-39. 
441. 


4-42. 
443. 


445. 


446. 


54 = 0.0128 in. 
5p = 0.0350 in.) 


8c = 0.0055172 in., 54 = 0.0110344 in., 
Sj = 0.0020690 in., df = 0.0036782 in., 


5, = 0.0113 in. 
6 = 0.00878° 
5, = 0.0260 in. 
E 2 
1 yL 
8=—]| (yAx + P)dx = 
AB OCP Ga 


d4/p = —0.864 mm 

64/p = —1.03 mm 

5 = —0.4310(10°-3)P, P = 46.4 kip 
5¢ = 0.0230 in. 1 

6 = 0.439(10°°) rad 

dp = 0.1374 mm, 6 4/z = 0.3958 mm, 
6c = 0.5332 mm, 6,, = 33.9 mm 

W = 9.69 kN 


6 = 0.360 mm 
L? 
5a 
6E 
P 
6 = -———(1 - e") 
2aTry E 


A= ar = a(ro cos 0) = arp 


cos” 0, 
y=rosin@; dy = r.cosédé, 
When y = m7 6 = 14.48°, 
a= 0.511P 

TE 
Po = 250 kN/m, 6 = 2.93 mm 
Os = 3.14 ksi, Ocon = 0.455 ksi 
Py = 57.47 KN, Peon = 22.53 KN, 
Os = 48.8 MPa, Geo, = 5.85 MPa 
Opr = 0.341 ksi, v4 = 0.654 ksi 
d = 2.39 in. 
Fp = 107.89 KN, 64/8 = 0.335 mm 
Os = 1.66 ksi, Oeon = 0.240 ksi, 
6 = 0.0055 in. 
Ag = 18.2 in’, & = 0.00545 in. 
Poon = 36.552 Pot, 
con = 8.42 MPa, ao = 67.3 MPa 
d = 24.66mm 
O4p = 26.5 MPa, og = 33.8 MPa 


F,, = 10.17 (10°) N, F, = 29.83 (10°) N, 


o» = 32.4MPa, o, = 34.5 MPa 
Fp = 20.4KN, F4 = 180kN 


4-94, 


ANSWERS TO SELECTED PROBLEMS 


Tap = 361 lb, Tyg = 289 1b 
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y = 3 — 0.025x, F, = 4.09 kip, Fz = 2.91 kip 


x = 28.9in., P = 60.4 kip 

Tcp = 27.2 kip, Tcp = 9.06 kip 
Fy = 1.822 kip, Fy = 3.644 kip, 
Orxod = 9.28 ksi, Oy = 1.16 ksi 

0 = 698° 

Opp = 96.3 MPa, o4p = 79.6 MPa, 
Ocr = 113 MPa 


Fep = 614.73 lb, Fgc = 454.69 Ib, 9 = 0.0633° 
F 4 = 5.79KN, Fz = 9.64 kN, Fc = 11.6kN 


6 = 1.14(10°3)° 


Assume failure of AB and EF: F = 42 300N, 


Assume failure of CD: Fcp = 81 000N, 


w = 45.9kN/m 

op = 13.4MPa, ogc = 9.55 MPa 
6 = 0.00365° 

0.02 = 8, + 5y, P = 1.16kN 


a = 0.120 mm 
7P P P 
ee ee ae ae | 
0 = Ay — 8, F = 4.20kN 
F = 0.509 kip 
F = 116 kip 
0 = 8 — 8p, F = 19.14A, o = 19.1 ksi 
F = 7.60 kip 
8 = 0.348 in., F = 19.5 kip 
0= Ap ~ 6, F = “S(t, - Ty) 


Fz = 183 KN, F, = 383 kN 
P = 188 kN 
620.136 = T5F 4B oP 48F 4p, 


Fup = 6.54 kip, Fac = Fup = 4.09 kip 


64 = 0.0407 in.t 
Fac = 10.0 lb, Fap = 136 1b 


F = 107442.47N,T = 172°C 
o, = 40.1 MPa, o; = 29.5 MPa 
Omax = 190 MPa 

K = 2.45, w = 2.49 in. 

P = 77.1KN, 8 = 0.429 mm 


P = 121 kip 


Maximum normal stress at fillet: K = 1.4, 


Maximum normal stress at the hole: K = 2.65, 


Omax = 88.3 MPa 
P = 15kip, K = 1.60 


832 


4-95. 
4-97. 


4-98. 
4-99, 


4-101. 


4-102. 


4-103. 


4-105. 


4-106. 
4-107. 
4-109. 


4-110. 


4-111. 


4-113. 


4-114. 
4-115. 
4-117. 
4-118. 


4119. 6= 
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P = 168kip, K = 1.29 

P = 156.91 kip, Py = 143.09 kip, 

oy = 36.0 ksi, 7.) = 19.8 ksi 

dc = 0.432 in. 

w = 21.9kN/m, 6g = 4.24mm 

Fep = 1800N, F4g = 3600N, 

F ap = 3.14 KN, Fep = 2.72 kN, 

dcp = 0.324 mm, 643 = 0.649 mm 

(a) P = 2.62 kN, (b) P = 3.14kN 
oyL 

Ecos @ 


P = oyA(2cos@ + 1),64 = 


ocr = 250 MPa (T), For = 122 718.46 N, 


Fag = 91 844.61 N, Fup = 15 436.93 N, 
(ocr), = 17.7 MPa (C), 
(opp), = 53.2 MPa(T), 
(o ap), = 35.5 MPa (C) 
o4 = 53.33 ksi, 5 = 8.69 in. 
w = 10.9 kip/ft 
(Faby = 56.55 kN, Fy = 146.9 kN, 
dz = 178mm 
(a) 5p = 0.375 in. 
oy Sp = 6.40 in. 
= 126 kip, Aé = 0.00720 in. <— 
: YL} 
s-af (yAx) dx, 6 = 32 
Fz = 2.13 kip, F4 = 2.14 kip 
P = 4.85 kip 
P = 46.4kip, 74g = 145 ksi 
P = 56.5 KN, 8g/4 = 0.0918 mm 
3E,L(T2 — T1)(a2 — a) 
d(5E> + E;) 


Chapter 5 


5-1. 


5-2, 
5-3. 
5-5. 
5-6. 
5-7. 
5-9, 


(a) T = 7.95 kip-in., (b) T’ = 6.38 kip-in., 


6.381(0.5) 
‘prams. 216-75" = 05) 
(a) r’ = 0.841r, (b) r’ = 0.841r 
Tp = 6.04 MPa, 74 = 6.04 MPa 
Tmax = 26.7 MPa 
(TBC)max = 5-07 ksi, (Tpz)max = 3-62 ksi 
(TEF)max = 9, (TcD)max = 2-17 ksi 
J = 2.545(10~) m4, 
Tmax = 11.9 MPa 


= 8.00 ksi 


5-10. 


5-11. 
5-13. 


5-14. 
5-15. 
5-17. 


5-18. 
5-19. 
5-21. 


5-22. 
5-25. 


5-26. 


5-27. 


5-29. 


5-30. 
5-31. 
5-33. 


5-34, 


5-35. 
5-37. 


5-38. 
5-39. 


5-41. 


5-42. 
5-43. 
5-45. 


7 2r3 
ORE 
Tap = 7.82 ksi, Tac = 2.36 ksi 
F = 600N,T, = 30.0N-m, 
5.66 MPa, (tcp) max = 
10.2 MPa 


(TeA)max = 8.91 MPa 


(Tmax)abs = 
d = 33mm 
T 4 = 960 Ib-in., J = 0.031257 in.*, 

Tmax = 4.89 ksi 

Tmax = 7.33 ksi 

(Tmax)AB = 41.4 MPa, (Tmax)ac = 82.8 MPa 
Tp = (2000x — 1200) N-m, 

d = 0.9m, Tmin = 0, 


d = 0, Tmax = 42.4 MPa 
d= 57mm 
Tmax = 260.42 Ib° ft, 7,4, = 3.59 ksi 
max 
ia 


Tmax — QarZh 
(7,4p)max = 23.9 MPa, (78C)max = 15.9 MPa 


1 9 Pi 
Gb= tf, <6, 135 — 


T,4 


2 2 ; 
(2T 4 F taL)ro 
Tmax ar ? ae oan 
a(rs — rf) 
c = (2.98 x) mm 
(TB) max = 1.04 MPa, (TaC)max = 3.11 MPa 


P = 1100 ft: lb/s, 
T = 280.11 Ib- in, 


Tmax = 1.43 ksi 
d= Lie 

8 
w = 21.7 rad/s 


P = 990 000 ft Ib/s, 
T = 6302.54 Ib- ft, 
Tmax = 6.02 ksi 


d, = 12.4mm, dz = 16.8 mm 
(Tmax)cF = 12.5 MPa, 
(Tmax)Bc = 7.26 MPa 


T = 625N-m, 
t=2.5 mm 
w = 17.7 rad/s 
1 
d= Z, in. 
T = 525.21 lb: ft, 
r; = 1.1460 in., 
t = 0.104 in. 


5-46. 


5-47. 
5-49. 


5-50. 


5-51. 
5-53. 


5-54, 
5-55. 
5-57. 


5-58. 


5-59. 
5-61. 


5-62. 
5-63. 


5-65. 


5-66. 


5-67. 


5-69. 


5-70. 


5-73. 


7 
d= gin 


Tmax = 44.3 MPa, @ = 11.9° 
Tag = —85N-m, 

Tac = —85N-m, 

b4/p = 0.879° 

Tmax = 2-83 ksi, 

& = 4.43° 

d = 2.75 in. 

Tac = —80N-m, 

Tcp = —60N-m, 

Tp, = —90N-m, 


bp = |5.74°| 
op = 1.01° 
dc = 0.227° 


Ty = 175.07 lb: ft, Tc = 109.42 Ib - ft, 


Tp = 65.65 lb: ft, d = 7 in. 


Ty, = 3-17 ksi, 
max 

écjp = 0.0661° 
B/p = 115° 


dr = 0.01778 rad, 

op = 0.02667 rad, 

dp = 1.53° 

da = 1.78° 

(TBC) max = 10.2 ksi, 
(TBA) max = 1.86 ksi, 

bc = 2.66° 

dp = 0.001852 rad, 
écigp = —9.0001119 rad, 


dc = 0.113° 

da = 2.66°, 

dc = 2.30° 

ba = bgt Pays 
bc = ba t+ bcp, 


T, = 2.19kN-m, 
T) = 3.28kN-m 
bp = 0.01194 rad, 
dc = 0.008952 rad, 
dr = 1.20° 

dp = 1.42° 


4 
Tr 
J(x) = ptt + x), 


ITL 
oe 12ar'G 


5-74. 


5-75. 


5-77. 


5-78. 
5-79. 
5-81. 


5-82. 


5-83. 


5-85. 


5-86. 


5-87. 
5-89. 


5-90. 


5-91. 


5-93. 


ANSWERS TO SELECTED PROBLEMS 


4 pd 
e= 3ar'G 
— 2L(toL + 3T,) 
~ Bart = r)G 
T,4 = 200N-m, 
Tz = 100N-m, 


(7 4c)max = 8.15 MPa, 
(TCR) max = 4.07 MPa 


TAC = 9.77 MPa 
TAC — 29.3 ksi 


T, = 1.498 kN-m, 

Tp = 0.502 kN: m, 

Tcp = 24.9 MPa 

bc = 0.116°, 

(Tst)max = 395 psi, 
(Yst)max = 34.3(10~°) rad, 
(Tor)max = 96.1 psi, 
(Ypt)max = 17.2(10~°) rad 
(7BC)max = 1.47 ksi, 
(TaD)max = 1.96 ksi, 

= 0.338° 


Tp = (300x — 2.5x’) lb-in., dg = 1.75°, 


Taps = 13.3 ksi 


max 


Tz = 222N:m, 
T, = 55.6N-m 
bp = 1.66° 

F = 4412 kip, 


Tr = 4.412 kip: ft, 
T, = 12.79 kip: ft, 
bp = 0.955° 
(Tap)max = 4.35 ksi, 
(Tac)max = 2-17 ksi 
Tape = 5-50 ksi 


max 


4 
TC 
J(x) = yz ice + x)4, 


37 
Tp a 189 > 

152 
Ta = 789 


833 
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5-94. Ty = ie 5-117. A,, = 1.8927 m?, 
12 T = 4.73 MN-m, 
7, = 2k = 0.428°/m 
= 4 5-118. Tay. = 119 MPa, 
5-95. (T-)max = 525 psi, ¢ = 0.407°/m 
(7;)max = 713 psi, 5-119. (Tayg) a = (Tavg)p = 357 kPa 
be = 0.0582°, 5-121. K = 1.28, 
° r = 7.98 mm, 
oe No, it is not possible. 
5-97. (Tmax)e = a 5-122. P= 101kW 
md 5-123. (Tinax)¢ = 50.6 MPa 
Ce ae a 5-125. K = 1.40,r = 0.075 in. 
ae 5-127. T = 2.71 kip - ft, 
Factor of increase in shear stress = = Tp = 2.79 kip - ft 
k 5-129. T = 20.8kN-m, 
5-98. (7C)max = 0.955 MPa, = 34.4°, 
(TAC) max = 1.59 MPa, G = 40 GPa, 
pa = 9.207° ' = 0.3875 rad, 
5-99. (TaC)max = 0.955 MPa, f=" 
(T4C)max = 1.59 MPa, 5-130. T = 14.4kip-ft 


5-131. Ty = 12.6kN-m, 


$ajc = |0.0643°| Tp = 16.8kN-m 


5-101. For segment AB, T = 3180.86 N-m, 5-133. T = 110 lb-ft 
= : : 2 
For segment BC, T = 11 366.94 N-m, 5-134. Tp = Lary(c3 = c?), 
T = 2.80kN-m 3 
5-102. Tz = 32 1b-ft, Pamela 
= j cjG 
T, = 48 lb-ft, Coty 
dc = 0.0925° Ymax ~ 2G 
5-103. (Tmax)a = 308 MPa 5-135. To = 9.3kN-+m, 74 = 5.70kN-m 
5-105. T = 1663.2 lb-in., F = 104 1b 5-137. p, = 0.00625 m, 
5-106. Tmax — 2.31 ksi, 1 = 8(10°)p, 
6 = 0.0303 in. m= 4(10°)p +4 25(10°), 
5-107. ¢ = 0.104 in. T = 3.27kN'm, 
5-109. A,, = 1.4498 in’, = 34.4° 
An’ = 2.4002 in?, 5-138. T = 39.2 kip: ft, dp = 0.413° 
Factor = 1.66 5-139. T = 41.2 kip: ft, at3 in., 7 = 2.44 ksi, 
5-110. The factor of increase = 2.85 at 1.5 in.,7 = —3.78 ksi 
5-11. gy = a. et 5-141. Elastic, T, = 9256.95 N- m, T. = 5743.05 N- m, 
4 T, > (Ty)r Plastic, T, = 7.39 kN+ m, 
5-113. A,, = 7959.50 in’, T, = 7.61kN-m 
5 19T 
=—j 5-142. ax = 
1 ge Tmax ar 
= 0.0536° 5-145. r, = 0.0625 m, r; = 0.0575 m, 


Eq. 5~7: Tp=0.06m = 88.27 MPa, 
Eq. 5-18: Tayg = 88.42 MPa, 
Eq. 5-15: @ = 4.495°, 

Eq. 5-20: = 4.503° 


5-114. $ = 5134 kip: ft 
5-115. (Tavg)a = 15.6 MPa, 
(Tay) = 10.4 MPa 


5-146. T = 331N-m 
5-147. t = 8mm 
5-149, T = 71.5N-m, Tmax = 23.3 MPa 
5-150. Tmax = 82.0 MPa 
5-151. F = 26.2N, ¢ = 1.86° 
Chapter 6 
6-1. x=0.25,V = —24,M = -6 
6-2. x=2,V=1,M=2,x=4,V =1,M 
6-3. x=3,V = —2000,M = —6000 
6-5. x =27,V =8,M = -39 
66 x =15,V=0,M=9,x=4, 
V = -20,M = -16 
6-7. x=4,V =-6,M = —24 
6-9. x=4',V = -3.33,M = 46.7 
6-10. x =1.5°,V = 150, M = 225 
6-11. x=6,V = —800, M = —4800 
6-13. x =3a ,V =-P,M=-Pa 
6-14. x = 14',V = 115, M = —3875 
6-17. x = 6,V = —900, M = —3000, 
V = {—300 — 16.67x7} Ib, 
M = {-300x — 5.556x*} Ib- ft 
6-18. V = {30.0 — 2x}kip, 
M = {-x? + 30.0x — 216} kip - ft, 
V = 8.00 kip 
M = {8.00x — 120} kip: ft 
6-19. x=5,V =-10,M = -25 
6-21. x = 0.75,V = 0, M = 0.5625, 
Fao = T.5KN, 
Ay = 1.5kN 
6-22. x=3,V = -10,M = -18 
6-23. x=L,V =-wL,M =0 
6-25. x=L,V=0,M=0 
6-27. x = (L/3),V = —woL/18, 
M = —0.00617woL? 
6-29. x = 4.11,V =0,M = 25.7, 
At x = 4.108 m, M = 25.67 kN: m, 
Atx = 4.5m, M = 25.31kN-m 
6-30. x = 2.54,V = 0,M = 346 
Wo 
6-31. V=—(3L ~ 4x), 


W, 
M= mi 12x + 18Lx — 7L?), 


6-33. 


6-34. 
6-35. 


6-37. 
6-38. 


6-39. 


6-41. 
6-42. 
6-43. 
6-45. 


6-46. 


6-47. 


6-49. 


6-50. 


6-51. 


6-53. 


6-54. 


6-55. 


6-57. 


6-58. 


6-59. 
6-61. 


6-62. 


6-63. 


ANSWERS TO SELECTED PROBLEMS 


w = 40.0 lb/ft, 
V = 30.0 1b, 
M = 15.0 lb-ft 


x=3,V =~-115,M =~-21 
V = 200N, M = (200 x) N-m, 


100 
Ve= {ee + 500} N, 


100 
m={ , x? + 500x 600} Nm 


x= 45,V =0,M = 169 
Ay = 9.375 kip, Ay = 0 


x=LV= = wL,M = 2 wh? 
x=4,V =-28,M = -24 
x=1,V =0,M = 2.50 

x=14,V =0,M =24 

x = 0.630L,V = 0, M = 0.0394w9L?, 


WoLx — Wox!4 
122 121? 

x = 0,V = 2woL/7, M = —wWoL?/7 

Omax = 120 MPa, 

Tmax = 90 MPa 

y = 3.40in., 

Iva = 91.73 in’, 

(0;)max = 3-72 ksi, (0)max = 1.78 ksi 


M= 


o4 = 6.81 MPa, 
op = 1.01 MPa, 
oc = 4.14 MPa 
M=771N-m 


T = 91.14583(10~°) m4, 

M = 36.5 kN-m, Oynax = 40.0 MPa 
Cmax = 2.06 MPa 

F = 4.56kN 

I = 17.8133(10~°) m4, 

Omax = 49.4 MPa 

(Cmax = 23.8 ksi (T), 

(Omax)c = 20.0 ksi (C) 

M = 101 kip - ft 

y = 9.3043 in., J = 1093.07 in’, 
o4 = 2.0544 ksi, op = 0.2978 ksi, 
(Frc = 11.8 kip 

o4 = 6.21 MPa (C), 

op = 5.17 MPa(T) 

a = 1.68r 
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6-65. 
6-66. 
6-67. 
6-69. 


6-70. 
6-71. 
6-73. 
6-74. 
6-75. 
6-77. 
6-78. 
6-79. 
6-81. 


6-82. 


6-83. 
6-85. 
6-86. 
6-87. 
6-89. 


6-90. 


6-91. 
6-93. 


6-94, 
6-95. 
6-97. 
6-98. 
6-99. 
6-101. 
6-102. 
6-103. 


6-105. 
6-106. 


6-107. 


ANSWERS TO SELECTED PROBLEMS 


I = 1863 in*, max = 193 psi, o = 155 psi 
Fr = 3.13 kip 

Cmax = 158 MPa 

I, = 0.21645(10~*) m*, 

I, = 0.36135(107 7) m4, 

Cmax = 74.7 MPa 

Omax = 22.1 ksi 

Cmax = 12.2 ksi 

T = 152.344 in*, oyyax = 10.0 ksi 
Omax = 21.1 ksi 

Callow = 52.8 MPa 

I = 152.344 in*, w = 1.65 kip/ft 
Cmax = 66.8 ksi 

Cmax = 15.6 ksi 

w = 3.75 kip/ft, Omax = 1.25 ksi 


t= 5 in. 

Cmax = 129 MPa 

b = 53.1 mm 

Omax = 19.1 ksi 

d =2in. 

Mmax = 7.50 kKN+m, a = 66.9 mm 
_ 23woL? 

max 36 bh? 


Cmax = 119 MPa 
y = 0.012848 m, J = 0.79925(10-°) m4, 
Emax = 0.711(1077) mm/mm 

d= 116mm 

d = 199 mm 

Mmax = 2P, P = 119 |b 

Omax = 7.59 ksi 

Omax = 5.60 ksi 

I = 204.84375 in*, Omax = 19.8 ksi 

op = 13.3ksi, oo, = 11.8 ksi 

w = 11.25kN/m 


2 1 
l= 3 Ob = 7; in. 


Omax = 147 psi 


_ AVE, 
ORT ge RT 

ie vod eee) 
max/t bh VE. 


6-109. 


6-110. 
6-111. 


6-114. 
6-115. 
6-117. 


6-118. 
6-119. 
6-121. 
6-122. 
6-123. 
6-125. 


6-126. 
6-127. 


6-129. 


6-130. 
6-131. 
6-133. 


6-134. 
6-135. 
6-137. 


6-138. 
6-139, 
6-141. 


M, = —14.14 kip: ft, M, = —14.14 kip: ft, 
I, = 736 in*, I, = 1584 in’, 

Omax = 2.01 ksi (T), Omax = 2.01 ksi (C), 

a = 65.1° 

M = 119kip- ft 

y = 574mm, 0,4 = 1.30 MPa (C), 

op = 0.587 MPa (T), 


a = —3.74° 
o4 = 8.95 ksi 
op = 781 ksi 


M,, = —1039.23N-m, M, = —600.0N:m, 
I, = 28.44583(10~°) mi’, 

1, = 13.34583(10~°) m*, 74 = 7.60 MPa (T) 
op, = 131 MPa(C), a = —66.5° 

M = 1186kN-m 

Max = 427.2N°m, Omax = 161 MPa 
4 = 293 kPa (C) 

o4 = 293 kPa (C) 

zy = 1.155 in., yy = —2.828 in., 

o, = 21.0 ksi (C) 

o4 = 21.0ksi 

h = 41.3 mm, 

M = 6.60kN:m 

Max = 25.3125 kip: ft, ¥ = 2.3030 in., 
I = 30.8991 in*, (Omax)st = 22.6 ksi, 
(Omaxal = 13.3 ksi 

w = 0.875 kip/ft 

(Omax)st = 8.51 ksi, (Omax)w = 0.558 ksi 
y = 2.5247 in., Ty 4 = 85.4170 in’, 

M = 164kip-ft 

(st)max = 20.1 MPa 

(Os)max = 1.40 ksi, (Oy) max = 77.0 psi 

y = 0.1882 m, J = 18.08(10~°) m*, 
(Omax)st = 154 MPa, (Omax)al = 171 MPa 
d = 531mm, M = 98.6kN-m 

(Gmax)pve = 1.53 ksi 

Mmmax = 40 kip: ft, Ag = 2.3562 in’, 

h' = 5.517 in., J = 1358.78 in’, 
(Tcon)max = 1.95 ksi, (Ost)max = 18.3 ksi 


6-142. 
6-145. 


6-146. 
6-147. 


6-149. 


6-150. 
6-151. 


6-153. 


6-154. 
6-155. 
6-157. 
6-158. 
6-159, 
6-161. 
6-162. 
6-163. 
6-165. 


6-166. k 


6-167. 
6-169. 


6-170. 
6-171. 
6-173. 


6-174. 
6-175. 
6-177. 


6-178. k 


6-179. 
6-181. 


6-182. 
6-183. 


M = 975 kip: ft 


A = 0.00281257 m’, r Lae 0.053049301 m, 
Ma iaoem. 8" " 

P = 55.2kN 

(Cmax): = 4.51 MPa, 

(Omax)e = —5.44 MPa 

DA = 0.00425 m’, 7 = 0.5150 m, 


dA 
> i, — = 8,348614(107) m, 
AT 


Oc = 2.66 MPa (T) 
(Omax)t = 204 psi (T), (Omax)e = 120 psi (C) 
o, = 10.6 ksi (T), op = 12.7 ksi (C) 


dA 
r= 1.235 m, > ; —— = 6.479051(1074) m, 
AT 


A = 0.008 m’, og = 26.2 MPa (C) 

o; = 2.01 MPa (T) 

P =3.09N 

K = 2.60, M = 15.0 kip- ft 

Wises = 120 iesi 

r = 5.00 mm 

K = 1.92, P = 122 lb 

Omax = 29.5 ksi 

L = 950 mm 

I, = 82.78333(10 °) m*, M, = 211.25 kN-m, 

Prop = Fottom = 43.5 MPa 

_ 3h [4bt(h — t) + t(h — 20) 
2 | bh? — (b — th - 21) 

a1 71 


M, = 289062.5 N-m, J = 91.14583(10-°) m‘, 


Ftop = F bottom = 67.1 MPa 

k =1.17 

k = 1.70 

I, = 26.8(10~°) m#, M, = 9.00042cy, 

My = 0.0002680y, k = 1.57 

Or = Op = 142 MPa 

k=1.71 

My = 87.830y, M, = 121.330y,k = 1.38 
lero 5) 


3a(r5 — ri) 


(a) Wo = 18.0 kip/ft, (b) wo = 22.8 kip/ft 
(a) P = 37.3 kip, (b) P = 45.5 kip 
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6-185. o — 50ad — 3500(10°)d = 0, M = 94.7N-m 
6-186. (a) M = 35.0kip-ft, (b) M = 59.8 kip- ft 
6-187. M = 251N-m 
6-189. o = 82ksi, M = 73.5 kip- ft 
6-190. Fr = 5.88kN 
6-191. (Omax); = 3.43 MPa (T), 
(Gina )e = 1.62 MPa (C) 
6-193. n = 18.182, J = 0.130578(10-3) m4, 
M = 14.9kN-m 
6-194. M = 26.4kN-m 
6-195. (a) Omax = 0.410 MPa, (b) Omax = 0.410 MPa 
6-197. | aA = 0.012908358 m, A = 6.25(10~°) m?, 
a = 225 kPa (C), og = 265 kPa (T) 
6-198. V = 20 — 2x, M = —x* + 20x — 166 
6-199. x = 0.6,V = —233, M = —S0 
6-201. o = = (cos @ + sin @), aD 0, 
a do 
6 = 45°, a = 45° 
Chapter 7 
7-1. I= 0.2501(10-3) m*, QO, = 0.64(1073) m3, 
T4 = 2.56 MPa 
7-2. Tmax = 3.46 MPa 
7-3. V, = 19.0kN 
7-5. y = 3.30in., Iy4 = 390.60 in’, 
Q = 65.34 — 6y*, Vy = 3.82 kip 
7-6. 74 = 1.99 MPa, rz = 1.65 MPa 
7-1. Tmax = 4.62 MPa 
7-9, y= 1.1667in., J = 6.75 in‘, V = 32.1 kip 
7-10. Tmax = 4.48 ksi 
7-11. V =100kN 
7-13. y = 0.080196 m, J = 4.8646(10°°) m‘, 
Tmax = 4.22 MPa 
7-14. V = 190kN 
7-15. The factor = ; 
7-17. I = 0.175275(10°) m‘*, 
Omax = 1.09125(1073) m3, 
Tmax = 37.4 MPa 
7-18. V =723kN 
7-19. (T,)max = 9.24 MPa, 


(Tw)max = 37.4 MPa 
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7-2. 1 = 47in’,Q = =(4 — yp, 74 = 2.39 ksi dee yc VA, 
23. Tmax = 4. ‘a 
7-25. V. = —13.75 kN, I = 27.0(10~) m4, Tae Be BUD ayes 

Qnmax = 0.216(10-3) m3, ta, = 3.67 MPa = 5 (2h3 + 6bh? — (h — 2h,)), 
Pee ae 200 pe b(6h,h2 + 3h2b — 8h3) 
7-27. tc = 1.43 ksi, Tp = 1.17 ksi =, 5 5 
7-33. I = 32.0in‘,O = 12.0in‘*, F = 675 1b ai . abi = (l= 2) 
734, V=135p ae 4r (sin a ia a COs @) 

. 1. 2a — sin 2a 

7-35. V = 1.80 kip, s = 23 in. 7-71. Vig = 9.96 kip 
7-37. Inq = 93.25 in’, QO = 10.125 in’, V = 34.5 kip 7-73. y = 0.08798 m, 
7-38. 7, = 35.2 MPa Iya = 86.93913(10-) m4, 
7-39. F = 12.55kN QO, = 0, Oc = 0.16424(10°3) m°, 
7-Al.  Iy4 = 2902 in*, Q = 168 in’, da = 0, gg = 1.21 kN/m, 

Omax = 208.5 in?, dc = 3.78 kN/m 

P = 6.91 kip 7-74. V = 410kip 
7-42. V = 882kip,s = in. 7-75. V = 749 Ib 
7-43. (Tnaitavg = 119 MPa Chapter 8 
7-45. Ina = 72.0(10°) m‘*, O = 0.450(10°%) m’, 8-1 f= 188mm 

P = 6.60kN 8-2. ro = 75.5 in. 
7-47. 5 = 8.66in.,s’ = 1.21 in. 8-3. Case (a): 0; = 1.04 ksi, 0) = 0 


Case (b): 0; = 1.04 ksi, a2 = 520 psi 
8-5. o = 133 MPa, P, = 35.56(10°)7 N, 
Op = 228 MPa 
8-6. t = 26.7 mm, n = 820 bolts 


7-50. q4 = 228kN/m, qg = 462 kKN/m 
7-51. gc = 0,qp = 601 KN/m 
7-53. Inq = 125.17(10°°) m4, Qc = 0.5375(10°3) m3, 


gc = 38.6 kKN/m 8-7. (a) o, = 127 MPa, (b) of = 79.1 MPa, 
7-54. q4 = 1.39kN/m, gz = 1.25 kN/m (©) (avg), = 322 MPa 
7-55. Gmax = 1.63 KN/m 8-9. t, = 40 mm, t, = 20mm, 
7-57. y = 3.70946 in., J = 145.98 in’, (Ps)atlow = 122.72(10°) N, n, = 308 bolts 
Amax = 414 Ib/in. 8-10. s = 33.3 in. 
7-58. q4 = 215kN/m 8-11. o), = 432 psi, 0, = 8.80 ksi 
7-59. Gmax = 232 KN/m 8-13. 5; — 5p = 0,0, = 2.69 ksi 
7-61. y = 2.8362 in., I = 92.569 in’, aa & pri 
ga = 196 lb/in., gg = 452 Ib/in., "E(rg — 1) 
via a Ib/in. gis os ae 7 0 
7-62. 7=—>VR- y =n ae 
7-63. e= _ 3063 = bi) 8-17. oF = ee + 
h + 6(b, + by) cre we 
10 _ pr T 
7-65. T= 5a, = Sy, ie an ype 


8-18. d= 66.7mm 


a 
Q2= 3 ieee aa o,, = 66.7 MPa (C), og = 33.3 MPa (T) 


10 8-19. 


8-21. 


8-22. 
8-23. 
8-25. 


8-26. 
8-27. 
8-29. 


8-30. 
8-31. 
8-33. 


8-34. 
8-35. 


8-37. 


8-38. 
8-39. 
8-41. 


8-42. 
8-43. 
8-45. 


8-46. 


8-47. 
8-49. 


8-50. 
8-51. 
8-53. 


8-54. 


P oM 
o,=-5t = 123 MPa, og = 62.5 MPa 
max = 1.07 MPa 

max = 1.07 MPa 

N = 606.218 Ib, V = 350 1b, 

M = 1751b-in., 


op = 5.35 ksi, Tg = 0 

w = 79.7 mm 

P = 109kN 

A = 0.375 in’, 0.4 = 0.0234375 in’, 
I = 0.0078125 in’, 

o4 = 533 psi(T), 7g = 1067 psi (C), 
T4 = 600 psi, Tz = O 

o4 = 504kPa(C), 74 = 14.9kPa 

d = 66.7 mm 

I = 1.0667(107°) in*, Og = 0, 

Qc = 4(107%) in’, og = 5.56 ksi (T), 
Ta = 0,0c = 62.5 psi (C), Tc = 162 psi 


Op = 0, Tp = 667 psi, og = 23.3 ksi (T), Te = O 


o4 = —9.41 ksi, 74 = 0,073 = 2.69 ksi, 

Tp = 0.869 ksi 

A = 257(10~°) m’, J, = 0.156257(107”) m’, 
J = 0.31257(10-’) m4, og = 1.53 MPa (C), 
Tz = 100 MPa 

T = 2.16 kip 

T = 2.16 kip 

A = 9.00 (1073) m?, J = 82.8 (107°) m, 

Qpz = 0, 7g = 0.522 MPa (C), 7g = 0 

o = 17.9MPa (C), 7 = 1.06 MPa 

o = 23.9 MPa (C), r = 0.796 MPa 

A = 18.0 in’, J, = 13.5 in*, J, = 54.0 in’, 
o4 = 1.00 ksi (C), 7g = 3.00 ksi (C) 


1.33P a 
Omax — os (C), Onin — 3a (T) 
0.368P 0.0796P 
Omax — Pr (C), Onin — 7) (T) 


R = 0.080889 m, N = —24.525N, 

M = 14.2463 N-m, 

o4 = 89.1 MPa (C), og = 79.3 kPa (T) 
(;)max = 8.37 ksi, (0)max = —6.95 ksi 
6e, + 18e, < 5a 

A = 13.5 m’, 1, = 22.78125 m4, 

Ty = 10.125 m*, y = 0.75 — 1.5x 

o4 = 9.88 kPa (T), og = 49.4 kPa (C), 
Oc = 128kPa (C), op = 69.1 kPa (C) 


8-55. 
8-57. 


8-58. 
8-59. 
8-61. 


8-62. 
8-63. 


8-65. 


8-66. 
8-67. 


8-69. 


8-70. 
8-71. 
8-73. 


8-74. 
8-75. 


8-77. 


8-78. 
8-79. 
8-81. 


8-82. 
8-83. 
8-85. 


8-86. 
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o, = 11.9MPa(T),7,4 = —0.318 MPa 
N, = 800 lb, V, = —600 Ib, 

V, = —500 lb, 7, = —7200 Ib - in, 

M, = 4800 Ib- in, o = 17.6 ksi (T), 

T = 4.84 ksi 

o = 5.86 ksi (C),7 = 4.80 ksi 

Omax = 71.0 MPa (C) 

A = 0.7854 in’, J = 0.098175 in’, 

I = 0.049087 in*, (Q,4), = 0, 

(Q4)- = 0.08333 in’, 74 = 16.2 ksi (T), 
T4 = —2.84 ksi 

op = 7.80 ksi (T), 7g = 3.40 ksi 

oc = 15.6 ksi (T), op = 124 ksi (T), 
Tp = 62.4ksi, tc = —52.4 ksi 

T = —519.62 Ib:in, My = 250 Ib: in, 
M, = —433.01 lb-in, I, = I, = 0.53689 in‘, 
J = 1.07379 in*, (Q,)4 = 0, 

(Q.)4 = 0.38542 in?, 

a, = 605 psi (T), 74 = 327 psi 

op = 466 psi (C), Tg = 422 psi 


h 
= => 


OP 35 
0 iio bre (h ae 18e,y), _ y 12 


On| > 


I = 0.1256637 (10°) m‘, 

A = 1.256637 (10-3) m’, Op = 0, 
op = —21.7 MPa, rz = 0 

T4 = 0,04 = 30.2 ksi (C) 

op, = 0,7, = 0.377 ksi 

R = 1.74103 in, e = 0.0089746 in, 
I = 0.9765625(10-*)z in*, Og = 0.0104167 in®, 
o = 1.62 psi (T), 7 = 384 psi 
o,4 = —21.3 psi, og = —12.2 psi 
Op = 802 kPa, 7; = 69.8 kPa 


dA 
le = 0.035774 in., A = 0.049087 in’, 
ATr 


(O;)max = 49.0 ksi (T), (@¢)max = 40.8 ksi (C) 
(O;)max = 28.8 ksi (T), (@-)max = 24.0 ksi (C) 
Omax = 236 psi (C) 

p = 12(10°) MPa, F = 30(10°)z, 

P = 94.2kN 

Cmax = 44.0 ksi (T) 

a1 = 7.07 MPa, o> = 0 

p = 3.60 MPa, F,, = 6.3617(10°) N, 

n = 113 bolts 

o, = 50.0 MPa, o> = 25.0 MPa, F;, = 133 kN 
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Chapter 9 
9-2, oy = —3.48 ksi, Ty = 4.63 ksi 
9-3, oy = —678 psi, Try = 41.5 psi 
9-5. ao, = —650 psi, vy = 400 psi, Try = 0,0 = 30°, 
Oy = —388 psi, Tey = 455 psi 
9-6. oy = 49.7 MPa, Tey = —34.8 MPa 
9-7, oy = 49.7 MPa, Tyy = —34.8 MPa 
9-9, 6 = +135°,0, = 80 MPa, 
oy = 0, T= 45 MPa, 
oy = —5 MPa, Ty = 40 MPa 
9-10. oy = —2.71 ksi, ty = 4.17 ksi 
9-11, oy = -2.71 ksi, tyy = 4.17 ksi 
9-13. 6 = —60°, 0, = 200 psi, 
oy = —350 psi, T,y = 75 psi, 
Oy = —277 psi, oy = 127 psi, Tyy = 201 psi 
9-14. (a) 0, = 4.21 ksi,oy = —34.2 ksi, 
Op, = 19.3°, Op, = —70.7° 
(b) Tmax = 19.2 ksi, oayg = —15 ksi, 
in-plane 
6, = —25.7°, 64.3° 
9-15. ao, = —19.0 MPa, a, = —121 MPa, 
(8,)1 = 39.3° (6p)2 = —50.7°, 
Tmax = 51.0 MPa, 0, = —5.65°, 84.3° 
in-plane 
9-17. oa, = 125 MPa, o, = —75 MPa, 
Tyy = —50 MPa, 
ao, = 137 MPa, o2 = —86.8 MPa, 
(8,)1 = —13.3°, (0p)2 = 76.7°, 
Tmax = 112 MPa, ogy = 25 MPa 
in-plane 
9-18. o, = —193 MPa, 0, = —357 MPa, 
Tyy = 102 MPa 
9-19. a, = 224 MPa, 02 = —64.2 MPa, 
(4,)1 = —61.8°, (@,)2 = 28.2°, 
Tmax = 144MPa,6, = —16.8°, 73.2°, 
in-plane 
Fayg = 80 MPa 
9-21. oy = 51.962 ksi, 7.) = 30 ksi, 
oa, = 80.1 ksi, v7 = 19.9 ksi 
9-22. oa, = 4.93 MPa, co, = —111 MPa, 
(8,); = 78.1°, (0p)2 = —11.9° 
9-23. I = 0.45(10°3) m*, Q,4 = 1.6875(10°3) m3, 


oy = 0.507 MPa, Ty, = 0.958 MPa 


9-25. 


9-26. 


9-27. 


9-29, 


9-30. 


9-31. 


9-33. 


9-34, 


9-35. 


9-37. 


9-38. 
9-39. 
9-41. 


9-42. 


9-43. 


N = 400N, M = 100N-m, 

A = 0.111073) m?, J = 2.5(10°)a m4, 
oa, = 0,07 = —126 MPa, 

Tmax = 63.0 MPa, oayg = —63.0 MPa 


in-plane 
Oo, = 29.8 ksi, 02 = 0, 
Tmax = 14.9ksi,0, = —45°, 45°, 
in-plane 
avg = 14.9 ksi 
a, = 0,02 = —22.9 ksi, 
Tmax = 11.5 ksi,0, = 45°, 135°, 


in-plane 
Oye = —11.5 ksi 
V = 70.5 kN, M = 39.15 kN-m, 
I = 49.175(10°) m4, Q4 = 0.25510) m3, 
oa, = 64.9 MPa, 02 = —5.15 MPa, 
(8): = 15.7°, (Op)2 = —74.3° 
Point A: 0, = 1.50 ksi, 72 = —0.0235 ksi, 
Point B: 7, = 0.0723 ksi, a. = —0.683 ksi 
oa, = 6.38 MPa, 02 = —0.360 MPa, 
(8,); = 13.4°, (0,)2 = 103° 
I = 0.3125(10°°) m*, Q,4 = 0, 

np = 9.375(10-°) m3, 
0, = 0,0, = —192 MPa, 
0, = 24.0, 0, = —24.0 MPa, 
6,, = —15.0°, 0, = 45.0° 
on = 0, a2,>= —1.34 ksi, 
Tmax = 668 psi, 0, = 45°, —45° 

in-plane 
Tmax = 5 KPa, Gayy = 0 

in-plane 


2 (2 F) 
Tmax "al 4 
ane ad? d 


Tyy = —47.5 kPa 

oy = 82.3kPa 

y = 0.0991 m, J = 7.4862(10~°) m4, 

A = 3.75(10°3) m?, 

o, = 21.2 MPa, o) = —0.380 MPa, 6, = —7.63° 
o; = 2.97 ksi, o> = —4.12 ksi, 

Tmax = 3.55 ksi 


in-plane 
o, = 1.27 MPa, o> = —62.4 MPa, 
(0p)1 = 81.9°, (6p)2 = —8.11° 


9-45. 


9-46. 


9-47, 
9-49, 


9-50. 


9-51. 
9-53. 


9-54. 


9-55. 


9-58. 


9-59. 


9-61. 


9-62. 
9-63. 


9-65. 


V = 2kip, M = 13 kip-ft, 
I = 86.6667 in*, O, = 0, Tmax 


in-plane 
Oayg = —2.70 ksi, 0, = 45°, —45° 
oa, = 219 psi, 72 = —219 psi, 
(9,)1 = 45°, (@,)2 = —45° 
o, = 5.50 MPa, 0) = —0.611 MPa 
I, = 0.350(1073) m4, 7, = 68.75(10°°) m*, 


= 2.70 ksi, 


(Q4)y = 0,01 = 0,0 = —77.4 MPa, 
Tmax = 38.7 MPa 
in-plane 
o, = 0,0) = —20kPa,tmax = 10kPa 
in-plane 


oy = —388 psi, Try = 455 psi 


R = 19.21 ksi, 
oO = 4.21 ksi, op = —34.2 ksi, 09 = 19.3°, 


Tmax = 19.2 ksi, Gayg = —15 ksi, O52 = 64.3° 
in-plane 

oa, = 53.0 MPa, a2 = —68.0 MPa, 

6, = 14.9° counterclockwise, 

Tmax = 60.5 MPa, Oayg = —7.50 MPa, 
in-plane 


9.5, = 30.1° clockwise 
Oy = —19.9 ksi, ryy = 7.70 ksi, 
989 ksi 
oy = —421 MPa, Ty, = —354 MPa, 
oy =421MPa 
oy = 4.99 ksi, Tey = 
oy = —3.99 ksi 
Oayg = —155 MPa, R = 569.23 MPa, 
Oy = —299 MPa, ty = 551 MPa, 
oy = —11.1 MPa 
oy = 0.250 ksi, Ty,y = 3.03 ksi, ay = —3.25 ksi 
Fayg = 7-50 ksi 
(a) o; = 16.5 ksi, 02 = —1.51 ksi, 

6p, = 16.8° (Clockwise) 
(b) Tmax = —9.01 ksi, 


in-plane 

6, = 28.2° (Counterclockwise) 
R = 192.094, 0, = 342 psi, 
a2 = —42.1 psi, 0, = 19.3°, 
= 192 psi, 


a 
i 


—1.46 ksi, 


Oavg = 150 psi, Tmax 
in-plane 


6, = —25.7° 


9-66. 


9-67. 


9-69. 


9-70. 


9-71. 
9-73. 


9-74, 
9-75. 


9-77, 
9-78. 
9-79, 


9-81. 


9-82. 


9-83. 


9-85. 
9-86. 


9-87. 
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ll 


88.1 MPa, 
—13.1 MPa 
= 50.6 MPa, 


(a) o 
o2 


(b) Tmax 


in-plane 
Fayg = 37.5 MPa, 
6, = 4.27° 
(a) a, = 646 MPa, 
a7 = —496 MPa, 
9p, = 30.6° (Counterclockwise) 
(b) Tmax = 571 MPa, 


in-plane 
0, = 14.4° (Clockwise) 
oy, = 11.0 kPa, 
Tx'y' = —22.6 kPa 
oy, = —12.5 kPa, 
Tyy = 21.7kPa 
oO, = 68.6 psi, a2 = —206 psi 
A = 18.0 in’, J = 54.0 in*, Q4 = 10.125 in’, 
o, = 1.50 ksi, a2 = —0.0235 ksi 
oa, = 0.0723 ksi, 77 = —0.683 ksi 
o, = 4.38 ksi, a2 = —1.20 ksi, 
= 2.79 ksi 


ll 


Tmax 
in-plane 


01 = 02 = 4.80 ksi 

oy = 500 MPa, Ty = 167 MPa 

7 = 0.2222 MPa, oayy = 0.5556 MPa, 
R = 0.5984 MPa, 

oy = 470 kPa, 

Tyy = 592 kPa 

N = 900N, V = 900N, M = 675N:-m, 
A = 1.4(10%) m?, I = 1.7367(10~) m/4, 
oa, = 9.18 MPa, oz = —0.104 MPa, 
(@,)1 = 6.08° (Counterclockwise) 

o, = 32.5 MPa, o> = —0.118 MPa, 
(8,)1 = 3.44° (Counterclockwise) 

o, = 7.52 MPa, o> = 0, 

= 3.76 MPa, 


Tmax 
in-plane 


0, = 45° (Counterclockwise) 

Omin = —300 psi, Gint = 0, Omax = 400 psi 
o, = 0,0) = 137 MPa, 

o3 = —46.8 MPa, 

Tabs = 91.8 MPa 


max 


Omax = 158 pSi, Omin = —8.22 psi, 


int = O psi, Tabs = 83.2 psi 
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9-89. 0, = 222 MPa, o, = 0 MPa, 
o3 = —102 MPa, 
Tabs = 162 MPa 
max 
9-90. 0) = 6.73 ksi, o2 = 0,03 = —4.23 ksi, 
Taps = 5.48 ksi 
max 
9-93. max = 100 MPa, Gin, = 50 MPa, Omin = 0, 
Taps = 50 MPa 
max 
9-94. Omax = 582 psi, Tine = 9, Omin = —926 psi, 
Tabs = 755 psi 
max 
9-95. Omax = 10.9 ksi, int = Omin = 0, 
Taps. = 5.46 ksi 
max 
9-97. P = 0.900(10°) N- m/s, Ty = 60.0(10°) N- m, 
A = 0.015625 m?, J = 0.3835(107) m4, 
Tmax = 23.2 MPa 
in-plane 
9-98. oa, = 119 psi,o, = —119 psi 
9-99, a = 329 psi, 72 = —72.1 psi 
2: 2 
9-101. o ( F F are 
wd d 
2 647, 
= F F2 0 ) 
“ al & 
2 6476 
oo oS F? 4 a 
cee ad a 
9-102. o, = —63.3 MPa, Ty = 35.7 MPa 
9-103. o, = 3.29 MPa, 
a2 = —4.30 MPa, 
(@,)2 = 41.1° (Clockwise) 
9-105. Qc = 31.25(10°°) m?, J = 2.0833(10 ©) m’, 
tT = 264kPa, 0; = 26.4kPa, 0 = —26.4 kPa, 
Oy, = —45°; Oy, = 45° 
9-106. o, = —22.9kPa, ty = —13.2kPa 
Chapter 10 
10-2. ey = 248(10~°), yyy = —233(10~°), 
€y = —348(10-°) 
10-3. P= 111hp 
10-5. (a) €; = 441(10°°), €, = —641(10°%), 


Op. = —24.8°, Oyo = 65.2° 
(b) Ymax = 1.08(10~*), 
in-plane 


Eavg = —100(10~°) 


10-6. 


10-7. 


10-9. 


10-10. 


10-11. 


10-13. 


10-14. 


10-17. 


10-18. 


10-19. 


10-21. 


10-22. 


€y = 145(10~), yey = 583(10~°), 
155(10-°) 

€y = 215(10~), yyy" = —248(107), 
€y = 185(10~°) 

€; = 188(10 °), e€. = —128(10°%), 
(0,)1 = —9.22°, (05)2 = 80.8°, 

Ymax = 316(10~°), 


in-plane 
0, = 35.8°, —54.2°, €aye = 30(10~°) 

€y = 103(10~°), €, = 46.7(10~), 

Yx'y' = 718(10~°) 

€, = —79.3(10~°), €5 = —221(10~%), 
(6,)1 = 22.5°, (0,)2 = —67.5°, 

Ymax = 141(10~°),0, = —22.5°, 67.5°, 


in-plane 
Eavg = —150(10~°) 
€; = 17.7(10~), €, = —318(10~), 
(6,)1 = 76.7°, (@,)2 = —13.3°, 
Ymax = 335(10~°), 0, = 31.7°, 122°, 


in-plane 

Eavg = —150(10~°) 

(a) €, = 368(10~°), e, = 182(10~°), 
O51 = —52.8°, 0,9 = 37.2° 

(b) ¥max = 187(107%), 


in-plane 


0, = —7.76°, 82.2°, €yvg = 275(10°®) 
R = 167.71(10°°), e, = 138(10~°), 
€, = —198(10°°), 4, = 13.3° 


mu) 
ll 


(Yxy) max = 335(10-°), Eave — —30(10~), 
~~ in-plane 
0, = —31.7° 


€y = —309(10~), ey = —541(10~), 
Yx'y' = —423(107%) 
(a) R = 93.408, €,; = 368(10°°), 
€7 = 182(10~°), 0,1 = —52.8°, 0,9 = 37.2° 
(b) Ymax = 187(10~%), 


in-plane 
0, = —7.76°, 82.2°, €vg = 275(10°®) 
(a) €,; = 773(10~°), er = 76.8(10°°) 
(b) Ymax = 696(10°°) 


in-plane 


(c) Yars = 773(10~%) 
max 


10-23. 


10-25. 


10-26. 


10-27. 


10-33. 
10-34. 


10-35. 
10-37. 


10-38. 


10-39. 


10-41. 


10-42. 


10-43. 
10-45. 
10-46. 


(a) €; = 192(10~), e. = —152(10~°) 
(b,c) Yabs = Ymax = 344(10~°) 
max in-plane 
€; = 308(10~°), e = —108(10~°), 
(0,)2 = 8.05° (Clockwise), R = 208.17(10°), 
Ymax = 416(10~°), eave = 100(10~), 


in-plane 
0, = 36.9° (Counterclockwise) 
€, = 451(10~), e, = —451(10°), 
(8,); = 28.2°(Counterclockwise), 
Ymx = 902(10"%), ag = 0, 


in-plane 


0, = 16.8° (Clockwise) 

€, = 339(10~°), e, = —489(10~°), 
(@,)1 = 32.5° (Counterclockwise), 
Ymax = 828(107%), 


in-plane 
Eavg = —75(10°), 
6, = 12.5° (Clockwise) 
o3 = 0,0, = 10.2 ksi, 02 = 7.38 ksi 


Yabs = 41.1(10~°) 
max 


Emax = 30.5(10~°), Eint = €min = 
(a) K, = 3.33 ksi, 
(b) Ky = 5.13(10°) ksi 


—10.7(10~°) 


Emax = 546(10~°), Eine = 364(10~%), 
Emin = —910(10~°) 
p = 3.43 MPa, 


Tmax = 0, 
in-plane 


Tabs = 85.7 MPa 


max 


12 My 12 vMy 
on 3° ey = 3? 
bho?” Ebh 
3vM 
Alyy = 
AB 2Ebh’ 
6vM 
ALep = 
CP ER 
€, = 2.35(10-*), €, = —0.972(10" >), 


€, = —2.44(1073) 


P = 3901b 
ty, = 0.206 in. 
o1 = 8.37 ksi, 0) = 6.26 ksi 


10-47. 


10-49. 


10-50. 
10-51. 


10-53. 


10-54. 


10-57. 


10-58. 
10-59. 


10-61. 


10-62. 
10-63. 


10-65. 


10-66. 


10-67. 
10-69. 


10-70. 
10-71. 
10-73. 


10-74. 
10-75. 
10-77. 


10-78. 
10-79. 


10-81. 
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€, = 833(10~°), en = 168(10°°), 
€,; = —763(10°°) 


€, = 0.3125(10°*), and e, = 0.25(10°%), a, = 0, 


oy = 15.5 ksi (C), 0, = 16.8 ksi (C) 
wy = —184kN/m, w, = 723 kKN/m 
E = 67.7 GPa, v = 0.335, 

G = 25.0 GPa 

0 = 0, — 0.350, — 0.350, + 26.2, 
0 = 0, — 0.350, — 0.350, + 26.2, 
0 = 0, — 0.350, — 0.350, + 6.20, 
55.2 ksi 


oy = oy = —70.0 ksi, o, = 


€, = €y = 0,€, = 5.44(10°*) 


E 
Ess = em vy 
k= 1.35 
o t a, Oxy + ory = oy 
3300 
w = 807 rad/s, T = —— lb-in, 
x 


d = 0.833 in. 
d = 0.794 in. 
d = 1.88 in. 


450 


o =a = 1.78in. 


T.= [SM? + 7 
3 

2 372 

M. = {M+ 77 


o, = 50 + 197.23 = 247 MPa, 


a, = 50 — 197.23 = —147 MPa, 
Yes. 

M, = VM? 4+T? 

No. 

o = —9.549 ksi, 7 = 30.56 ksi, 
Yes. 

No. 

F.S. = 1.43 


01 = 7.314ksi, 02 = —15.314 ksi, 
FS. = 1.59 

FS. = 1.80 

oy = 38.9 ksi 


ae a o, = 121 ksi 
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10-82. oy = 94.3 ksi Chapter 11 
10-83. oy = 91.0ksi UW-1. 1, = 0.16276b*, Omax = 0.1953125°, 
10-85. 0; = 8.8489 ksi, o> = —10.8489 ksi, b = 211mm, h = 264mm 

oy = 19.7 ksi 11-2. Use W12 x 22 


11-3. Use b = 4.25 in. 


1 
ic a 1-5. “Scag 15010", 


(b) p= ea Use W12 X 16 
3r 11-6. Member AB: Use W10 X 12, 
10-89. (Tmaxdn = 8626.287, (Tmax)s = 9947.187, Member BC: Use W6 X 9 
o = 9947.18T, 0) = —9947.187, 11-7. w = 6.12KN/m 
T = 838kN-m 


11-9. Srega = 29.45 in’, 
Tmax = 2-67 ksi, 
Use W12 X 26 
11-10. Use W14 x 43 
11-11. P = 2.49kN 
11-13. Syeqa = 32.73 in’, 


10-90. T = 9.67kN-m 

10-91. d = 1.50 in. 

10-93. Gatlow = 166.67(10°) Pa, 
(a) t = 22.5mm 
(b) ¢ = 19.5 mm 


pr 
10-94, € = aE —v) Use W12 X 26 
10-95. (a) €, = 482(10~°), e) = 168(10~°) AAAS: Tae Wl 20 


11-15. b = 15.5in. 
_ -~6 
a) qs a 11-17. S = 65.23 in?, max = 26.5 ksi. No, the beam 


(c) ¥,,, = 482(10-%) fails due to bending stress criteria. 


max 11-18. d = 11.4mm 
10-97. oj; = 350.42 MPa, 0) = —65.42 MPa, No. 11-19. d; = 13.0mm 
10-98. Ey. = 83.3(10~), 11-21. max = 17.46 ksi, Yes. 
(a) €, = 880(10"), €, = —713(107), 11-22. Use h = 92 in. 
6, = 54.8° (Clockwise) 


11-23. w = 3.02kN/m, 


(b) Ymax = —1593(10~°), Sends = 16.7 mm 
in-plane ends 
6, = 9.78° (Clockwise) jaa 02 
10-99. T = 736N-m 11-25. h = 0.643 in., 
Yes, the joist will safely support the load. 
10-101. €, = 996(10~°), e, = 374(10~%), 11-26. Use W14 x 22 
(9,)1 = 15.8° (Clockwise), 11-27. w = 10.8kN/m 
Ymax = —622(10°°), €avg = 685(10°°), 11-29. P = 83.33h?,h = 7.20in., 
in-plane 
i P = 432 kip 


0, = 29.2° (Counterclockwise) 3 3 
11-30. Use s = 3—in., s’ = 5—in., 


10-102. €,, = 480(10~), yy = 23.2(10~), 4 4 
= - 1 

ey = 120(10 °) si i, in. Yes, it can support the load. 
10-103. yy. = 300(10~), e, = 480(10~), 3PL 

“ae ain uae, 1-31. Omax = — 5 

€y = 120(10~°), (8,)1 = 28.2° (Clockwise), 8bho 

2 ~6 bor? 3PL 
Yay sg 361(10°”), 11-33. S= i o= Dot The bending stress 


0, = 16.8° (Counterclockwise) is constant throughout the span. 


11-34. h = aL - — 4x3)!/? 
2 
15 oa 
ik = he 
PX x 
11237. tice = a@=d 
Fallow byd2/6 of= 
b 
11-38. b = Sx? 
L 


11-39. Use d = 20mm 

11-41. T = 100N-m, cc = 0.01421, 
Use d = 29mm 

11-42. T = 100N-m, Used = 33 mm 


11-43. Used = 4 in. 


11-45. M = 496.1N-m,c = 0.0176 m, Use d = 36 mm 


11-46. d = 343mm 

11-47. Use d = 21mm 

11-49. M = 1274.75 N-m, Use d = 44mm 
11-50. Use d = 41mm 

11-51. Use W10 x 12 

wL? 


11-53. S= 
Abhi, 


phe ; 
62 ala L) > Omax — 


11-54. Used = 21mm 
11-55. Used = 19mm 


Chapter 12 


12-1. max = —E = 100 MPa 
p 


12-2. o = 582 MPa 
12-3. W = 1131b 


P 
12-5. M(x,) = 3X M(x) = —PXxo, 


P. 
Y= DeI a L?x;), 


P 
v= SAnT | 4x3 + 71x. — 3L>) 
Px, 
12-6. v, = ep! + 1), 
P 3 3° 2 
3 = SoRT (2x3 — 9Lx3 + 10L*x3 
PL} 
Umax = SEI 


3L>), 


Pb X2 
12-9 M,= Fb ay, My = Pa(1-*?), 
Pb 3 2 2 
U4 = ae (L b x1), 
V2, = a BHL x3 — (2L? + a@’)x) + aL) 
MoL 
12-10. Onax = ser 
_  V3M pL? 
Umax OT ET 
P 
12-11. VUz= 9EI — (xj = 5a2 x1), 
V2 = e (—x3 + 9ax3 — 19a’x + 3a°) 
2 18EI 2 pe 2 > 
0.484 Pa? 
Umax = a 
3 PL? —PL? 
12-13. 04 = 8 EI Ve > 6EI 
3PL3 
12-14. Umax = O56 ET 
Pab P 7 
12-15. 64, = aE? - 6EI | x7 + 3a(a + b)x, 
— a (2a + 3b)], 
Pax; Pab’ 
0s = py (4s + 2), 0 = Be 
12-17. M(x,) = — ak M(x2) = = M), 
a My , 
04 6E ee L*x)) 
My 12 20Lx + 7L? 
v2 = ae x5 x27 ), 
_ TM ol? ' 
(Ce  “OAET 
12-18. 6 ee 2 9 _(3Lx2 — 2x3 — Lx) 
ne 6EI’ 6EIL : 
0.0160 ML? 0.0160 M)L? 
Umax = EI 4 Umax = EI ‘i 
12-19. 6, = vee X |. =0 
Rene ae 7) a 
wl Ww 5 
12-21. M(x) = “g *b M(x) “92 3 
_ 11wLt 
C  384EI 
12-22. Omax = 0.00466 rad, Umax = 0.369 in. 1 
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138 tc 
wae imax" A5E] 
1 
12-25. M(x) = (s0: - is) kN-m, 
2 
9, . 40kN-m? x 
EI 
1 1 
hears. («6 2 ar 540.) kN: m*, 
2074 kN: m? 
Umax = —___ | 
EI 
3: 
wa 
12-26. =-—, 
Os Oe 6EI 
Ww 
Y= ae | xt + 4ax} 6a°xi), 
wa? 
— —4 eo 
2 I4E 7 2 a), 
3 
wa 
a Saag) 
12-27. 6, = 0.0611 rad, v4 = —3.52 in. 
bh? 2yL? 
12-29. I(x) = 256 4 = : 
() = tpp3* 94 = Tae 
ae 
Valx=0 = IE 
2L 
12-30. 1 = (2), 
04 = ua 
4 3r°2E 
| ea 
Vv 
ee 6r°E 
PL? 
12-31. = 
3. Umax = “FET, 
2Ic PL? 
12-33. I = 
oe ‘ i x "C308 Ie 
3PL 
12-34, ———— 
oa 2nbt? 
12-35. Vmax = —3.64mm 
12-37. M = 180x — 150(x — 0.25) — 60(x — 0.5) 
— 150(x — 0.75), ve = Ve = —0.501 mm, 
Up = —0.698 mm, vg = —0.501 mm 
1 
12-38. v ae 1.67x° — 6.67 (x — 20)7 4 


18.3(x — 40)? + 4000x] Ib- in? 


_1i Bs ey NS 
12-39, v = = [4.1667x° — 5(x — 2) 


12-41. 


12-42. 


12-43. 


12-45. 


12-46. 


12-47. 
12-49. 


— 2.5(x — 4)3 — 93.333x], 


Vmax = 13.3mm | 


mx ~ aoe 
ape Pi? 
4 9EI’ 
mie ~(x- 3) 
° I8EI a 
a) 3 
- 3( - 21) = 21x], 
3 
_ BPL? 
max ~ 648 EI 
1 3 & 1 Lag 
v = —|6.25x° — 33.75x° — =x 
EI 6 
1 5 
a\* 1.5)° 4 a\* 15y'| 
Vmax = 12.9mm | 
M = 24.6x — 1.5x* + 1.5(x — 4)? — 50(x-7), 
_ _279kN:+m” 
A EI > 
FF _ _835kN-m° 
x=7m EI 
10 
= 3 3 
v= Fy 3.75x 3 (= 155) 
4 1 5 
— 0.625(x — 3)" 4 5a 3)? — 77.625x |, 
Vmax = 11.0mm | 
03 = —0.705°, vg = —51.7 mm 
M = 2400x — 600(x — 9) 
250x* + 250(x — 6), 
= 3 3 
V = F7] 40x? — 100(x — 9) 
125 125 
6 x 4 6 (x — 6)* — 23625x |, 


Vmax = 1.76 in | 


dv 1 
12-50. — = —{0.100x” — 0.333x3 
a = 
+ 0.333(x — 5)? + 8.90 (x — 5)? 
+ 9.58} kN- m’, 
ee _ 4 
v = 57 {0.0333x* — 0.0833x 
+ 0.833(x — 5)4 + 2.97(x — 5)? 
+ 9.58x} kKN-m? 
1 
12-51. v = —[-0.25x* + 0.208(x — 1.5)7 
EI 
0.25(x — 1.5)4 + 4.625(x — 4.5)3 
+ 25.1x — 36.4] kN- m3 
ey 28” kip - ft? 
ie a: re 
3110 kip - f° 
— EI 
12-54, v = Fy l-0.00556x° + 12.9(x — 9)? 
+ 0.00556(x — 9)° 
— 256x + 2637] kip - ft? 
3937.5 50 625 
12-55. 0c = EI? Ct EL 
5PL? 
12-57. 03 = = —_— 
57. 05 = |Oz/al ak 
TPL 
Ag = |ta4l = — 
B= Itayal 16EI \, 
Se Hi, = 120 kip - ft 
~IOe A” EI > 
1080 kip - ft 
Umax = Uc = EI | 
a 240 kip - ft* x 
Fe Ci EI > 
1080 kip: ft? 
| 
EI 
12-61. 0 salear ig 
* SCA QE? max ~ UA ~ QET’ 
ML” 


Amax = |tacl = BET 


pes Kk 5M,L2 P 4MoL 
ee GET BET 
12-63. 6,4 = 0.00879 rad 
Iteyal Itpyal 
12-65. Ac = ltcyal L,04=—— 
3 
x= —, a = 0.858L 
APL? 
12-66. 04 = SET 
12-67. F = i 
4 
5Pa* 19Pa? 
12-69. 64 = Vac = aET AC = baie = 6EI J 
PL? PL’ PL’ 
12-70. Ac = = = 
C= t9R7 94 = sag 98 ~ 12ET 
0.00802P L? 
12-71. max — 7 a 
R 73 t 5M ya? t Moa 
i Se B/A 6EI > C/A ~~ 6ET’ 
= Itpyal _ 5Moa 
AL WEP 
1 Mya 
ac= ton ltcyal = EI t 
3048 kip - ft? 
12-74. Umax = —— i 
_ Pa 2 2 
12-75. E = SAIC 4a’) 
5Pa* 2Pa* 
12-77. O4c = ait = : 
ae apy Ae EI 
ee 13Pa3 6, =|6 fore 
‘A/C 3EI’ 4 A/C 2EI’ 
7Pa* 
A, = |t t = 
a= Ital ~ Itayel = Seo 
ae F 5PL? 3PL3 
~ 1 Oe max —_ 16EI’ max 16EI 
PL? 5PL+ 
12-79. 0p = Ac = 
> 16EDV © 384EI 
2-81. Ac = lteval Ital Pe ltsyal — Moa 
° Cc C/A YA a 6EI’ 
_ V3 = _ V3M yt 
x= a Ap = |tal = apy 
a = 0.865L 
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12-82. 65 = 0.00778 rad XN, vp = 0.981 in. J 
a 
83, z + 
12-83. 0c = ar wa), 
is \ 
Ac =—— (64P +7 
c seria wa) 
12-85. 6 = |Og/c| = 0.00160 rad, 
Ac = |taycl = 0.0371 in. | 
12-86. 6,4 = 0.175° 
12-87. Ac = 0.895 in. - 
4 
wa 
12-89. (8c): = — =. (Ach = aE? 
aa 
On 
(9c)2 = — th c)2 = SEI 
a 
(Ac)3 = (42)3(4) = sae 
wa? wat 
A 
9c = Ger “C= ger | 
wa? wat 
12-90. 64 = Crp AD = TET | 
12-91. 6, = 0.00722 rad, Ac = 13.3mm | 
2560 
12-93. (A;), = —— 
3 ( ch EI ? 
_ Mx 2. 2 
A(x) = 6LET x), 
80 ; 
(Ac). = rae Ac = 1.90 in. 
72 36 
12-94. A, = —.0, =— 
A EL” ET 
12-95. Ac = 23.2m | 
PL? PL? 
12-97. A, = 0= , 
3B 24ET’ ax ai = 24ET’ AIG 
PL a 1 
(Aas = 8IG’ aa ke (aa " SIG 
12-98 _ Pa’(3b + a) 
One 3EI 
1053 Ib « in? 
12-99, eae 
04 tr 
4000 Ib - in? 
(Aa)y = py y 
Pcosé L3 Psin@ L? 
12-101. Ymax — 3El, > Xmax — 3El, ? 


max = Ty tan 0, Vmax = 0.736 in., 
Ymax Ty 


Xmax = 3.09 in. 


) 


12-102. 
12-103. 


12-105. 


12-106. 


12-107. 


12-109. 


12-110. 


12-111. 


12-113. 


12-114. 


12-115. 


12-117. 


12-118. 


12-119. 


12-121. 


12-122. 
12-123. 


Use W14 x 34 
3M, 3M, M, 
A, = —— B= — 4 My = 
: 2L : 2L 2 
PL 
M(x) = Cyx1, M(x») = Cyx2 Px» t 2 A 
iC a P,B ep A 2 P 
% 16 8? 16 
M PL A 3P B 5P 
A 2° y 2° y 2 
Pa Pa 
Ma =—(L ~ a), Mg = = (L ~ a) 
3 
M(x) = Cyx + By (x — 10) 5 (x — 10), 


AHH’ Woh 5 SW 4. Wob 
my 107° 5 7% 10 
wL? 

M,= — Tach, 

2 

Te = 3A,E,wL' 
8(A,EL} + 3E)1,L») 

A, = 0, Fo = 112 kN, 


Ay = 34.0 KN, B, = 34.0kN 


3My 3My My 
A, = 0, B, = , Ay = ,M,= 
a) a a 3 2 
—P(L — a)(2L + a) 
t = . 
(aya) SEI 
AyL? P(L — a)(2L + a) 
u , = ) 
( A/B)2 = 3ET’ y a3 
a = 0.414L 
a Oe Py a 
rn) (le ie) ha See aie 
Tip ap 3P 
as Mee hee ee ee ae) 
ate 366.67 Nm? | 
B EI ’ 
13503 5 me 
vB = EEO ’ 
By = 550N, Ay = 125N,C, = 125N 
qe SP PL 
Be gra gag 
C, = 0, By = 30.75 kip, 
Ay = 2.625 kip, C, = 14.625 kip 


_ 247.5kN-m? | 


12-125. C, = 0, (Up) a (Vp)2 EI ? 


36B, 
(Vp)y = Er ie B, = 13.75 kN, 


Ay = Cy = 3.125 kN 


pimaabp es 4 ey a 
ee ae oe 
P 
12-127. C, = 0, Cy = > 
wlh Tycl2 TacLi 
12-129. (A,)' = -Ay,= 4 = ; 
(Aa) Sei AE OCB 
é 3wA,E>Lt 
mC RIBBitalg © AgBalal 
PL 3PL 
12-130. M4 =", Mp = —~, B, = 0, B, = P 
PL 2EI PL? aL 
12-131. M = ( — — “a ), Amax = pies 
2 (2 i a) mae” 109nyF ” 4 
wo(L—a)t R(L- ay 
i aN 3EI 
SAEIwe \F J2AEI\+ 
R= ,a=L— ° 
9 Wo 


12-134. A, = 0, Fz = 220KN, 

Ay = Cy = 70.1 kN 
12-135. B, = 634 Ib, A, = 243 Ib, C, = 76.8 Ib 
12-137. M = —180x + 277.5 (x — 12) — 70 (x — 24), 


1 
v = —[-30x7 + 46.25(x — 12) 
EI 


11.7(x — 24)3 + 38 700x — 412 560] 
1 
12-138. v,; = Eytan — 640x,) Ib- in, 
1 
v= ep 4a + 640x,) Ib- in? 


12-139. Ac = 1.90in. | 


4 4B,L> 
12-141. Ay = Ac = ae Ape = Acc = aa 
re ene TByL? ec — lk 
iger® 
Ay = oo Dy = ED =0 
12-142. My = Wale - us 
30 20 


4 


WoL 
12-143. v AS Eth J 
0 
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6400 Ib « ft? 3200 Ib - ft? 
12-145. A, = ———— |, (A,), = ———_ 1 
5. Ap EI 1, (Ach EI J 
27000 lb: ft? 
(Ach = 1, Ac = 0.644 in.! 
EI 
wbtywr 
12-146. M,,,,, = ——-—— 
108¢ 
Chapter 13 
kL KL 
13-1. F = 2P6,F, =", Py = 
5 
13-2. P,, = kh 
4k 
13-3. Pe = > 
13-5. A = 1.10(10°) m’, 
I, = I, = 0.184167(10°) m4, P,, = 22.7 kN 
13-6. P.. = 46.4kN 
13-7. P,. = 158 kip 
13-9, P,, = 33.17kip, F.S. = 2.21 
13-10. P,, = 271 kip 
13-11. P.. = 20.4 kip 


13-13. I = 0.86167(10~°) m+, P,, = 272 kN 
13-14. d = 8.43 in., P,. = 245 kip 
13-15. L = 15.1 ft 
13-17. A = 8.00in’, J, = 10.667 in’, 
I, = 2.6667 in*, Py, = 2.92 kip 
13-18. P,, = 5.97 kip 
13-19. P = 29.9kN 
13-21. P., = 1886.92 kip, No. 
13-22. FS. = 2.19 
13-23. P = 475kip 
13-25. A = 8.85in’, J, = 19.6in*, P = 62.3 kip 
13-26. P = 2.42 kip 
13-27. w = 5.55kN/m 
13-29. Fac = 20 kip, Px = 178.9 kip, 
x—x axis: F.S. = 8.94, y—y axis: F.S. = 3.98 
13-30. P = 23.9kip 
13-31. w = 32.5 kip/ft 
13-33. Fug = 15KN, A = 3.2(10°°) m’, 
I, = 0.4267(10°) m‘, P,, = 33.69 kN, 
FS. = 2.25 
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13-34. 
13-35. 


13-37. 


13-38. 
13-39. 


13-41. 


13-42. 


13-43. 


13-45. 
13-46. 
13-47. 
13-49. 


13-50. 
13-51. 
13-53. 


13-54. 
13-55. 
13-57. 


13-58. 
13-59. 
13-61. 
13-62. 


13-63. 
13-65. 
13-66. 
13-67. 
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P = 46.5kN 
P = 110kN 
Fag = 26.8014m, A = 0.625(10*)a m?, 


I = 97.65625(10°)am*, m = 7.06 kg 


P = 4.57kip 
P = 234kip 
M(x) = aes — Lx) — Po, 


_ wEI \#5) PL 1 
Ymax ~ pr |S°\ eT 2) BET 


Pw WEI 
“AL? 
M(x) = R'(L — x) — Po 
P = 26.5 kip 
P = 5.87 KN, Umax = 42.1 mm 


A = 0.61575(10) m?, 


I = 64.1152(107°) m*, Prax = Po = 18.98 kN, 
P = 6.75kN 

P =20.1kN 

P = 73.5 kip 

Po = 98.70 KN, Patlow = 49.35 kN, 

Panow = 26.3 kN 


Omax = 130 MPa 

The column is adequate. 

Strong axis yielding controls. 

Ptlow = 89.0 KN 

Py = 199 kN, e = 175 mm 

Omax = 199 MPa, Umax = 24.3 mm 
The column is adequate. 

e = 0.15 m, Panow = 346.92 kN, 
Ptlow = 268 KN 

Omax = 6.22 ksi 

(KL), = (KL), = 3m, Py = 83.5 kN 
FS. = 1.56 

The column does not fail by yielding. 


13-69. 
13-70. 
13-71. 


13-73. 


13-75. 
13-77. 


13-78. 
13-79. 
13-81. 
13-82. 
13-83. 


13-85. 


13-86. 
13-87. 
13-89. 


13-90. 
13-91. 
13-93. 


13-94. 
13-95. 
13-97. 
13-98. 
13-99. 
13-101. 
13-102. 


13-103. 


(KL), = (KL), = 210in., P = 18.3 kip 
E, = 14.6 (10°) ksi 
P.. = 110 kip 
6 
KE 497: “ = ee ) MPa, 
KL 
ia 


KL P 
49.7 < —— < 99.3: — = 200 MPa, 
r A 
KL 1.974(10° 
> 99.3: i = ( a ‘a 
r A () 
r 
P., = 1323 kN 


E, = 200 GPa, E, = 150 GPa, 
r = 0.02 m, P., = 2700 kN 
L=3.56m 

L = 10.9 ft 

Oallow = 11.28 ksi, Use W6 X 15 
Use W6 X 9 

Use W8 X 24 


(<4) = 105.26, (<4) = 111.80, 
rd, r jy 


Pigs = 80.9 kip 


Yes. 
d = 1.42 in. 
A = 0.0151 m’, J, = 90.025833(10°) m’*. 


The column is adequate. 


L = 446m 
b = 0.704 in. 
A = 5.55(1073) m’, I, = 31.86625(10~°) m‘, 


I, = 2.5478(10*) m‘, Pattow = 422 KN 

L = 3.08m 

Prnow = 108 kip 

A = 5.57in’, I = 31.7448 in’, Pyyow = 129 kip 
Prnow = 143 kip 

Prnow = 109 kip 

Callow = 0.4783 ksi, Paow = 8.61 kip 

L = 8.89 ft 


1 
U = 7=in. 
se a 7 in 


13-108, ~~ = 1.00L, L = 3.87 ft 


13-106. Patio = 1-875 kip 
13-107. P = 7.83 kip 


KL 
13-109. —— = 69.231, (o4)atlow = 16.510 ksi, 
a 
y 


P = 80.3 kip 
13-110. P = 79.4 kip 
13-111. P = 4.07 kip 


13-113. (<4) = 133.33 (controls), 
r x 


(<4) = 100.30, P = 8.60 kip 

y 

13-114. P = 14.6 kip 

13-115. The column is not adequate. 

13-117. A = 12 in’, 1, = 166 in.*, 1, = 42.75 in.*, 
P = 95.7 kip 

13-118. P = 98.6 kip 

13-119. P = 2.79 kip 

13-121. A = 24.0in’, J, = 72.0in*, 1, = 32.0in*, 
P = 98.0 kip 

13-122. P = 132 kip 

13-123. P = 2.48 kip 


13-125. Ae = 43,2 in., Yes. 


13-126. P = 1.69 kip 
13-127. P = 3.44 kip 
2M 


13-129. B, = 0, By = Lene = 3 sin 6, 
ee 
= 2 x ior L 


13-130. w = 4.63 kN/m 
13-131. P = 25.0 kip 


KL KL 


13.133, (A“) = 56.25, (<4) = 128.21 (controls), 
r Jy To Jy 


Yes. 

13-134. Paow = 57.6 kip 

13-135. P,, = 839 kN 

13-137. x = 0.06722 m, I, = 20.615278(10 ©) m*, 
T, = 7.5125(10) m‘, No. 


Chapter 14 
2 
U; 1,2 2 Txy 
f = + 2 ee 
14-1, V 25 (ay + a) — 2v0,0y) 0G 


143. (U,), = 3.283 
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14-5. Nag = 3KN, Nac = 7KN, Nep = —3KN, 
U, = 0372) 
14-6. (U), = 43.2) 
14-7. P =375KN, (U;)g = 1.69 kJ 
14-9. T =80kN:-m, T = 2.0kN:m, 
T = -10.0kN-m,U; = 149J 
IT?L 
14-10. (U;)), = —— 
2471p G 
14-11. (U;), = 0.0637 J 
Uj)y 30 +0)(h\ 
14-13. V = —P,M = -Px, = 
Ui)o 5 L 
14-14. U; = Mol 
oe BAB 
Pel? 
14-15. Jp = 
5. Ui = ager 
1 
14.17. M(x) = (ox - is) kN-m, (U;), = 33.6 J 
14-18. (U;), = 29.3J 
Pe (30 
14-19, = — = 
i) 
PL sal =, A 
14-21, Ty = 5", My = Py,U; = PPL Las aa 
273 
14-22. U; = TE , 1.5 times as great as for a uniform 
cross section 
wh? w>Ls 
1428. (8) oy? ©) Ue ome 
14-25. Fup = 2.50 kip (T), Fag = 1.50 kip (C), 
Fog = 2.50 kip (C), Foc = 3.00 kip (T), 
(A4), = 0.0142 in. 
2PL 
14-26. (Ac), = —— 
(Ac)n AE 
2EL 
14-27. Ac = —— 
©” AE 
i MoL 
14-29. U~. = 3 (M09), OB i EI 
14-30. U; = 0.726 in- kip, Ac = 0.0145 in. 
14-31. 6, = 0.00100 rad 
65 625 
14-33. U, = 7 .U, = 150 6p, 
On = 3.15° 
14-34. A, = 2.67 in. 
14-35. A, = 11.7mm 
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14-37. 


14-38. 


14-39. 
14-41. 


14-42. 
14-43. 
14-45. 


14-46. 
14-47. 


14-49. 


14-50. 


14-51. 
14-53. 
14-54. 


14-55. 
14-57. 
14-58. 


14-59. 


14-61. 
14-62. 
14-63. 
14-65. 
14-66. 
14-67. 
14-69. 


14-70. 
14-71. 


14-73. 


14-74. 
14-75. 


14-77. 
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T = PRcos0,M = PRsin 0, 


16PR.. 
Omax = a [sin @ + 1] 
‘i os 
a'G 
Ac = 2.13 mm 
M, = —20(10°)x,, M> = 60(10°) N- m, 
Az = 15.2mm 


(a) U; = 4.52 kJ, (b) U; = 3.31 kJ 

d= 5.35 in, 

Ag = 9.8139(10°°) m, omax = 359 MPa 

h = 69.6 mm 

Omax = 216 MPa 

Ag = 0.613125(10) m, k = 160(10°) N/m, 
Cmax = 237 MPa, Amax = 3.95 mm 

Cmax = 85.7 MPa 

h = 0.571m 


ow = 0.3123 MPa, L = 325mm 
Omax = 207 MPa 


Omax = 43.6 ksi 
os = 153.78 psi, n = 195.08, h = 11.6 ft 
(Bice = 1S Aim: 
h= Zaatl | Samet 2| 

3Ec |WLce 
n = 209.13, h = 2.23 m 
Cmax = 5.88 ksi 
h = 3.73 in. 
Kteam = 1.7700 kip/in., n = 16.7 
Cmax = 47.8 MPa 
h = 657m 
k, = 49.3425(10°) N/m, A, = 0.050342 m, 
v = 5.75 m/s 
Ateam = 0.481 in., max = 10.1 ksi 
Amax = 23.3 mm, Omax = 4.89 MPa 
40 533.33 lb*- in 

AE : 
(Ag)n = 0.699110) in. > 
(Ag), = 0.0931(10°) in. J 
Ac, = 20.4mm 
1 kip: (Ap)y = 1620 cold 

AE 

(Ag)y = 0.0124 in. | 


1Ib- (Az), = 


14-78. 
14-79. 


14-81. 


14-82. 


14-83. 


14-85. 


14-86. 


14-87. 


14-89. 


14-90. 
14-91. 


14-93. 


14-94, 
14-95. 


14-97. 


14-98. 
14-99. 


14-101. 


14-102. 


14-103. 


(Ag)y = 0.00966 in. | 
Az, = 0.367 mm 


498.125(10°) N?-m 
AE ; 


1N:(Aq)y = 
(A4)» = 6.23 mm | 

(Ag), = 3.79 mm | 

Ac, = 0.163 in. 

174.28125(10°) 

0.15(10-3)[200(10°)]’ 
(Ac)» = 5.81 mm | 

(Ag)» = 3.41 mm | 


IN: (Ac)y = 


23Pa° 

Ac = S4ET 
_ 572.92 kN-m? 
C EI > 


M(x,) = 2.50x,, M(x2) = x3, 
m(x1) = 0.50x1, m(x2) = Xo, 
Ac = 40.9 mm | 
6, = 0.00298 rad 
Oz = 0.00595 rad 


M = 327.06x,, M = 654.12 + 47.06x>, 
mg = 1 — 0.1176x1, mp = 0.1176x3, 
64 = 273" 

0c = 5.89(10) rad 

A, = 27.4mm J, 64 = 5.75(10-%) rad 


M, = Px, My = Px, 


nal 
Mg = a my = 1, 
_ 5Pa’ 
Mee 
6EI 


64 = 0.00700 rad 


Ww w 
M(x) = 54 (lin — 12x7), M(x) = — x3, 


3L 
xy 13wL3 
M(x) = “T? M(X2) = 1, Ac = 576EI 
wL* 
Ayn =—— 
> 96EI | 
Ac = 0.557 in. | 


14-105. M(x.) = wa(a + x) 3, M(x,) = waxy, 
1 Ba 65wat 
M(x) = 50% + a),m(x,) =F. Ae = Gael 
Fie Ag= 
ee T20ET 
14-107. 0, = oe 
“"4 192EI 
14-109. M(x,) = (31.5x,; — 6x7) kN-m, 
M(x>) = (22.5x) — 3x3) kKN-m, 
™¢(X1) aa el _ 0.1667x1) kN: m, 
Mg(X2) _ (0.1667x>) kN: m, 
04 = 0.00927 rad 
14-110. Ac = 16.7mm| 
14-111. Bending and shear: 
+= (EN) [Cae )(e) + a 
~ \G/\a 96/\a/ ° 20)’ 
: 5w (L\4 
Bending only: A = au (+) 
L? 
14-113. M(x;) = me M(x») = oe 
m(x1) = 0,m(x2) = 1.0L — 1.0x4, 
wl 
(Ap)n = aE > 
4PL 
14-114. Aa, = 35 
14-115. A, = 43.5 mm | 
14-117. Ac = 17.9 mm | 
14-118. 6, = 0.991(1074) rad 
14-119. (A-), = 16.8 mm | 
14-121. M = —°,M = My, 
1 1 x _ 5Moae 
m= 1x,m x, Ac= 6EI 
14-122. 6, = “4 
OR SET 
14-123. Ay = 0.00191 in. 
1225.26(10°) 
14-125. Ay. = = 20.4mm 
" 300(10~*°)(200)(10°) 
14-126. Ap, = 4.88 mm 
14-127. (Az), = 0.0124 in. | 
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29.375(10°) 
14-129. Az, = = 0.367 mm 
‘ 400(10~°)(200) (10°) 
14-130. Ac, = 0.0375 mm 
14-131. (A,), = 6.23 mm | 
21232 
14-133. Ac, = ————_ = 0.163 in. 
” — 4.5(29)(10°) 
14-134, Aj, = 0.156 in. 
23Pa* 
14-135. Ac = ST 
41.667(10°) 
14-137. 0, = = 0.00298 rad 
200(10°)[70(10~°)| 
14-138. A, = 1.54 in. 
14-139. 0, = 2.73° 
5Pa? 
MAA. = 
Pa 
14-142. 6, = —— 
Oa CEI 
SwL4 
14-143. (Ac)y = “ry J 
M 
14-145. M = = te M = Mo, M = Px, M = Px, 
A _ 5M a? 
C” 6EI 
5P-a° 
14-146. U; = 
14-147. max = 116 MPa 
14-149. Bending strain energy: 
1.176(10°) 
(U;); = : = 10.1 ft-lb, 
29(10°)(75)(0.5)(0.27) 
Axial force strain energy: 
350)°(8 
(U,)i = core) = 0.344 in Ib 
2(29)(10°)(F)(0.25°) 
14-150. A, = 0.536 mm 
14-151. (U;), = 2.23 in: Ib 
236.25(10°) 
14-153. A; = = 2.95 mm 
*  400(10~°)(200)(107) 
14-154. 9, = “ot 
i Meee 2) 
14-155. 6, = oe 
re = ET 


14-157. Omax = 10.5 ksi 


853 


Index 


A 
Absolute maximum shear strain, 
502-503, 532 
Absolute maximum shear stress (Tmax), 
182-183, 185-186, 473-477, 
480-481 
Allowable stress, 46-47, 60 
Aluminum columns, 694 
Angle of twist (#), 180-181, 200-207, 222, 
226, 250 
circular shafts, 180-181, 200-207, 250 
constant torque and, 201-202 
cross-sectional area for, 200 
multiple torques and, 202 
noncircular shafts, 222 
procedure for analysis of, 204 
sign convention for, 202-203 
thin-walled tubes, 226 
tortional deformation and, 180-181 
Angles with equal legs, geometric 
properties of, 803, 807 
Anisotropic materials, 24 
Annulus (differential ring), 184, 237-238 
Area (A), 784-799 
centroid, 784-786 
composite, 785, 788 
geometric properties of, 784-799 
inclined axes, 794-796 
Mohr’s circle for, 797-799 
moment of inertia for, 787-790, 
794-799 
parallel-axis theorem, 787-788, 792 
principle moments of inertia, 795-796 
procedure for analysis of, 797-799 
product of inertia for, 791-793 
Average shear stress (Tayg), 32-45, 60, 
225-226, 251 
Axial (longitudinal) stress, 406 
Axial (normal) force diagram, 26, 124 
Axial loads, 24-31, 118-177, 720-721 
average normal stress distribution, 
24-25 
constant stress of, 24—25, 122-123 
cross-sectional areas, 24—25, 122-123, 
158-161, 174 
deformation of, 119-177 
displacement (6), 122-129, 137-144, 
151-154, 173-174 
elastic deformation of, 122-129 
elastic strain energy (Uj), 720-721 
equilibrium and, 25-26 
force (flexibility) method of analysis 
for, 143-144 
inelastic deformation, 162-165, 174 
internal axial force, 720 
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load-displacement relationship, 
137-138, 143-144 

material properties of, 24-25 

normal stress (a) in, 24-31 

prismatic bars, 24-31 

procedures for analysis of, 27, 125, 
138, 144 

relative displacement (6) of, 
122-125, 173 

residual stress in, 166-168, 174 

Saint Venant’s principle, 119-121, 173 

sign convention for, 124, 173 

statically indeterminate,137-142, 173 

stress concentrations in, 158-161, 174 

superposition, principle of, 136, 173 

thermal stress and, 151-154, 174 

uniaxial stress, 25-26 

uniform deformation, 24—25 

Axis of symmetry, 302-303, 392-393 


B 
Beams, 254-357, 359-403, 537-557, 565, 
568-655, 762-766, 776-780, 
800-808. See also Deflection 
angles with equal legs, 803, 807 
bearing plates for, 538 
bending and, 254-357 
built-up members, 378-382, 401, 
542, 565 
cantilevered, 255 
Castigliano’s theorem applied to, 
776-780 
channels (C shape), 802, 806 
composite, 312-314, 353 
cross sections of, 281-292, 
302-305, 353 
curved, 319-325, 354 
deflection of, 538, 568-655, 808 
deformation of by bending, 281-284 
design of, 537-557, 565 
fabricated, 541-542 
flexure formula for, 285-292, 353 
fully stressed, 554-557, 565 
geometric properties for shapes of, 
800-807 
hyperbolic stress variations, 320 
inelastic bending of, 335-345, 354 
integration, method for, 573-585, 
628-630, 653 
linear stress variations, 284—287 
moment diagrams for, 633-637 
moment-area method for, 604-612, 
633-637, 653 
nonprismatic, 554, 565 
overhanging, 255 


plane cross-sections of, 282, 312, 319 
prismatic, 540-547 
procedures for analysis of, 257, 265, 
288, 323, 366, 543, 764, 779 
reinforced concrete, 315-318 
residual stress of, 338-339, 354 
section modulus (S), 540, 554 
shear and moment diagrams for, 
255-271, 352 
shear center (O), 392-397, 402 
shear flow (q) in, 378-391, 401-402 
shear formula for, 361-372 
shear stresses (t) in, 359-403 
sign conventions for, 256, 264, 305 
simply supported, 255, 635 
slopes of, 808 
statically indeterminate, 627-630, 
633-637, 639-647, 653 
straight members, 255-310, 352-353, 
359-361 
stress concentrations in, 326-328, 354 
stress distribution, 538-539 
superposition method for, 619-623, 
639-647, 653 
thin-walled members, 387-397, 402 
transformation factor (7), 
313-314, 353 
transformed-section method applied 
to, 313-314, 353 
transverse shear in, 359-403 
unsymmetric bending of, 302-308, 353 
virtual work analysis of, 762-766 
wide-flange (W shape) sections, 
800-801, 804-805 
Bearing plates, 538 
Bending, 254-357. See also Moments (M) 
beams, 312-314, 353 
curved beams, 319-325, 354 
deformation, 281-284 
flexure formula for, 285-292, 353 
inelastic, 335-345, 354 
procedures for analysis of, 257, 265, 
288, 323 
reinforced concrete beams, 315-318 
residual stress by, 338-339, 354 
shear and moment diagrams for, 
255-271, 352 
sign conventions for, 256, 
264, 305 
straight members, 255-310, 
352-353 
stress concentrations and, 
326-328, 354 
ultimate moment, 339-340 
unsymmetric, 302-308, 353 


Bending moment (M), 8, 264, 281, 353, 
722-724 
deformation of beams, 264, 281, 353 
elastic strain energy (U;), 722-724 
equilibrium and, 8 
shear and moment diagrams and, 264 
Biaxial stress, 407 
Body forces, 5 
Boundary conditions, 576, 652 
Brittle materials, 89, 108, 114, 160, 235, 
524-525, 533 
fatigue failure, 108, 235 
material failure, 89, 114, 235 
maximum-normal-stress theory, 524 
Mohr’s failure criterion, 524-525 
multiaxial stress, 524-525, 533 
stress concentrations and, 160, 235 
torsional loadings, 235 
Buckling, 656-713 
bifurcation point, 659 
columns, 656-713 
critical load (P,), 657-660, 711 
determination of, 656-660, 711 
Engesser’s equation for, 685, 711 
Euler load, 662-663, 711 
ideal columns, 660-665, 711 
inelastic, 684-686, 711 
least moment of inertia and, 663 
secant formula and, 678-683, 711 
tangent modulus (E,), 684-685 
Built-up members, 378-382, 401, 
542, 565 
design of, 401, 542, 565 
shear flow (q) in, 378-382, 401 
Bulging, 221 
Bulk modulus (x), 511, 533 
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Cantilevered beams, 255 
Cartesian components of strain, 68 
Castigliano’s theorem, 771-781 
beams, applied to, 776-780 
compatibility requirements, 772 
procedures for analysis using, 773, 778 
trusses, applied to, 773-775 
Center of curvature (O’), 572 
Centroid, 7, 9, 319, 392, 784-786 
Centroidal axis, beam cross sections, 286 
Channels (C shape) properties, 802, 806 
Circular shafts, 179-191, 250 
Circumferential (hoop) stress, 322, 406 
Closed cross section, 224 
Cohesive materials, 22 
Columns, 656-713 
aluminum, 694 
buckling, 656-713 


concentric loading, design for, 692-699 
critical load (Pe), 657-663, 711 
cross sections of, 662-663, 703-704 
deflection, maximum (Vmax), 679-681 
design of, 682, 692-699, 703-707 
eccentric loading, design for, 703-707 
eccentricity ratio, 681-682 
effective length (L,), 667 
Engesser’s equation for, 685, 711 
equilibrium of, 658-659 
Euler load, 662-663, 711 
graphs for, 664, 679-682, 684-685, 
692-694 
ideal, 660-665, 711 
inelastic buckling, 684-686, 711 
least moment of inertia in, 663 
pin-supported, 660-665 
procedure for analysis of, 695 
radius of gyration (r), 663 
secant formula for, 678-683, 711 
slenderness ratio (L/r), 663-664, 667 
steel, 693 
tangent modulus (E,), 684-685 
timber, 694 
various supports for, 666-669 
Combined loadings, 405-435 
biaxial stress, 407 
circumferential (hoop) stress 
direction, 406 
cylindrical vessels, 406-407, 432 
longitudinal (axial) stress 
direction, 406 
procedure for analysis of, 412-413 
radial stress, 407 
spherical vessels, 407, 432 
state of stress caused by, 412-421, 432 
thin-walled pressure vessels, 
405-408, 432 
Compatibility conditions, 137-138, 
143-144, 628, 772 
Composite areas, 785, 788 
Composite beams, bending analysis of, 
312-314, 353 
Compression, 124, 256 
Compression test, 81-82 
Compressive stress, 23 
Concentrated force, 4 
Concentric loading, column design for, 
692-699 
Conservation of energy, 733-736, 781 
Constant torque, 201-202 
Continuity conditions, 576, 652 
Continuous materials, 22 
Contraction, 102, 124 
Conventional stress-strain diagrams, 83-85 
Coordinates for deflection, 575 
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Coplanar force, 6, 9 
Coplanar loads, 9 
Couple moment, work of a, 717 
Couplings, 234 
Creep, 107-108, 115 
Creep strength, 107 
Critical load (P.,), 657-663, 711 
Cross sections, 7, 24-25, 122-123, 158-161, 
174, 180-189, 200-202, 221-225, 
234, 237-239, 250-251, 281-292, 
302-305, 313-314, 319-320, 
335-340, 353-354, 360-377, 
387-397, 401-402, 662-663, 703-704 
angle of twist (f) and, 200-202 
annulus (differential ring), 184, 
237-238 
average normal stress, for 
determination of, 24-25 
axial loads, 24-25, 122-123, 
158-161, 174 
axis of symmetry for, 302-303, 
392-393 
beams, 281-292, 302-305, 313-314, 
319-320, 335-340, 353-354, 
360-377, 387-397, 401-402 
bending deformation and, 281-284, 
353 
bulging, 221 
centroid, 7, 9, 319, 392 
centroidal axis for beams, 286 
circular, 108-189, 200-202 
closed, 224 
columns, 662-663, 703-704 
constant load and, 123, 173 
constant torque and, 201-202 
eccentric loads, 703-704 
elastic deformation, 122-123, 173 
hyperbolic stress variation, 320 
inelastic behavior, 162-163, 174, 
237-239, 251, 335-340, 354 
least moment of inertia, 663 
linear stress variation, 182, 284-287 
method of sections and, 7 
neutral axis for beams, 282-284, 
286-287, 305, 319-320 
plane, 282, 312, 319 
polar moment of inertia of, 183 
radius of gyration (r), 663 
rectangular, 221-223, 663 
shafts, 180-189, 200-202, 222, 250 
shape variations, 222, 320 
shear stress (7), 182-185 
solid, 184, 190 
stress concentration factor (K), 
158-161, 174, 234 
thin-walled members, 387-397, 402 
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Cross sections (continued ) 
torsional loads, 180-189, 201, 
221-225, 237-239, 250-251 
transformed-section method, 
313-314, 353 
transverse shear stress, 361-377, 
387-397, 401-402 
tubular, 185, 190 
unsymmetrical, 302-305 
warping, 221-222, 360-361 
Curvature-momentum relationship, 
571-572 
Curved-beam formula, 321-322 
Curved beams, bending analysis of, 
319-325, 354 
Cylindrical vessels, combined loadings of, 
406-407, 432 


D 
Deflection, 538, 568-655, 679-681, 808 
beams, 538, 808 
columns, 679-681 
coordinates, 575 
discontinuity functions, 596-600, 652 
displacement, 573-585, 604-612, 652 
elastic curve for, 569-600, 652 
integration, method, 573-585, 
628-630 
maximum (Vmax), 679-681 
moment-area method, 604-612, 
633-637, 653 
procedures for analysis of, 577, 597, 
606, 642 
sign conventions for, 575, 604-605 
slope, 570, 573-585, 604-612, 652 
statically indeterminate shafts and 
beams, 627-630, 633-637, 
639-647, 653 
superposition, method of, 619-623, 
633-647, 653 
Deformable bodies, 4-22 
cross section, 7 
equations of equilibrium, 6 
equilibrium of, 4-22 
external loads, 4—5 
internal resultant loads, 7-9 
procedure for analysis of, 10 
right-hand rule for, 8 
support reactions, 5 
Deformation, 24—25, 65-68, 84, 87-96, 104, 
113-114, 118-177, 179-181, 
221-223, 281-284, 353, 445-451, 
480, 490, 532. See also 
Displacement (6); Strain (7) 
angle of twist (#), 180-181, 222 
axially loaded members, 24-25, 
118-177 


beams, 281-284, 353 
bending, 281-284, 353 
bulging, 221 
changes in a body, 65-68 
circular shafts, 179-181 
cross-sections and, 24—25, 158-161, 
174, 180-181, 222, 281-284, 353 
elastic, 84, 86, 113-114, 122-129 
inelastic, 162-165, 174 
mechanical material properties and, 
84, 87-96, 113-114 
noncircular shafts, 221-223 
plastic behavior, 84, 91, 113-114 
principal stresses (in-plane), 
445-451, 480 
principal strains, 490, 532 
Saint-Venant’s principle, 119-121, 173 
shear strain (y), 180-181 
strain energy, 92-96, 114 
superposition, principle of, 136, 173 
torsional, 179-181, 221-223 
uniform, 24-25 
warping, 221-222 
yielding, 84, 87-89, 113 
Density, strain-energy (u), 92 
Design, 47-59, 60, 190-191, 537-557, 565, 
682, 692-699, 703-707 
aluminum columns, 694 
beams, 537-557, 565 
columns, 682, 692-699, 703-707 
concentric loading of columns, 
692-699 
eccentric loading of columns, 703-707 
power transmission and, 190-191 
procedures of analysis for, 48, 
543, 695 
secant formula and, 682 
shafts, 190-191, 558-565 
simple connections, 47-59, 60 
steel columns, 693 
timber columns, 694 
torque diagrams for, 558 
Differential ring (annulus), 184, 237-238 
Dilatation (e), 510-511, 533 
Direct (simple) shear loads, 32 
Direction (orientation), 390, 406, 442-443, 
480, 485-489, 532, 539 
normal and shear strain components, 
485-489, 532 
normal and shear stress components, 
442-443, 480 
plane-strain transformation, 
485-489, 532 
plane-stress transformation, 
442-443, 480 
stress, sense of, 390, 406 
stress trajectories, 539 


Discontinuity functions, 596-600, 652 
Discontinuous functions, 256 
Displacement (6), 122-129, 137-144, 
151-154, 173-174 
axially loaded members, 122-125, 
137-144, 151-154, 173-174 
compatibility (kinematic) conditions, 
137-138, 143-144 
elastic deformation, 122-125, 
151-154, 173-174 
force (flexibility) method for, 143-144 
load-displacement relationship, 
137-138, 143-144, 173 
procedure for analysis of, 125, 
138, 144 
relative, 122-125, 173 
sign convention for, 124 
statically indeterminate members, 
137-142 
thermal (stress) (67), 151-154, 174 
Distortion energy, 522-523 
Distributed loads, 262-264, 594-596 
Disturbing spring force, 658 
Ductile materials, 87-88, 113, 235, 
520-523, 533 
failure of, 235, 520-523, 533 
maximum-distortion-energy theory, 
522-523 
maximum-shear-stress theory, 
520-521 
multiaxial stress, 520-523, 533 
slipping, 520-521 
stress concentration, 235 
stress-strain diagrams for, 87-88, 113 
torsional loadings, 235 
Tresca yield criterion, 521 


E 
Eccentric loading, column design for, 
703-707 
Eccentricity ratio, 681-682 
Effective length (L,), 667 
Effective slenderness ratio (KL/r), 667 
Effective-slenderness ratio, 667 
Elastic behavior, 84, 86, 88, 90-91, 104, 
113-114, 122-129, 151-154, 
159-161, 173-174, 234-237, 251, 
326-328, 354 
axially loaded members, 122-129, 
159-161, 173-174 
bending (beams), 326-328, 354 
cross-sectional area of, 122-123, 173 
deformation, 84, 113-114, 122-129, 
151-154, 173-174 
displacement (6) and, 122-129, 
151-154, 173-174 
elastic limit, 84, 86, 113 


nonlinear, 88 
procedure for analysis of, 125 
proportional limit (cp); 84, 86, 104 
relative displacement (8) of, 
122-125, 173 
shear modulus (G), 104 
sign convention for, 124 
stress concentrations, 159-161, 174, 
234-237, 251, 326-328, 354 
thermal displacement (stress) (67), 
151-154, 174 
torsional loads, 234—237, 251 
Young’s modulus (£), 90-91, 113-114 
Elastic curve, 569-600, 652 
boundary conditions, 576, 652 
center of curvature (O’), 572 
continuity conditions, 576, 652 
coordinates, 575 
deflection diagram of, 569-570 
discontinuity functions, 596-600, 652 
distributed loadings, 594-596 
elastica, 573 
flexural rigidity (EJ), 572, 574 
inflection point, 570 
integration, method for, 573-585 
internal moments and, 571-572 
Macauly functions, 594-595 
moment-area method for, 604-612 
moment-curvature relationship, 
571-572 
procedures for analysis of, 577-597 
radius of curvature, 572 
sign convention for, 575 
singularity functions, 595-596 
slope of, 570, 573-585, 604-612 
tangents to, 604-606 
Elastic-plastic torque, 237-238 
Elastic strain energy (U;), 720-728 
axial loads, 720-721 
bending moments, 722-724 
transverse shear, 725—726 
torsional moments, 727-728 
Elastica, 573 
Elastoplastic behavior, 162-163, 174 
Electrical-resistance strain gauge, 82, 504 
Elongation, 87, 102, 113, 124 
Endurance (fatigue) limit (S,;), 108-109 
Energy methods, 714-783 
Castigliano’s theorem, 771-781 
conservation of energy, 733-736, 781 
couple moment, work of, 717 
elastic strain energy (U;), 720-728 
external work, 715-719 
force, work of, 716 
impact loading, 740-745 
internal work, 717-728 
method 751-770, 781 


strain energy, 715-728 
virtual work, 751-770, 781 
Engesser’s equation, 685, 711 
Engineering stress or strain, 83 
Equilibrium, 4-22, 25-26, 33, 60, 658-659 
axial loads, 25-26 
column buckling and, 658-659 
coplanar loads, 9 
deformable bodies, 4—22 
equations of, 6, 60 
external loads, 4—5 
free-body diagrams, 6-9 
internal resultant loads, 7-8 
neutral, 659 
normal stress (a), 25-26 
procedure for analysis of, 10 
shear stress (7), 33 
spring force and, 658-659 
stable, 658-659 
support reactions, 5 
unstable, 658-659 
Euler load, 662-663, 711 
Extensometer, 82 
External loads, 4—5 
External work, 715-719 


F 
Fabricated beams, 541-542, 565 
built-up sections, 542, 565 
design of, 541-542, 565 
glulam beams, 542 
steel sections, 541 
wood sections, 541-542 
Factor of safety (F.S.), 46-47, 60 
Failure, 107-109, 115, 235, 520-527, 533 
axial loadings, 107-109, 115 
brittle materials, 108, 235, 
524-525, 533 
creep, 107-108, 115 
ductile materials, 235, 520-523, 533 
endurance (fatigue) limit (S,/), 
108-109 
fatigue, 108-109, 115, 235 
fracture, 520, 524 
maximum-distortion-energy theory, 
522-523 
maximum-normal-stress theory, 524 
maximum-shear-stress theory, 
520-521 
Mohr’s failure criterion, 524-525 
multiaxial stress, 520-527, 533 
slipping, 520-521 
stress concentrations and, 160, 235 
stress—cycle (S—N) diagrams for, 
108-109 
torsional loadings, 235 
Tresca yield criterion, 521 
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Fatigue, 108-109, 115, 160, 235 
Flexibility method of analysis, 143-144 
Flexural center (O), 392-393 
Flexural rigidity (EJ), 572, 574 
Flexure formula, 285-292, 353 
Force (F), 4-9, 22-23, 92, 264, 285, 335, 
658-659 
body, 5 
concentrated, 4 
concentrated moments and, regions 
of, 264 
coplanar, 6, 9 
disturbing, 658 
equations of equilibrium, 6 
external loads, 4—5 
internal resultant loads, 7-8 
normal (N), 8 
restoring, 658 
resultant (Fr), 4, 7-8, 285, 335 
shear (V), 8 
stress components, 22-23 
spring, 658-659 
support reactions, 5 
surface, 4 
weight, 5 
work, 92 
Force method of analysis, 143-144, 
639-647 
Fracture stress (ay), 85 
Fracture, 520, 524 
Fully stressed beams, 554-557, 565 


G 

Gauge-length distance, 82 
Gauge pressure, 405 
Glulam beams, 542 


H 

Hertz (Hz), units of, 190 

Homogenous materials, 24 

Hooke’s law, 90-91, 113, 508-509 
Hoop (circumferential) stress, 322, 406 
Hyperbolic stress variation, 320 


I 

Ideal columns, 660-665, 711 
critical load (P.,), 660-663, 711 
Euler load, 662-663, 711 
least moment of inertia in, 663 
pin-supported, 660-665, 711 
radius of gyration (r), 663 
slenderness ratio (L/r), 663-664 
trivial solution for, 661-662 

Impact loading, 740-745 

Inclined axes, moments of inertia for an 

area about, 794-796 
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Inelastic behavior, 162-168, 174, 237-241, 
251, 335-345, 354 
annulus (differential ring), 237-238 
axial loads, 162-168, 174 
bending (beams), 335-345, 354 
cross section of, 162-163, 174, 
237-239, 251, 335-340, 354 
deformation, 162-165, 174 
elastic-plastic torque, 237-238 
elastoplastic, 162-163, 174 
linear normal-strain distribution, 335 
plastic moment (My), 336-339, 354 
plastic torque (7,,), 239 
residual stress (7,), 166-168, 174, 
239-241, 251, 338-339, 354 
resultant force (Fr), 335 
resultant moment (Mp), 335 
torsional loads, 237-241, 251 
ultimate moment, 339-340, 354 
Inelastic buckling, 684-686, 711 
Engesser’s equation for, 685, 711 
Shanley theory of, 685 
tangent modulus (£,), 
684-685 
Inertia (J), 287, 303-305, 663, 787-790, 
794-799 
area (A) moments of, 787-790, 
794-799 
bending, 287 
column buckling, 663 
inclined axes, 794-796 
least moment of, 663 
Mohr’s circle for moments of, 
797-7199 
moments of, 287, 304—305, 787-790, 
794-799 
parallel-axis theorem for, 
787-788, 792 
principal axes of, 303, 795-796 
product of, 303, 791-793 
unsymmetric bending, 303-305 
Inflection point, 570 
Integration, 573-585, 628-630 
deflection, 573-585, 628-630 
elastic curve by, 573-585 
statically indeterminate shafts and 
beams, 628-630 
Internal axial force, 720 
Internal loads, 7-8, 22, 26, 34, 60 
method of sections for, 7-8 
resultant normal stress (P), 26, 60 
shear, 34 
stress and, 7-8, 22, 60 
Internal shear, 34 
Internal work, 717-728, 753-754. 
See also Strain energy 
Isentropic materials, 24 


K 
Keyways, 234 
Kinematic conditions, 137-138 


L 


Lateral contraction, 102 
Least moment of inertia, 663 
Linear coefficient of thermal expansion 
(a), 151 
Linear distributed load w(s), 4 
Linear normal-strain distribution, 335 
Linear stress/strain variations, 182, 
284-287 
Load (P), 4-9, 22, 24-32, 118-177, 
262-264, 405-435, 594-596, 
657-660, 662-663, 692-699, 
703-707, 711, 720-728, 740-745 
axial, 24-31, 118-177, 720-721 
bifurcation point, 659 
column buckling, 657-660, 662-663, 
692-699, 703-707, 711 
combined, 405-435 
concentric, 692-699 
constant stress of, 24—25, 122-123 
coplanar, 9 
critical (P.,), 657-660, 711 
cross section, 7 
deflection and, 594-596 
direct (simple) shear, 32 
distributed, 22, 262-264, 594-596 
eccentric, 703-707 
elastic strain energy for, 720-728 
equilibrium of deformable bodies 
and, 4-9 
Euler formula for, 662-663, 711 
external, 4—5 
force (F) and, 4-9 
impact, 740-745 
internal, 7-8, 22, 26, 34, 60 
linear distributed w(s), 4 
moments (M) and, 6-9 
regions of distributed, 262-264 
three-dimensional resultant, 8 
Load-displacement relationship, 137-138, 
143-144, 173 
Longitudinal (axial) stress, 406 
Longitudinal elongation, 102 
Liiders lines, 520-521 


M 
Macauly functions, 594-595 
Magnitude, 26 
Material properties, 22, 24-25, 80-117, 
508-515, 533 
anisotropic, 24 
brittleness, 89, 108, 114 
bulk modulus (k), 511, 533 


cohesive, 22 
continuous, 22 
creep, 107-108, 115 
dilatation (e), 510-511, 533 
ductility, 87-88, 113 
elastic behavior, 84, 88, 90-91, 
113-114 
failure, 107-109, 115 
fatigue, 108-109, 115 
homogenous, 24 
Hooke’s law, 90-91, 113, 508-509 
isentropic, 24 
mechanical, 80-117 
modulus of elasticity (E), 90-91, 113 
modulus of resilience (u,), 92, 114 
modulus of rigidity (G), 104 
modulus of toughness (u;), 93, 114 
multiaxial stress and strain, 508-515 
necking, 85, 113 
permanent set, 91 
plastic behavior, 84, 91, 113-114 
Poisson’s ratio (v), 102-103, 115 
shear modulus (G), 104-106, 
115, 510, 533 
strain energy, 92-96, 114 
strain hardening, 85, 91, 113-114 
strain transformation and 
relationships of, 508-515, 533 
stress-strain (o-e) diagrams for, 
83-96, 104-106, 113-115 
tension (compression) test for, 
81-82, 113 
uniform deformation, 24—25 
yielding, 84, 113 
Maximum deflection (Vmax), 679-681 
Maximum-distortion-energy theory, 
522-523 
Maximum-normal-stress theory, 524 
Maximum-shear-stress theory, 520-521 
Mechanics of materials, 3-4 
Method of sections, 7-9 
Modulus of elasticity (£), 90-91, 
113-114, 510 
Modulus of resilience (u,), 92, 114 
Modulus of rigidity (G), 104 
Modulus of rupture (7, or a,), 240, 338 
Modulus of toughness (u;), 93, 114 
Mohr’s circle, 461-467, 481, 494-498, 
524-525, 532-533, 797-799 
area (A) moments of inertia, 797-799 
Mohr’s failure criterion, 524-525, 533 
plane-strain transformation, 
494-498, 532 
plane-stress transformation, 
461-467, 481 
procedures for analysis of, 463-464, 
494-495 


Moment-area method, 604-612, 
633-637, 653 
displacement by, 604-612 
moment diagrams for, 633-637 
procedure for analysis of, 606 
slope by, 604-612 
statically indeterminate shafts and 
beams, 633-637, 653 
theorem 1, 604-605 
theorem 2, 605 
Moments (M), 6-9, 264, 281, 287, 302-305, 
335-340, 353-354, 559, 571-572, 
787-7190, 794-799 
area (A), 787-790, 794-799 
arbitrarily applied, 304-305 
bending (beams), 8, 281, 302-305, 
335-340, 353-354 
concentrated force and, regions 
of, 264 
coplanar loads, 9 
curvature relationship, 571-572 
deflection, 571-572 
elastic curve and, 571-572 
equilibrium and, 6-9 
inertia (J), 287, 304-305, 787-790, 
794-799 
internal, 571-572 
plastic (My), 336-339, 354 
principal axis, applied along, 
302-303, 795 
resultant (Mp), 6-8, 335, 559 
resultant loads, 6-8 
torsional (7), 8 
ultimate, 339-340, 354 
unsymmetric bending, 302-305 
Multiaxial stress and strain, 508-515, 
520-527, 533, 719. See also Failure 
Multiple torques along a shaft, 
202-203 


N 
Necking, 85, 113 
Neutral axis, beam cross sections, 282-284, 
286-287, 305, 319 
Neutral equilibrium, 659 
Nominal stress or strain, 83 
Noncircular shafts, 221-223, 251 
Nonlinear plastic behavior, 88 
Nonprismatic beams, 554, 565 
Normal force (N), 8 
Normal force (axial) diagram, 26, 124 
Normal strain (€), 66-67, 284-287, 320, 335, 
485-490, 532 

determination of, 66-67 

hyperbolic variation of, 320 

linear distribution, 335 

linear variation of, 284—287 


plane-strain transformation 
orientation, 485-486, 487-489, 532 

principal strains, 490, 532 

Normal stress (7), 23-31, 60, 182, 284-287, 
442-443, 445-451, 480, 717-718 

allowable (Gallow), 46-47, 60 

average, 23-31, 66 

axially loaded bars, 23-31 

compressive, 23 

constant, 24—25 

cross-sectional area for, 24 

determination of, 23, 60 

distribution of average, 25 

equilibrium and, 25-26 

internal loading (P), 27, 60 

linear variation of, 284—287 

magnitude and, 26 

material properties, assumptions for, 
24-25 

maximum average, 26 

plane-stress transformation 
orientation, 442-443, 480 

principal stresses (in-plane), 
445-451, 480 

prismatic bars and, 24-31 

procedure for analysis of, 27 

strain energy and, 717-718 

tensile, 23 


Oo 

Offset method for ductile materials, 87-88 
Orientation, see Direction 

Overhanging beams, 255 


P 
Parallel-axis theorem, 787-788, 792 
Percent elongation, 87, 113 
Percent reduction in area, 87, 113 
Perfectly plastic materials, 84, 162 
Permanent set of material, 91 
Pin-supported columns, 660-665 
Plane cross sections, 282, 312, 319 
Plane strain, 485-498, 532 
maximum in-plane shear, 490, 532 
Mohr’s circle for, 494-498, 532 
normal and shear component 
orientation, 485-489, 532 
principal strains, 490, 532 
procedure for analysis of, 494-495 
sign convention for, 486, 489 
transformation equations for, 
486-493 
Plane stress, 437-451, 461-467, 480-481 
in-plane principal stresses, 
445-451, 480 
maximum in-plane shear, 447, 480 
Mohr’s circle for, 461-467, 481 
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normal and shear component 
orientation, 442-443, 480 
procedures for analysis of, 439, 443, 
463-464 
sign convention for, 442 
state of, 437-441 
transformation, 437-444 
Plastic behavior, 84, 91, 113-114, 162-165, 
174, 239 
axial loads, 162-164, 174 
cross sections for, 162-163, 174, 239 
deformation, 84, 162-164, 174 
elastoplastic, 162-163, 174 
perfectly, 84, 162, 239 
plastic torque (T,), 239 
strain hardening, 91, 114 
yielding, 84, 113 
Plastic moment (My), 336-339, 354 
Plastic torque (T,), 239-240, 251 
Plate girder, 542 
Poisson’s ratio (v), 102-103, 115 
Polar moment of inertia (/), 183-186 
Power (P) transmission, 190-191 
Pressure vessels, combined loadings of, 
405-408, 432 
Principal axis, moments applied along, 
302-303 
Principal strains, 490, 532 
Principal stresses (in-plane), 
445-451, 480 
Prismatic bars, 24-31 
Prismatic beams, design of, 540-547 
Product of inertia, 303, 791-793 
Proportional limit (a,)), 84, 86, 104 
Pure shear, 33 


R 

Radial stress, 322, 407 

Radius of curvature, 572 

Radius of gyration (r), 663 

Reactions, 4-5 

Redundants, 627 

Reinforced concrete beams, ending 

analysis of, 315-318 
Relative displacement (6), 122-125, 173 
Residual stress (7,), 166-168, 174, 239-241, 
251, 338-339, 354 

axial loadings, 166-168, 174 
bending (beams), 338-339, 354 
torsional loadings, 239-241, 251 

Restoring spring force, 658 

Resultant (R), 4, 7-8, 26, 285, 335, 559 
force (Fr), 4, 7-8, 285, 335 
internal force (P), 7-8, 26 
moment (Mp), 335, 559 
three-dimensional, 8 

Right-hand rule, 8, 185, 202-203 


860 INDEX 


Ss 
Saint Venant’s principle, 119-121, 173 
Secant formula, 678-683, 711 
Section modulus (S$), 540, 554 
Shafts, 179-191, 200-207, 221-223, 
250-251, 558-565, 627-630, 
633-637, 639-647, 653 
angle of twist (f), 180-181, 200-207, 
222, 226, 250 
bulging, 221 
circular, 179-191, 250 
constant torque and, 201-202 
cross sections of, 180-189, 200-202, 
222, 250 
deflection of, 627-630, 633-637, 
639-647, 653 
design, 190-191, 558-565 
force method for, 639-647, 653 
frequency of rotation (f), 190 
integration method for, 628-630, 653 
maximum torsional (shear) stress 
(Tmax) Of, 185-186 
moment diagrams for, 633-637 
moment-area method for, 
633-637, 653 
multiple torques along, 202-203 
noncircular, 221-223, 251 
polar moment of inertia (/), 183-186 
power transmission by, 190-191 
procedures for analysis of, 186, 204 
resultant moment for, 559 
shear-stress (7) distribution, 184-189, 
solid, 184, 190 
superposition method for, 
633-637, 653 
torque diagrams for, 185, 203, 558 
torsion formula for, 182-189 
tortional deformation and, 179-181 
tubular, 185, 190 
warping, 221-222 
Shanley theory of inelastic buckling, 685 
Shear and moment diagrams, 255-271, 352 
beams, 255-271, 352 
bending and, 255-271, 352 
concentrated force and moment, 
regions of, 264 
discontinuous functions of, 256 
distributed loads, regions of, 262-264 
functions of, 256 
graphical method for construction of, 
262-271, 352 
procedures for analysis of, 
257, 265 
regions of, 256, 262-264 
slope (shear) of, 263, 352 
sign convention for, 256, 264 
Shear center (O), 392-397, 402 


Shear flow (q), 224-226, 378-391, 401-402 
built-up members, 378-382, 401 
directional sense of, 390 
linearity of, 388, 390 
parallel, 387, 390 
thin-walled members, 387-391, 402 
thin-walled tubes, 224-226 
torsional loading and, 224-226 
transverse shear and, 378-391, 401-402 
vertical, 387 

Shear force (V), 8 

Shear formula, 361-372, 401 
horizontal force equilibrium, 361 
limitations on use of, 364-365 
procedure for analysis using, 366 
shear stress (7) for, 362-363 

Shear modulus (G), 104-106, 115, 510, 533 

Shear strain (y ), 67, 180-182, 485-486, 

487-490, 532 
determination of, 67 
linear variation in, 182 
maximum in-plane, 490, 532 
plane-strain transformation 
orientation, 485-489, 532 
torsional deformation and, 180-181 
Shear stress (7), 23, 32-37, 46-47, 60, 
104-106, 115, 182-189, 225-226, 
251, 359-403, 442-443, 447, 
473-477, 480-481, 718-719 
absolute maximum (Tmax), 182-183, 
185-186, 473-477, 480-481 
allowable (Tatlow), 46-47, 60 
average (Tayg), 225-226, 251 
average (Tay), 32-45, 60, 225-226, 251 
beams, 359-403 
complementary property of, 33 
component orientation, 
442-443, 480 
determination of, 23, 60 
direct (simple) loads, 32 
equilibrium and, 33 
internal, 34 
linear variation in, 182 
maximum in-plane, 447, 480 
modulus of elasticity/rigidity (G), 
104-106, 115 
plane-stress transformation, 442-443, 
447, 473-477, 480-481 
procedures for analysis of, 34 
proportional limit (z,)), 104 
pure, 33, 104 
shaft distribution, 184-189 
simple (direct) loads, 32 
strain energy and, 718-719 
thin-walled tubes, 225-226, 251 
torsional loads and, 182-189, 
225-226, 251 


transverse, 359-403 
ultimate (7,,), 104 
Shear stress-strain diagrams, 104-106, 115 
Shoulder fillets, 234 
Sign convention, 8, 124, 173, 185, 202-203, 
256, 264, 305, 442, 486, 489, 575, 
604-605 
angle of twist (#), 202-203 
axial loads, 124, 173 
bending, 256, 264, 305 
deflection, 575, 604—605 
right-hand rule for, 8, 185, 202-203 
strain transformation, 486, 489 
stress transformation, 442 
torque (T), 185, 202-203 
Simple (direct) shear loads, 32 
Simply supported beams, 255, 635 
Singularity functions, 595-596 
Slenderness ratio (L/r), 663-664, 667 
Slipping, 520-521 
Slope, 263, 352, 570, 573-585, 604-612, 
652, 808 
beams, 808 
bending (shear), 263, 352 
deflection, 570, 573-585, 604-612, 652 
elastic curve, 570, 573-585 
moment-area method for, 604-612 
Small strain analysis, 69 
Solid shafts, 184, 190 
Spherical vessels, combined loadings of, 
407, 432 
Spring force, 658-659 
Stable equilibrium, 658-659 
State of strain, 68 
State of stress, 23, 412-421, 432, 437-441 
combined loadings and, 412-421, 432 
determination of, 23 
plane stress transformation, 437-441 
procedures for analysis of, 412-413, 439 
Statically indeterminate members, 
137-142, 173, 214-217, 250 
axially-loaded, 137-142, 173 
beams, 627-630, 633-637, 
639-647, 653 
compatibility conditions for, 628 
deflection of, 627-630, 633-637, 
639-647, 653 
force method for, 639-647, 653 
integration method for, 628-630, 653 
moment diagrams for, 633-637 
moment-area method for, 633-637, 653 
procedures for analysis of, 
138, 215, 642 
redundants, 627 
shafts, 627-630, 633-637, 639-647, 653 
superposition method for, 633-637, 653 
torque-loaded, 214-217, 250 


Steel columns, 693 
Steel sections of beams, 541 
Straight members, see Beams 
Strain, 65-79, 180-181, 484-535. See also 
Normal strain (€); Shear strain (y) 
Cartesian components of, 68 
deformation and, 65-68 
engineering, 83 
multiaxial, 508-515 
nominal, 83 
normal (€), 66-67 
shear (y), 67, 180-181 
small strain analysis, 69 
state of, 68 
transformation, 484—535 
units of, 66-67 
Strain energy (U), 92-93, 114, 
715-728, 781 
deformation and, 92-93, 114 
density, 92 
elastic, 720-728 
external work and, 715-719, 781 
modulus of resilience (u,), 92, 114 
modulus of toughness (u;), 93, 114 
multiaxial stress, 719 
normal stress (7), 717-718 
shear stress (7), 718-719 
Strain hardening, 85, 91, 113-114 
Hooke’s law and, 91, 114 
permanent set of materials, 91 
ultimate stress (a,,), 85, 113 
Strain rosettes, 504-505 
Strain transformation, 484-535 
absolute maximum shear strain, 
502-503, 532 
bulk modulus (xk), 511, 533 
dilatation (e), 510-511, 533 
electrical-resistance strain gauge 
for, 504 
equations for, 486-493 
failure, theories of, 520-527, 533 
Hooke’s law for, 508-509, 533 
in-plane shear strain, 490, 532 
material-property relationships, 508-515 
Mohr’s circle, 494-498, 524-525, 
532-533 
normal and shear component 
orientation, 485-489, 532 
plane strain, 485-498, 532 
principal strains, 490, 532 
procedure for analysis of, 494-495 
shear modulus (G) for, 510, 533 
sign convention for, 486 
strain rosettes, 504-505 
Stress, 2-63, 83, 85, 104-106, 115, 158-161, 
166-168, 174, 239-241, 251, 
320-322, 406-407, 436-483, 


508-515. See also Normal stress 
(co); Shear stress (7) 
allowable, 46-47, 60 
axial, 406 
axially loaded members, 24-31, 
158-161, 166-168, 174 
biaxial, 407 
circumferential, 322, 406 
compressive, 23 
concentrations, 158-161, 174 
curved beams, 320-322 
deformable bodies, 4-22 
directional sense of, 390, 406 
engineering, 83 
equilibrium and, 4—22, 25-26, 33, 60 
factor of safety (FS.), 46-47, 60 
fracture (of), 85 
hoop, 322, 406 
longitudinal, 406 
material properties and, 22, 24-25 
mechanics of materials, 3-4 
multiaxial, 508-515 
nominal, 83 
normal (a), 23-31, 60, 320 
prismatic bars, 24-31 
procedures for analysis of, 27, 34, 48 
radial, 322, 407 
residual (7,), 166-168, 174, 
239-241, 251 
shear (7), 23, 32-37, 60, 104-106, 115 
simple connections, 47-59, 60 
state of, 23 
tensile, 23 
thermal, 151-154, 174 
transformation, 436-483 
triaxial, 473 
ultimate (¢,,), 85, 104 
units of, 23 


Stress concentration, 159-161, 174, 


234-237, 251, 326-328, 354 
axial loads, 159-161, 174 
bending (beams), 326-328, 354 
factor (K) graphs, 160-161, 

234-235, 326 
material failure and, 160, 235 
torsional loads, 234—237, 251 


Stress—cycle (S—N) diagrams, 108-109 
Stress-strain (o—e) diagrams, 83-96, 


104-106, 113-115 
brittle materials, 89, 114 
conventional, 83-85 
ductile materials, 87-88, 113 
elastic behavior, 84, 90-91, 104, 
113-114 
endurance (fatigue) limit (S,,), 
108-109 
Hooke’s law, 90-91 


INDEX 


necking, 85, 113 

nominal (engineering) stress or 
strain, 83 

offset method, 87-88 

plastic behavior, 84, 91, 113-114 

Poisson’s ratio (v), 102-103, 115 

proportional limit (ap)), 84, 
86, 104 

shear, 104-106, 115 

strain energy, 92-96, 114 

strain hardening, 85, 91, 
113-114 

true, 85-86 

ultimate stress (a,,), 85, 104 

yield point (vy), 84, 114 

yielding, 84, 113 

Stress trajectories, 539 
Stress transformation, 436-483 

absolute maximum shear stress 
(Tmax); 473-477, 480-481 

equations for, 442-444 

in-plane shear stress, 447, 480 

Mohr’s circle for, 461-467, 481 

normal and shear component 
orientation, 442-443, 480 

plane stress, 437-451, 461-467, 
480-481 

principal stresses, 445-451, 480 
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procedures for analysis of, 439, 443, 


463-464 
sign convention for, 442 
triaxial stress, 473 


Structural shapes, geometric properties of, 


800-807 
Superposition, 136, 173, 619-623, 
633-647, 653 
axial loaded members, 136, 173 
deflection, method for, 619-623, 
639-647, 653 
force method as, 639-647 
moment diagrams by, 633-637 
principle of, 136, 173 
procedure for analysis by, 642 


statically indeterminate shafts and 


beams, 633-647, 653 
Support reactions, 5 
Supports for columns, 660-669 
Surface forces, 4 


T 
Tangent modulus (£;), 684-685 
Tangents to elastic curve, 604-606 
Tensile stress, 23 

Tension test, 81-82, 113, 524 
Tension, 124 


Thermal (stress) displacement (6) and, 


151-154, 174 
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Thin-walled members, 387-397, 402 
axis of symmetry, 392-393 
shear center (O), 392-397, 402 
shear flow (q), 387-391, 402 
twisting, 392-393 
Thin-walled pressure vessels, combined 
loadings of, 405-408, 432 
Timber columns, 694 
Torque (T), 8, 179-189, 200-207, 237-244, 
250-251 
angle of twist (f) and, 180-181, 
200-207, 250 
constant, 201-202 
elastic-plastic, 237-238, 
240, 251 
external, 179-181 
inelastic torsion and, 237-239, 251 
internal, 182-189, 200-207, 250 
maximum elastic (Ty), 237-238 
multiple, 202-203 
plastic (T,), 239-240, 251 
residual stress and, 239-244, 251 
right-hand rule for, 185, 202-203 
sign convention for, 185, 202-203 
torsion formula for, 182-189 
torsional moment, as, 8 
ultimate (T,,), 241 
Torque diagram, 185, 203, 558 
Torsion, 178-253, 727-728. See also 
Torque (T) 
angle of twist (@), 180-181, 200-207, 
222, 226, 250 
cross sections for, 180-189, 200-202, 
221-222, 224-225, 250-251 
deformation, 179-181 
elastic strain energy (U;), 727-728 
formula for, 182-191 
inelastic, 237-239, 251 
modulus of rupture (7,), 240 
moment as torque (7), 8 
power transmission and, 
190-191, 250 
procedures for analysis of, 186, 204 
residual stress (7,), 239-244, 251 
shafts, 179-191, 221-223, 250-251 
shear strain (y) and, 180-181 


shear stress (7) and, 182-189 
sign conventions for, 185, 202-203 
static loadings, 235 
statically indeterminate members 
and, 214-217, 250 
stress concentration factor (K), 
234-237, 251 
tubes, 185, 224-229, 251 
warping, 221-222, 251 
Transformation, see Stress transformation; 
Strain transformation 
Transformation factor (7), 313-314, 353 
Transformed section method, 313-314, 353 
Transverse shear, 359-403, 725-726 
beams and, 359-403 
built-up members, 378-382, 401 
elastic strain energy (U;), 725-726 
procedures for analysis of, 366 
shear center (O), 392-397, 402 
shear flow (q), 378-391, 401-402 
shear formula for, 361-372 
straight beams, 359-361 
thin-walled members, 387-397, 402 
warping cross-sections, 360-361 
Tresca yield criterion, 521 
Triaxial stress, 473, 509 
True stress-strain diagrams, 85-86 
Trusses, 755-759, 773-775 
Castigliano’s theorem for, 773-775 
procedures for analysis of, 757, 773 
virtual work analysis, 751-770, 781 
Tubes, 185, 190, 224-229, 251 
angle of twist (%), 226 
average shear stress (Tavg), 
225-226, 251 
cross section of, 185, 224-229, 251 
power transmission by, 190 
shear flow (q) in, 224-226 
thin-walled, 224-229 
torsion formula for, 185 
Twisting, thin-walled members, 392-393. 
See also Angle of twist (#) 


U 
Ultimate stress (¢,,), 85, 104 
Ultimate torque (T;,), 241 


Uniaxial stress, 25-26 
Uniform deformation, 24-25 
Units, 23, 66-67 

stress, 23 

strain, 66-67 
Unstable equilibrium, 658-659 
Unsymmetric bending, 

302-308, 353 


Vv 
Virtual forces, see Virtual work 
Virtual work, 751-770, 781 
beams, applied to, 762-766 
internal, 753-754 
principle of, 751-754 
procedures for analysis using, 
757, 764 
trusses, applied to, 755-759 


Ww 
Warping cross sections, 221-222, 
360-361 
Weight, force as, 5 
Wide-flange (W shape) properties, 
800-801, 804-805 
Wood (timber) columns, 694 
Wood sections of beams, 541-542 
Work, 92, 190, 715-728, 
751-770, 781 
couple moment, 717 
force (F) as, 92, 716 
power (P) as, 190 
external, 715-719 
internal, 717-728, 753-754 
strain energy, 715-728 
virtual, 751-770, 781 


Y 

Yield strength, 87-88 

Yield stress/point (ay), 84, 114 
Yielding, 84, 87-89, 113, 520-521 
Young’s modulus (£), 90-91, 113-114 


Z 
Zero (uniaxial) stress, 25-26, 284, 
340, 437 


Average Mechanical Properties of Typical Engineering Materials* 
(U.S. Customary Units) 


Aluminum —2014-T6 0.101 10.6 3.9 60 60 25 68 68 42 10 0.35 12.8 
Wrought Alloys '— 6061-T6 0.098 10.0 3.7 37 37 19 42 42 27 12 0.35 13.1 


Copper > Red Brass C83400 0.316 14.6 54 14 9 114 2 35 35 2 35 0.35 9.80 
Alloys ‘Bronze C86100 0.319 15.0 5.6 50 50 = 95 95 = 20 0.34 9.60 
— Structural A36 0.284 29.0 11.0 36 36 = 58 58 2 30 0.32 6.60 

Pei ~ Stainless 304 0.284 28.0 11.0 30 30 = 75 75 = 40 0.27 9.60 
Y | tool LS 0.295 29.0 11.0 102 ~~ 102 = 116 116 = 22 0.32 6.50 


F Nonmetatie 


-— Low Strength 0.086 3.20 - - - 1.8 - - - - 0.15 6.0 
Concrete 
'— High Strength 0.086 4.20 - - - es) - - - - 0.15 6.0 
Wood Douglas Fir 0.017 1.90 : = 7 - 030° 378" 0.904 = 0.29° 7 
Select Structural 
Grade — White Spruce 0.130 1.40 = = = — | 0.36° 5.184 0.974 = 0.31° - 


* Specific values may vary for a particular material due to alloy or mineral composition, mechanical working of the specimen, or heat treatment. For a more exact value 
reference books for the material should be consulted. 


> The yield and ultimate strengths for ductile materials can be assumed equal for both tension and compression. 
° Measured perpendicular to the grain. 

4 Measured parallel to the grain. 

* Deformation measured perpendicular to the grain when the load is applied along the grain. 


Average Mechanical Properties of Typical Engineering Materials* 


(SI Units) 

Aluminum —2014-T6 2.79 73.1 27 414 414 172 | 469 469 290 10 0.35 23 
Wrought Alloys '— 6061-T6 271 68.9 26 255 255 131 | 290 290 186 12 0.35 24 
Copper Red Brass C83400 8.74 101 37 70.0 70.0 7 241 241 - 35 0.35 18 
Alloys ‘— Bronze C86100 8.83 103 38 345 345 - 655 655 - 20 0.34 17 

Steel [~ Structural A36 7.85 200 75 250 250 - 400 400 - 30 0.32 12 
Alloys [7 Stainless 304 7.86 193 75 207 207 7 517 517 = 40 0.27 17 
L_ Tool L2 8.16 200 75 703 703 7 800 800 - 22 0.32 12 
-— Low Strength 2.38 22.1 - - - 12 - - - - 0.15 11 
Concrete 

\— High Strength 2.38 29.0 - - 7 38 = 7 - - 0.15 i 
Wooe — Douglas Fir 0.47 13.1 + » = - | 21° 26! 6.28 = 0.298 = 

Select Structural : 
Grade White Spruce 3.60 9.65 - - - - | 25° 36° 6.78 ~ 0.31° - 


* Specific values may vary for a particular material due to alloy or mineral composition, mechanical working of the specimen, or heat treatment. For a more exact value 
reference books for the material should be consulted. 


>The yield and ultimate strengths for ductile materials can be assumed equal for both tension and compression. 
° Measured perpendicular to the grain. 

4 Measured parallel to the grain. 

° Deformation measured perpendicular to the grain when the load is applied along the grain. 


Fundamental Equations of Mechanics 
Axial Load 


Normal Stress 


Displacement 


Torsion 


Shear stress in circular shaft 


4 


T : : 
oe solid cross section 


T : 
o (c;' — c;4) tubular cross section 


Power 
P=Tw = 27fT 


7 “ T(x)dx 
_ [ T(x)G 


Angle of twist 


TL 
=>y— 
¢ JG 


Average shear stress in a thin-walled tube 


Shear Flow 


Bending 


Normal stress 


of Materials 
Shear 


Average direct shear stress 


Vv 
Tavg — A 


Transverse shear stress 


Shear flow 


Stress in Thin-Walled Pressure Vessel 


Cylinder 


Sphere 


Stress Transformation Equations 


Ox, + oy Cy Oy 
t 5 cos 20 + 7,, sin 20 


y 


: sin 20 + 


Ty = T xy COS 20 


Principal Stress 


tan 20, = ————~ 


Maximum in-plane shear stress 


tan 20, 


Fave — 


Absolute maximum shear stress 


; — Fmax ~ Fmin 
abs ~~ 
max 2 


— Fmax + Onin 
Fave — 2 


Material Property Relations 


Poisson’s ratio 
_ Elat 


Elong 


Generalized Hooke’s Law 


1 
ey = E [o, ~ v(oy 2 o;)] 
1 
ey = E [oy — v(o, + o;) | 
1 
e, = E [o; ~ v(Ox ae o,)] 
1 il 1 
Yay G Try, Yyz GM Vex G Tzx 
h 
where G= E 
2(1 + v) 
Relations Between w, V, M 
dV ee) dM 
Ss ple Ee 
dx > dx 
Elastic Curve 1 3M 
p EL 
d‘v 
EI ae = —w(x) 
By 
dv 
Buckling 
Critical axial load — El 
cr (KL) 


Critical stress 


Secant formula 


ar _ ee (+ =) | 
vate A Pe Oe BA 


Energy Methods 


Conservation of energy 


U. = U; 
Strain energy N2L 
U; = TAE constant axial load 
L M2 
U;= | EL bending moment 
ie MEV dx ; ° 
i= | IGA ransverse shear 
ey) 
Td. 
U; = - torsional moment 


Geometric Properties of Area Elements 


Rectangular area 


Ze = 2a+b h 
sO b 2=— at+b 
Trapezoidal area 
1 
I, = grt 
= 1A 
I= yur 
Semicircular area 
1 
L x= qnrt 
1A 
I, = qr 
Circular area 
2 
<a 
zero slope 


i 
b 
his 


10 
zero slope 7 a 


ae area 


b 


